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Preface  to  the  English  Edition 


This  Short  Course  of  Theoretical  Mechanics  is  designed  for  students  of 
higher  and  secondary  technical  schools.  It  treats  of  the  basic  methods  of 
theoretical  mechanics  and  spheres  of  their  application  along  with  some  to¬ 
pics  which  are  of  such  importance  todays  that  no  course  of  mechanics,  even 
a  short  one,  can  neglect  them  altogether. 

In  preparing  the  original  Russian  edition  for  translation  the  text  has  be¬ 
en  substantially  revised,  with  additions,  changes  and  corrections  in  practi¬ 
cally  all  the  chapters. 

Most  of  the  additions  are  new  sections  containing  supplementary  infor¬ 
mation  on  the  motion  of  a  rigid  body  about  a  fixedpoint  (the  kinematic  and 
dynamic  Euler  equations)  and  chapters  setting  forth  the  fundamentals  of  the 
method  of  generalized  coordinates  (the  Lagrange  equations),  since  the  de¬ 
mands  to  the  course  of  theoretical  mechanics  in  training  engineers  of  diffe¬ 
rent  specialities  makes  it  necessary  to  devote  some  space  to  this  subject  even 
in  a  short  course. 

Also  the  book  presents  an  essential  minimum  on  the  elementary  theory 
of  the  gyroscope  and  such  highly  relevant  topics  as  motion  in  gravitation^ 
fields  (elliptic^  paths  and  space  flights)  and  the  motion  of  a  body  of  va¬ 
riable  mass  (rocket  motion);  a  new  section  discusses  weightlessness. 

The  structure  of  this  book  is  based  on  the  profound  conviction,  born 
out  by  many  years  of  experience,  that  the  best  way  of  presenting  study  mate¬ 
rial,  especidly  when  it  is  contained  in  a  short  course  is  to  proceed  from  the 
particidar  to  the  general.  Accordingly,  in  this  book,  plane  statics  comes  be¬ 
fore  three-dimensional  statics,  particle  dynamics  before  system  dynamics, 
rectilinear  motion  before  curvilinear  motion,  etc.  Such  an  arrangement 
helps  the  student  to  understand  and  digest  the  material  better  and  faster 
and  the  teaching  process  itself  is  made  more  graphic  and  consistent. 

Alongside  with  the  geometrical  and  analytic^  methods  of  mechanics 
the  book  makes  wide  use  of  the  vector  method  as  one  of  the  main  generally 
accepted  methods,  which,  furthermore,  possesses  a  number  of  indisputable 
advantages.  As  a  rule,  however,  only  those  vector  operations  are  used  which 
are  similar  to  corresponding  operations  with  scalar  quantities  and  which  do 
not  require  an  acquaintance  with  many  new  concepts. 

Considerable  space — more  than  one-third  of  the  book — is  devoted  to 
ecamples  and  worked  problems.  They  were  chosen  with  an  eye  to  ensure  a 


clear  comprehension  of  the  relevant  mechanical  phenomena  and  cover  all 
the  main  types  of  problems  solved  by  the  methods  described.  There  are  176 
such  examples  (besides  worked  problems);  their  solutions  contain  instruc¬ 
tions  designed  to  assist  the  student  in  his  independent  work  on  the  course. 
In  this  respect  the  book  should  prove  useful  to  all  students  of  engineering, 
itbtably  those  studying  by  correspondence  or  on  their  own. 

The  numeration  of  the  equations  of  each  of  the  four  parts  is  separate; 
therefore,  references  to  equations  are  only  by  their  numbers.  References  to 
equations  in  other  parts  are  given  with  the  number  of  the  respective  section. 
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Introduction 


The  progress  of  technology  confronts  the  engineer  with  a  wide 
variety  of  problems  connected  with  structural  design  (buildings, 
bridges,  canals,  dams,  etc.),  the  design,  manufacture  and  operation 
of  various  machines,  motors  and  means  of  locomotion,  such  as  auto¬ 
mobiles,  steam  engines,  ships,  aircraft,  rockets,  and  spaceships. 
Despite  the  diversity  of  problems  that  arise,  their  solution,  at  least 
in  part,  is  based  on  certain  general  principles  common  to  all  of  them, 
namely,  the  laws  governing  the  motion  and  equilibrium  of  material 
bodies. 

The  science  which  treats  of  the  general  laws  of  motion  and  equilib¬ 
rium  of  material  bodies  and  of  the  resulting  mutual  interactions  is 
called  theoretical,  or  general,  mechanics.  Theoretical  mechanics 
constitutes  one  of  the  scientific  bedrocks  of  modern  engineering. 

Mechanics,  in  the  broad  sense  of  the  term,  may  be  defined  as  the 
science  that  deals  with  the  solution  of  all  problems  connected  with 
the  motion  or  equilibrium  of  material  bodies  and  the  resulting 
interactions  between  them.  Theoretical  mechanics  treats  of  the 
general  laws  of  motion  and  interaction  of  material  bodies,  i.e,  laws 
which  apply  equally,  for  example,  to  the  earth’s  motion  around 
the  sun  or  to  the  flight  of  a  rocket  or  an  artillery  projectile.  Other 
branches  of  mechanics  cover  a  variety  of  general  and  specialised 
engineering  disciplines  treating  of  the  design  and  calculation  of 
specific  structures,  motors  and  other  machines  and  mechanisms 
or  their  parts.  All  these  disciplines  are  based  on  the  laws  and  methods 
of  theoretical  mechanics. 

By  motion  in  mechanics  we  mean  mechanical  motion,  i.e.,  any 
change  in  the  relative  positions  of  material  bodies  in  space  which 
occurs  in  the  course  of  time.  By  mechanical  interaction  between 
bodies  is  meant  such  reciprocal  action  which  changes  or  tends  to 
change  the  state  of  motion  or  the  shape  of  the  bodies  involved 
(deformation).  The  physical  measure  of  such  mechanical  interaction 
is  called  force. 

Theoretical  mechanics  is  primarily  concerned  with  the  general 
laws  of  motion  and  equilibrium  of  material  bodies  under  the  action 
of  the  forces  to  which  they  are  subjected. 

According  to  the  nature  of  the  problems  treated,  mechanics  is 
divided  into  statics,  kinematics,  and  dynamics.  Statics  studies  the 
forces  and  the  conditions  of  equilibrium  of  material  bodies  subjected 
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to  the  action  of  forces.  Kinematics  deals  with  the  general  geometrical 
properties  of  the  motion  of  bodies.  Finally,  dynamics  studies  the 
laws  of  motion  of  material  bodies  under  the  action  of  forces. 

According  to  the  nature  of  the  objects  under  study,  theoretical 
mechanics  is  subdivided  into;  (a)  mechanics  of  a  particle,  i.e.,  of 
a  body  whose  dimensions  can  be  neglected  in  studying  its  motion  or 
equilibrium,  and  systems  of  particles;  (b)  mechanics  of  a  rigid  body, 
i.e.,  a  body  whose  deformation  can  be  neglected  in  studying  its 
motion  or  equilibrium;  (c)  mechanics  of  bodies  of  variable  mass 
(i.e.,  bodies  whose  mass  changes  with  time,  due  to  the  change  in 
the  number  of  particles  constituting  the  body);  (d)  mechanics  of 
deformable  bodies  (the  theories  of  plasticity  and  elasticity);  (e)  me¬ 
chanics  of  liquids  (fluid  mechanics);  (f)  mechanics  of  gases  (aerody¬ 
namics). 

The  general  course  of  theoretical  mechanics  conventionally  treats 
of  the  mechanics  of  particles  and  rigid  bodies  and  the  general  laws 
of  motion  of  systems  of  particles. 

Theoretical  mechanics  is  one  of  the  natural  sciences  and  is  based 
on  laws  derived  from  experience  that  reflect  a  specific  class  of  natural 
phenomena  associated  with  the  motion  of  material  bodies.  It  not 
only  provides  the  scientific  foundations  for  many  modern  engineering 
domains;  its  laws  and  methods  are  also  useful  in  studying  and  inter¬ 
preting  a  wide  range  of  important  phenomena  in  the  surrounding 
■world,  thereby  contributing  to  the  continued  advance  of  natural 
science  as  a  whole,  as  well  as  to  the  formation  of  a  correct  materialist 
world  outlook. 

The  emergence  and  development  of  mechanics*)  as  a  science  are 
inseparable  from  the  development  of  the  productive  forces  of  society 
and  the  level  of  industry  and  technology  at  each  stage  of  this  develop¬ 
ment. 

The  study  of  the  so-called  simple  machines  (the  pulley*  the  winch, 
the  lever,  and  the  inclined  plane)  and  the  general  study  of  equilibri¬ 
um  of  bodies  (statics)  began  in  ancient  times  when  the  requirements 
of  engineering  were  limited  mainly  to,the  needs  of  building  construc¬ 
tion.  The  fundamentals  of  statics  are  already  found  in  the  works  of 
Archimedes  (287-212  B.C.),  one  of  the  great  scholars  of  antiquity. 

Dynamics  developed  at  a  much  later  stage.  The  emergence  and 
growth  of  bourgeois  relations  in  Western  and  Central  Europe  in 
the  15th  and  16th  centuries  spurred  a  rapid  upsurge  in  handicrafts, 
commerce,  navigation  and  methods  of  warfare  (the  appearance  of 
firearms).  This,  coupled  with  important  astronomical  discoveries, 
contributed  to  the  accumulation  of  a  vast  amount  of  experimental 
data,  systematisation  and  analysis  of  which  led  to  the  discovery 

*>  The  term  “mechanics”  first  appears  in  the  works  of  Aristotle  (384-322  B.C.), 
the  great  philosopher  of  antiquity.  It  is  derived  from  the  Greek  word  pqx®'’’!' 
which  has  the  meaning  of  “structure”,  “machine”,  “device”. 
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of  the  laws  of  dynamics  in  the  17th  century.  The  credit  of  laying 
the  foundations  of  dynamics  goes  to  Galileo  Galilei  (1564-1642) 
and  Sir  Isaac  Newton  (1643-1727).  The  fundamental  laws  of  so-called 
classical  mechanics,  now  known  as  Newton’s  laws,  were  formulated 
by  Newton  in  his  Mathematical  Principles  of  Natural  Philosophy 
published  in  1687.  Newton’s  laws  have  since  been  confirmed  by 
a  tremendous  amount  of  practical  evidence  in  the  course  of  the 
technological  advance  of  human  society.  This  permits  us  to  regard 
as  conclusive  our  concepts  of  mechanics  based  on  Newton’s  laws; 
and  the  engineer  can,  therefore,  confidently  rely  on  them  in  his 
practical  work.*) 

In  the  18th  century,  analytical  methods,  i.e.,  methods  based  on 
the  application  of  differential  and  integral  calculus,  began  to  deve¬ 
lop  rapidly  in  mechanics.  The  methods  of  solving  problems  of 
particle  and  rigid  body  dynamics  by  the  integration  of  differential 
equations  were  elaborated  by  the  great  mathematician  and  mechanic 
Leonhard  Euler  (1707-1783).  Among  the  pther  major  contributions 
to  the  progress  of  mechanics  were  the  works  of  the  outstanding  French 
scientists  Jean  d’Alembert  (1717-1783),  who  enunciated  his  famous 
principle  for  solving  problems  of  dynamics,  and  Joseph  Lagrange 
^736-1813),  who  evolved  the  general  analytical  method  of  solving 
problems  of  dynamics  on  the  basis  of  d’Alembert’s  principle  and 
the  principle  of  virtual  work.  Today  analytical  methods  predominate 
in  solving  problems  of  dynamics. 

Kinematics  emerged  as  a  special  branch  of  mechanics  only  in 
the  first  half  of  the  19th  century  under  pressure  from  the  growing 
machine-building  industry.  Today  kinematics  is  essential  in  studying 
the  motion  of  machines  and  mechanisms. 

In  Russia,  the  study  of  mechanics  was  greatly  influenced  by  the 
works  of  the  great  Russian  scientist  and  thinker  Mikhail  Lomonosov 
(1711-1765)  and  of  Leonhard  Euler,  who  for  many  years  lived  and 
worked  in  St.  Petersburg.  Prominent  among  the  galaxy  of  Russian 
scientists  who  contributed  to  the  development  of  different  divisions 
of  theoretical  mechanics  were  M.  V.  Ostrogradsky  (1801-1861),  the 
author  of  a  number  of  important  studies  in  analytical  methods 
of  problem  solution  in  mechanics;  P.  L.  Chebyshev  (1821-1894), 
who  started  a  new  school  in  the  study  of  the  motion  of  mechanisms; 
S.  V.  Kovalevskaya  (1850-1891),  who  solved  one  of  the  most  difficult 

*'>  Subsequent  scientific  developments  revealed  that  at  velocities  approaching 
that  of  light  the  motion  of  bodies  is  governed  by  the  mechanical  laws  of  the 
theory  of  relativity,  while  the  motion  of  “elementary”  particles  (electrons, 

gositrons,  etc.)  is  described  by  the  laws  of  quantum  mechanics.  These  discoveries, 
owever,  only  served  to  define  more  accurately  the  spheres  of  application  of 
classical  mechanics  and  reaffirm  the  validity  of  its  laws  for  the  motion  of  all 
bodies  other  than  subatomic  particles  at  velocities  not  approaching  the  velocity 
of  light,  i.e.,  for  motions  with  which  engineering  and  celestial  mechanics  are 
primarily  concerned. 
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problems  of  rigid  body  dynamics;  A.  M.  Lyapunov  (1857-1918), 
who  elaborated  new  methods  of  studying  the  stability  of  motion; 
I.  V.  Meshchersky  (1859-1935),  who  laid  the  foundations  of  the 
mechanics  of  bodies  of  variable  mass;  K.  E.  Tsiolkovsky  (1857- 
1935),  who  made  a  number  of  fundamental  discoveries  in  the  theory 
of  jet  propulsion;  and  A.  N.  Krylov  (1863-1945),  who  elaborated 
the  theory  of  vessels  and  contributed  much  to  the  development 
of  the  theory  of  gyroscopic  instruments. 

Of  tremendous  importance  to  the  further  study  of  mechanics  were 
the  works  of  N.  E.  Zhukovsky  (1847-1921),  the  “father  of  Russian 
aviation”,  and  his  closest  pupil  S.  A.  Chaplygin  (1869-1942).  Zhu¬ 
kovsky’s  special  contribution  was  in  the  field  of  applying  methods 
of  mechanics  to  the  solution  of  actual  engineering  problems.  Zhukov¬ 
sky’s  ideas  have  greatly  influenced  the  teaching  of  theoretical 
mechanics  in  Soviet  higher  technical  educational  institutions. 
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STATICS  OF  RIGID 

BODIES 


Chapter  1 
Basic  Concepts 
and  Principles 


§  1.  The  Subject  of  Statics 

Statics  is  the  branch  of  mechanics  which  studies  the  laws  of  com¬ 
position  of  forces  and  the  conditions  of  equilibrium  of  material 
bodies  under  the  action  of  forces. 

Equilibrium  is  the  state  of  rest  of  a  body  relative  to  other  material 
bodies.  If  the  frame  of  reference  relative  to  which  a  body  is  in  equi¬ 
librium  can  be  treated  as  fixed,  the  given  body  is  said  to  be  in  abso¬ 
lute  equilibrium,  otherwise  it  is  in  relative  equilibrium.  In  statics 
we  shall  study  only  absolute  equilibrium.  In  actual  engineering 
problems  equilibrium  relative  to  the  earth  or  to  bodies  rigidly  con¬ 
nected  with  the  earth  is  treated  as  absolute  equilibrium.  The  justi¬ 
fication  of  this  premise  will  be  found  in  the  course  of  dynamics, 
where  the  concept  of  absolute  equilibrium  will  be  defined  more 
strictly.  And  there,  too,  we  shall  examine  the  concept  of  relative 
equilibrium. 

Conditions  of  equilibrium  depend  on  whether  a  given  body  is 
solid,  liquid  or  gaseous.  The  equilibrium  of  liquids  and  gases  is 
studied  in  the  courses  of  hydrostatics  and  aerostatics  respectively. 
General  mechanics  deals  essentially  with  the  equilibrium  of 
solids. 

All  solid  bodies  change  their  shape  to  a  certain  extent  when 
subjected  to  external  forces.  This  is  known  as  deformation.  The 

2* 


20 


STATICS  OF  RIGID  BODIES 


[Part  1 


amount  of  deformation  depends  on  the  material,  shape  and  dimen¬ 
sions  of  the  body  and  the  acting  forces.  In  order  to  ensure  the  necessa¬ 
ry  strength  of  engineering  structures  and  elements,  the  material  and 
dimensions  of  various  parts  are  chosen  in  such  a  way  that  the  defor¬ 
mation  under  specified  loads  would  remain  tolerably  small*^  This 
makes  it  possible,  in  studying  the  general  conditions  of  equilibrium, 
to  treat  solid  bodies  as  undeformable  or  absolutely  rigid,  ignoring 
the  small  deformations  that  actually  occur.  A  perfectly  rigid  body 
is  said  to  be  one  in  which  the  distance  between  any  pair  of  particles 
is  always  constant.  In  solving  problems  of  statics,  in  this  book  we 
shall  always  consider  bodies  as  perfectly  rigid,  and  shall  simply 
refer  to  them  as  rigid  bodies.  It  will  be  shown  at  the  end  of  §  3  that 
the  laws  of  equilibrium  of  perfectly  rigid  bodies  can  be  applied 
not  only  to  solid  bodies  with  relatively  small  deformation,  but 
to  any  deformable  bodies  as  well.  Thus,  the  sphere  of  application 
of  rigid  body  statics  is  extremely  wide. 

Deformation  is  of  great  importance  in  calculating  the  strength 
of  engineering  structures  and  machine  parts.  These  questions  are 
studied  in  the  courses  of  strength  of  materials  and  theory  of  elasti¬ 
city. 

For  a  rigid  body  to  be  in  equilibrium  (at  rest)  when  subjected 
to  the  action  of  a  system  of  forces,  the  system  must  satisfy  certain 
conditions  of  equilibrium.  The  determination  of  these  conditions  is 
one  of  the  principal  problems  of  statics.  In  order  to  find  out  the 
equilibrium  conditions  for  various  force  systems  and  to  solve  other 
problems  of  mechanics  one  must  know  the  principles  of  the  compo¬ 
sition,  or  addition,  of  forces  acting  on  a  rigid  body,  the  principles 
of  replacing  one  force  system  by  another  and,  particularly,  the  prin¬ 
ciples  of  reducing  a  given  force  system  to  as  simple  a  form  as  possible. 
Accordingly,  statics  of  rigid  bodies  treats  of  two  basic  problems: 
(1)  the  composition  of  forces  and  reduction  of  force  systems  acting 
on  rigid  bodies  to  as  simple  a  form  as  possible,  and  (2)  the  determi¬ 
nation  of  the  conditions  for  the  equilibrium  of  force  systems  acting 
on  rigid  bodies. 

The  problems  of  statics  may  be  solved  either  by  geometrical 
constructions  (the  graphical  method)  or  by  mathematical  calcu¬ 
lus  (the  analytical  method).  The  present  course  discusses  both 
methods,  but  it  should  always  be  borne  in  mind  that  geometrical 
constructions  are  of  special  importance  in  solving  problems  of 
mechanics. 


*>  For  example,  the  material  and  the  diameter  of  rods  in  various  structures 
are  so  chosen  that,  under  the  working  loads,  they  would  extend  (or  contract) 
by  no  more  than  one-thousandth  of  their  original  length.  Deformations  of  a 
similar  order  are  tolerated  in  bending,  torsion,  etc. 
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§  2.  Force 

The  state  of  equilibrium  or  motion  of  a  given  body  depends  on 
its  mechanical  interactions  with  other  bodies,  i.e.,  on  the  loads, 
attractions  or  repulsions  it  experiences  as  a  result  of  such  interactions. 
In  mechanics,  the  quantitative  measure  of  the  mechanical  interaction 
of  material  bodies  is  called  force. 

Quantities  employed  in  mechanics  are  either  scalars  (possessing 
magnitude  alone)  or  vectors  which  besides  magnitude  are  also  cha¬ 
racterised  by  direction  in  space. 

Force  is  a  vector  quantity.  Its  action  on  a  body  is  characterised 
by  its  (1)  magnitude,  (2)  direction,  and  (3)  point  of  application. 

The  magnitude  of  a  force  is  expressed  in  terms  of  a  standard  force 
accepted  as  a  unit.  In  mechanics,  the  fundamental  units  of  force  are 
the  newton  (N)  and  the  kilogram  (force)  (kgf), 
with  1  kgf  =  9,81  N  (for  more  on  units  see 
§  101).  Static  forces  are  measured  with  dyna¬ 
mometers,  which  are  described  in  the  course 
of  physics. 

The  direction  and  the  point  of  application 
of  a  force  depend  on  the  nature  of  the  inter¬ 
action  between  the  given  bodies  and  their 
respective  positions.  The  force  of  gravity  acting  on  a  body,  for 
example,  is  directed  vertically  downwards;  the  forces  with  which 
two  smooth  contacting  spheres  act  on  each  other  are  normal  to  both 
their  surfaces  at  the  points  of  contact  and  are  applied  at  those 
points,  etc. 

Force  is  represented  graphically  by  a  directed  straight  line  segment 
with  an  arrowhead.  The  length  of  the  line  (AB  in  Fig.  1)  denotes 
the  magnitude  of  the  force  to  some  scale,  the  direction  of  the  line 
shows  the  direction  of  the  force,  its  initial  point  (point  A  in  Fig.  1) 
usually  Indicating  the  point  of  application  of  the  force,  though 
sometimes  it  may  be  more  convenient  to  depict  a  force  as  “pushing” 
a  body  with  its  tip  (as  in  Fig.  4c).  The  line  DE  along  which  the  force 
is  directed  is  called  the  line  of  action  of  the  force.  We  shall  denote 
force,  as  all  vector  quantities,  by  a  boldface-type  letter  (F)  or  by 
overlined  standard-type  letters  (AB).  The  absolute  value  of  a  force 
is  represented  by  the  symbol  |F|  (two  vertical  lines  “flanking” 
a  vector)  or  simply  by  a  standard-type  letter  (F).  (In  handwriting 
overlined  letters  are  used.) 

We  shall  call  any  set  of  forces  acting  on  a  rigid  body  a  force  system. 
We  shall  also  use  the  following  definitions; 

1.  A  body  not  connected  with  other  bodies  and  which  from  any 
given  position  can  be  displaced  in  any  direction  in  space  is  called 
a  free  body. 
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2.  If  a  force  system  acting  on  a  free  rigid  body  can  be  replaced 
by  another  force  system  without  disturbing  the  body’s  initial  condi¬ 
tion  of  rest  or  motion,  the  two  systems  are  said  to  be  equivalent. 

3.  If  a  free  rigid  body  can  remain  at  rest  under  the  action  of  a  force 
system,  that  system  is  said  to  be  balanced  or  equivalent  to  zero. 

4.  If  a  given  force  system  is  equivalent  to  a  single  force,  that 
force  is  the  resultant  of  the  system.  Thus,  a  resultant  is  a  single  force 
capable  of  replacing  the  action  of  a  system  of  forces  on  a  rigid  body. 

A  force  equal  in  magnitude,  collinear  with,  and  opposite  in  direc¬ 
tion  to  the  resultant  is  called  an  equilibrant  force. 

5.  Forces  acting  on  a  rigid  body  can  be  divided  into  two  groups; 
the  external  forces  and  the  internal  forces.  External  forces  represent 
the  action  of  other  material  bodies  on  the  particles  of  a  given  body. 
Internal  forces  are  those  with  which  the  particles  of  a  given  body  act 
on  each  other. 

6.  A  force  applied  to  one  point  of  a  body  is  called  a  concentrated 
force.  Forces  acting  on  all  the  points  of  a  given  volume  or  given  area 
of  a  body  are  called  distributed  forces. 

A  concentrated  force  is  a  purely  notional  concept,  insofar  as  it 
is  actually  impossible  to  apply  a  force  to  a  single  point  of  a  body. 
Forces  treated  in  mechanics  as  concentrated  are  in  fact  the  resultants 
of  corresponding  systems  of  distributed  forces. 

Thus,  the  force  of  gravity  acting  on  a  rigid  body,  as  conventionally 
treated  in  mechanics,  is  the  resultant  of  the  gravitational  forces 
acting  on  its  particles.  The  line  of  action  of  this  resultant  force 
passes  through  the  body’s  centre  of  gravity.** 


§  3.  Fundamental  Principles 

All  theorems  and  equations  in  statics  are  deduced  from  a  few 
fundamental  principles,  which  are  accepted  without  mathematical 
proof,  and  are  known  as  the  principles,  or  axioms,  of  statics.  The 
principles  of  statics  represent  general  formulations  obtained  as 
a  result  of  a  vast  number  of  experiments  with,  and  observations  of, 
the  equilibrium  and  motion  of  bodies  and  which,  furthermore,  have 
been  consistently  confirmed  by  actual  experience.  Some  of  these 
principles  are  corollaries  of  the  fundamental  laws  of  mechanics, 
which  will  be  examined  in  the  course  of  dynamics. 

1st  Principle.  A  free  rigid  body  subjected  to  the  action  of  two  forces 
can  be  in  equilibrium  if,  and  only  if,  the  two  forces  are  equal  in  magnitu¬ 
de  (Fj  =  Fg),  collinear,  and  opposite  in  direction  (Fig.  2). 

*>  The  determination  of  the  centre  of  gravity  of  bodies  will  be  discussed  in 
Chapter  9.  Meanwhile  it  may  be  noted  that  if  a  homogeneous  body  has  a  centre 
of  symmetry  (e.g.,  a  rectangular  beam,  a  cylinder,  a  sphere,  etc.)  its  centre  of 
gravity  is  in  the  centre  of  symmetry. 
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The  1st  principle  defines  the  simplest  balanced  force  system,  since 
we  know  from  experience  that  a  free  body  subjected  to  the  action 
of  a  single  force  cannot  be  in  equilibrium. 

2nd  Principle.  The  action  of  a  given  force  system  on  a  rigid  body 
remains  unchanged  if  another  balanced  force  system  is  added  to,  or 
subtracted  from,  the  original  system. 

This  principle  establishes  that  two  force  systems  diSering  from 
each  other  by  a  balanced  system  are  equivalent. 

Ctorollary  of  the  1st  and  2nd  Principles.  The  point  of  application 
of  a  force  acting  on  a  rigid  body  can  be  transferred  to  any  other  point 
on  the  line  of  action  of  the  force  without  altering  its  effect. 

Consider  a  rigid  body  with  a  forced  applied  at  a  point  A  (Fig.  3). 
Now  take  an  arbitrary  point  B  on  the  line  of  action  of  the  force  and 


apply  to  that  point  two  equal  and  opposite  forces  and  such 
that  Fi  =  F  and  F^  =  —F.  This  operation  does  not  affect  the  action 
of  F  on  the  body.  From  the  1st  principle  it  follows  that  forces  F  and 
jPa  also  form  a  balanced  system  and  thus  cancel  each  other*’,  leaving 
force  Fi,  equal  to  F  in  magnitude  and  direction,  with  the  point  of 
application  shifted  to  point  B. 

Thus,  the  vector  denoting  force  can  be  regarded  as  applied  at 
any  point  along  the  line  of  action  (such  a  vector  is  called  a  sliding 
vector). 

This  principle  holds  good  only  for  forces  acting  on  perfectly 
rigid  bodies.  In  engineering  problems  it  can  be  used  only  when  we 
determine  the  conditions  of  equilibrium  of  a  structure  without  taking 
into  account  the  internal  stresses  experienced  by  its  parts. 

For  example,  the  rod  AB  in  Fig.  4a  will  be  in  equilibrium  if  = 
=  Fj.  It  will  remain  in  equilibrium  if  both  forces  are  transferred 
to  point  C  (Fig.  46)  or  if  force  Fi  is  transferred  to  point  B  and 
force  F2  to  point  A  (Fig: 4c).  The  stresses  in  the  rod,  however,  differ 
in  each  case.  In  the  first  case  the  rod  extends  under  the  action  of 


*>  We  shall  denote  cancelled  or  transferred  forces  in  diagrams  by  a  dash 
across  the  respective  vectors. 
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the  applied  force,  in  the  second  there  are  no  internal  stresses,  and 
in  the  third  it  compresses.*’  Consequently,  in  determining  the 
internal  stresses  the  point  of  application  of  a  force  cannot  be  trans¬ 
ferred  along  the  line  of  action. 

3rd  Principle  (the  Parallelogram  Law).  Two  forces  applied  at  one 
point  of  a  body  have  as  their  resultant  a  force  applied  at  the  same  point 


and  represented  by  the  diagonal  of  a  parallelogram  constructed  with 
the  two  given  forces  as  its  sides. 

Vector  B,  which  is  the  diagonal  of  the  parallelogram  with  vectors 
Fi  and  as  its  sides  (Fig.  5),  is  called  the  geometrical  sum  of  the 
vectors  Fi  and  F^: 

B  =  Fi+  F^. 

Hence,  the  3rd  principle  can  also  be  formulated  as  follows:  The 
resultant  of  two  forces  applied  at  the  point  of  a  body  is  the  geometrical 
(vector)  sum  of  those  forces  and  is  applied  at  that  point. 

It  is  important  to  discriminate  between  concepts  of  a  sum  of  forces 
and  their  resultant.  Consider,  say,  a  body  to  which  two  forces  Fi 
and  F^  are  applied  at  points  A  and  B  (Fig.  6).  In  Fig.  6,  force  Q 
is  the  geometrical  sum  of  forces  Fi  and  F^  (Q  —  Ei  +  F^  as  the 
diagonal  of  the  corresponding  parallelogram.  But  Q  is  not  the  resul¬ 
tant  of  the  two  forces,  for  it  will  be  readily  observed  that  Q  alone 
cannot  replace  the  action  of  F^  and  F^  on  the  body.  Moreover,  for¬ 
ces  F^  and  F^,  as  will  be  shown  later,  have  no  resultant  at  all  (§  48, 
Problem  42). 

4th  Principle.  To  any  action  of  one  material  body  on  another  there 
is  always  an  equal  and  oppositely  directed  reaction. 

The  law  of  action  and  reaction  is  one  of  the  fundamental  laws  of 
mechanics.  It  follows  from  it  that  when  a  body  A  acts  on  a  body  B 
with  a  force  F,  body  B  simultaneously  acts  on  body  A  with  a  force  F' 
equal  in  magnitude,  collinear  with,  and  opposite  in  sense  to  force 


*'  For  the  rod  to  be  stretched  (or  compressed)  with  a  force  jPi,  the  force 
should  be  applied  at  one  end  of  the  rod,  with  the  other  end  supported  rigidly 
or  constrained  by  a  force  as  in  Fig.  4.  The  tensile  (or  compressional) 

stress  is  the  same  in  both  cases  and  is  equal  to  Fi,  and  not  to  2JP’i  as  is  sometimes 
erroneously  supposed. 
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p  (F'  —  — F)  (Fig.  7).  Forces  F  and  F' ,  however,  do  not  form  a  ba¬ 
lanced  system  as  they  are  applied  to  different  bodies. 

Internal  Forces.  It  follows  from  the  4th  principle  that  any  two 
particles  of  a  rigid  body  act  on  each  other  with  forces  equal  in  magni¬ 
tude  and  opposite  in  sense.  Since  in  studying  the  general  conditions 
of  equilibrium  a  body  can  be  treated  as  rigid,  all  internal  forces 
(according  to  the  1st  principle)  form  a  balanced  system,  which  (accor¬ 
ding  to  the  2nd  principle)  can  be  neglected.  Hence,  in  studying  the 
conditions  of  equilibrium  of  a  body  (structure)  only  the  external 
forces  acting  on  a  given  solid  body  or  structure  have  to  be  taken  into 


Fig.  6 


account.  The  term  “force”  will  henceforth  be  used  in  the  sense  of 
“external  force”. 

5th  Principle  (Principle  of  Solidification).  If  a  freely  deformable 
body  subjected  to  the  action  of  a  force  system  is  in  equilibrium,  the  state 
of  equilibrium  will  not  be  disturbed  if  the  body  solidifies  {becomes  rigid). 

The  idea  expressed  in  this  principle  is  self-evident,  for,  obviously, 
the  equilibrium  of  a  chain  will  not  be  disturbed  if  its  links  are  welded 
together,  and  a  flexible  string  will  remain  in  equilibrium  if  it  turns 
into  a  bent  rigid  rod.  Since  the  same  force  system  acts  on  a  reposing 
body  before  and  after  solidification,  the  5th  principle  can  also  be 
formulated  as  follows:  If  a  deformable  body  is  in  equilibrium,  the 
forces  acting  on  it  satisfy  the  conditions  for  the  equilibrium  of  a  rigid 
body.  For  a  deformable  body,  however,  these  conditions,  though 
necessary,  may  not  be  sufficient. 

For  example,  for  a  flexible  string  with  two  forces  applied  at  its 
ends  to  be  in  equilibrium,  the  same  conditions  are  necessary  as  for 
a  rigid  rod  (the  forces  must  be  of  equal  magnitude  and  directed  along 
the  string  in  opposite  directions).  These  conditions,  though,  are 
not  sufficient.  For  the  string  to  be  in  equilibrium  the  forces  must  be 
tensile,  i.e.,  they  must  stretch  the  body  as  shown  in  Fig.  4a. 

The  principle  of  solidification  is  widely  employed  in  engineering 
problems.  It  makes  it  possible  to  determine  equilibrium  conditions 
by  treating  a  flexible  body  (a  belt,  cable,  chain,  etc.)  or  structure 
as  a  rigid  body  and  to  apply  to  it  the  methods  of  rigid-body  statics. 
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If  the  equations  obtained  for  the  solution  of  a  problem  prove  insuf¬ 
ficient,  additional  equations  must  be  derived  which  take  into  account 
either  the  conditions  for  the  equilibrium  of  separate  parts  of  the 
given  structure  or  their  deformation  (problems  requiring  considera¬ 
tion  of  deformation  are  studied  in  the  course  of  strength  of  mate¬ 
rials). 


§  4.  Constraints  and  Their  Reactions 

As  has  been  defined  above,  a  body  not  connected  with  other  bodies 
and  capable  of  displacement  in  any  direction  is  called  a  free  body 
(e.g.,  a  balloon  floating  in  the  air).  A  body  whose  displacement  in 
space  is  restricted  by  other  bodies,  either  connected  to  or  in  contact 
with  it,  is  called  a  constrained  body.  We  shall  call  a  constraint  anything 
that  restricts  the  displacement  of  a  given  body  in  space. 

Examples  of  constrained  bodies  are  a  weight  lying  on  a  table  or 
a  door  swinging  on  its  hinges.  The  constraints  in  these  cases  are  the 
surface  of  the  table,  which  prevents  the  weight  from  falling,  and  the 
hinges,  which  prevent  the  door  from  sagging  from  its  Jamb. 

A  body  acted  upon  by  a  force  or  forces  whose  displacement  is 
restricted  by  a  constraint  acts  on  that  constraint  with  a  force  which 
is  customarily  called  the  load  or  pressure  acting  on  that  constraint. 
At  the  same  time,  according  to  the  4th  principle,  the  constraint 
reacts  with  a  force  of  the  same  magnitude  and  opposite  sense.  The 
force  with  which  a  constraint  acts  on  a  body,  thereby  restricting  its 
displacement,  is  called  the  force  of  reaction  of  the  constraint  {force  of 
constraint),  or  simply  the  reaction  of  the  constraint. 

The  procedure  will  be  to  call  all  forces  which  are  not  the  reactions 
of  constraints  (e.g.,  gravitational  forces)  applied  or  active  forces. 
■Characteristic  of  active  forces  is  that  their  magnitude  and  direction 
do  not  depend  on  the  other  forces  acting  on  a  given  body.  The  diSe- 
rence  between  a  force  of  constraint  and  an  active  force  is  that  the 
magnitude  of  the  former  always  depends  on  the  active  forces  and 
is  not  therefore  immediately  apparent:  if  there  are  no  applied  forces 
acting  on  a  body,  the  forces  of  constraint  vanish.  The  reactions 
-of  constraints  are  determined  by  solving  corresponding  problems 
of  statics.  The  reaction  of  a  constraint  points  away  from  the  direction 
in  which  the  given  constraint  prevents  a  body’s  displacement.  If 
a  constraint  prevents  the  displacement  of  a  body  in  several  directions, 
the  sense  of  the  reactions  is  not  immediately  apparent  and  has  to  be 
found  by  solving  the  problem  in  hand. 

The  correct  determination  of  the  direction  of  forces  of  constraint 
is  of  great  importance  in  solving  problems  of  statics.  Let  us  therefore 
consider  the  direction  of  the  forces  of  constraints  (reactions)  of  some 
common  types  of  constraints  (more  examples  are  given  in  §  25). 
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1.  Smooth  Plane  (Surface)  or  Support.  A  smooth  surface  is  one 
whose  friction  can  be  neglected  in  the  first  approximation.  Such 
a  surface  prevents  the  displacement  of  a  body  perpendicular  (normal) 
to  both  contacting  surfaces  at  their  point  of  contact  (Fig.  8a)*>. 
Therefore,  the  reaction  N  of  a  smooth  surface  or  support  is  directed 


Fig.  8  Fig.  9 


normal  to  both  contacting  surfaces  at  their  point  of  contact  and  is  ap¬ 
plied  at  that  point.  If  one  of  the  contacting  surfaces  is  a  point  (Fig.  86) 
the  reaction  is  directed  normal  to  the  other  surface. 

2.  String.  A  constraint  provided  by  a  flexible  inextensible  string 
(Fig.  9)  prevents  a  body  M  from  receding  from  the  point  of  suspension 


Fig.  10 

of  the  string  in  the  direction  AAf.  The  reaction  T  of  the  string  is  thus 
directed  along  the  string  towards  the  point  of  suspension. 

3.  Cylindrical  Pin  (Bearing).  When  two  bodies  are  joined  by 
means  of  a  pin  passing  through  holes  in  them,  the  connection  is 
called  a  pin  joint  or  hinge.  The  axial  line  of  the  pin  is  called  the  axis 
of  the  joint.  Body  AB  in  Fig.  lOo  is  hinged  to  support  D  and  can 
rotate  freely  about  the  axis  of  the  joint  (i.e.,  in  the  plane  of  the 
diagram);  at  the  same  time,  point  A  cannot  be  displaced  in  any 

*)  In  Figs.  8-11,  the  applied  forces  acting  on  the  bodies  are  not  shown.  In 
the  cases  illustrated  in  Figs.  8  and  9,  the  reactions  act  in  the  indicated  directions 
regardless  of  the  applied  forces  and  irrespective  of  whether  the  bodies  are  at 
rest  or  in* motion. 
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direction  perpendicular  to  the  axis.  Thus,  the  reaction  R  of  a  pin 
can  have  any  direction  in  the  plane  perpendicular  to  the  axis  of  the  joint 
(plane  Axy  in  Fig.  10a).  In  this  case  neither  the  magnitude  R  nor 
the  direction  (angle  a)  of  force  R  are  immediately  apparent. 

4.  Ball-and-Socket  Joint  and  Step  Bearing.  This  type  of  constraint 
prevents  displacement  in  any  direction.  Examples  of  such  a  con¬ 
straint  is  a  ball-pivot  with  which  a  camera  is  attached  to  a  tripod 

(Fig.  lOft)  and  a  step  bearing  (Fig.  10c).  The 
reaction  R  of  a  ball-and-socket  joint  or  a  pi- 
vot  can  have  any  direction  in  space.  Nei- 
ther  its  magnitude  R  nor  its  angles  with  the 
^  ^  immediately  apparent. 

^  Let  a  rod  AB  secured  by  hinges 

at  its  ends  be  the  constraint  of  a  certain  stru- 
cture  (Fig.  11).  The  weight  of  the  rod  com¬ 
pared  with  the  load  it  carries  may  be 
Fig.  11  neglected.  Then  only  two  forces  applied 

at  A  and  B  will  act  on  the  rod.  If  rod  AB 
is  in  equilibrium,  the  forces,  according  to  the  1st  principle,  must 
be  collinear  and  directed  along  the  axis  of  the  rod  (see  Figs.  4a  and 
4c).  Consequently,  a  rod  subjected  to  forces  applied  at  its  tips, 
where  the  weight  of  the  rod  as  compared  with  the  magnitude  of  the 
forces  can  he  neglected,  can  be  only  under  tension  or  under  comp¬ 
ression.  Hence,  if  in  the  structure  such  a  rod  AB  is  used  as  a  con¬ 
straint  (Fig.  11)  the  reaction  N  will  be  directed  along  its  axis. 


§  5.  Axiom  of  Constraints 

The  equilibrium  of  constrained  bodies  is  studied  in  statics  on  the 
basis  of  the  following  axiom:  Any  constrained  body  can  be  treated  as 


a  free  body  relieved  from  its  constraints,  provided  the  latter  are  repre¬ 
sented  by  their  reactions. 

For  example,  the  beam  AB  of  weight  P  in  Fig.  12a,  for  which 
surface  OE,  support  D,  and  cable  KO  are  the  constraints,  can  be 
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regarded  as  a  free  body  (Fig.  12&)  in  equilibrium  under  the  action 
of  the  given  force  P  and  the  reactions  ^ d,  and  T  of  the  con¬ 

straints.  The  magnitudes  of  these  reactions,  which  are  unknown,  can 
be  determined  from  the  conditions  for  the  equilibrium  of  the  forces 
acting  on  the  now  free  body.  This  is  the  basic  method  of  solving 
problems  of  statics. 

The  determination  of  the  reactions  of  constraints  is  of  practical 
importance  because,  from  the  4th  principle,  if  we  know  them,  we 
shall  know  the  loads  acting  on  the  constraints,  i.e.,  the  basic  infor¬ 
mation  necessary  to  calculate  the  strength  of  structural  elements. 


Chapter  2 
Composition  of  Forces. 
Concurrent  Force  Systems 


§  6.  Geometrical  Method  of  Composition  of  Forces. 
Resultant  of  Concurrent  Forces 

Force  being  a  vector  quantity,  the  solution  of  many  problems 
of  mechanics  involves  operations  in  vector  addition  according  to 
the  laws  of  vector  algebra.  We  shall  commence  our  study  of  statics 
with  the  geometric  method  of  composition  of  forces.  The  quantity 
which  is  the  geometric  sum  of  all  the  forces  of  a  given  system  is 
called  the  principal  vector  of  the  system.  As  noted  in  §  3  (see  Fig.  6), 
the  concept  of  the  geometric  sum  of  forces  should  not  be  confused 

with  that  of  the  resultant; 
as  we  shall  see  later  on, 
many  force  systems  have 
no  resultant  at  all,  but  the 
geometric  sum  (principal 
vector)  can  be  calculated  for 
any  force  system. 

(1)  Composition  of  Two 
Forces.  The  geometric  sum 
22  of  two  concurrent  for¬ 
ces  Fj  and  Fj  is  determined  either  by  the  parallelogram  rule 
(Fig.  13a)  or  by  constructing  a  force  triangle  (Fig.  136),  which 
is  in  fact  one-half  of  the  corresponding  parallelogram.  To  construct 
a  force  triangle,  lay  off  a  vector  denoting  one  of  the  forces  from 
an  arbitrary  point  Aj,  and  from  its  tip  lay  off  a  vector  denoting 
the  second  force.  Joining  the  initial  point  of  the  first  vector  with 
the  terminal  point  of  the  second  vector,  we  get  the  vector  that  repre¬ 
sents  a  force  22. 

The  magnitude  of  22  is  the  side  of  the  triangle  AxE^C^,  i.e., 

R^  =  F\  +  F\-  2F1F2  cos  (1 80° -  a) , 
where  a  is  the  angle  between  the  two  forces.  Hence, 

R  =  FI  -f  2F1F2  cos  a. 


Fig.  13 


(1) 
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The  angles  p  and  y  which  the  force  B  makes  with  the  component 
forces  can  be  determined  by  the  law  of  sines.  As  sin  (180°  —  a)  = 
=  sin  a,  we  have; 


f2  R 


sm  7 


sin  ^ 


(2) 


(2)  Composition  of  Three  Non-Coplanar^  Forces.  The  geometrical 
sum  B  of  three  non-coplanar  forces  F^,  Bg,  Fg  is  represented  by  the 


diagonal  of  a  parallelepiped  with  the  given  forces  for  its  edges  (the 
parallelepiped  rule).  This  rule  can  be  verified  by  successively  applying 
the  parallelogram  rule  (Fig.  14). 

(3)  Composition  of  a  System  of  Forces.  The  geometrical  sum 
(principal  vector)  of  any  force  system  can  be  determined  either  by 
successively  compounding  the  forces  of  the  system  according  to  the 
parallelogram  law,  or  by  constructing  a  force  polygon.  The  latter 
method  is  simpler  and  more  convenient.  In  order  to  find  the  sum 
of  the  forces  F^,  F^,  Pg,  .  .  .,  P„  (Fig.  15o)  lay  off  from  an  arbitrary 
point  0  (Fig.  15fe)  a  vector  Oa  denoting  force  P^.  Now  from  point  a 
lay  00  a  vector  ah  denoting  force  Pg,  from  point  b  lay  ofi  a  vector  be 
denoting  force  Pg,  and  so  on;  from  the  tip  m  of  the  penultimate  vector 
lay  00  vector  mn  denoting  force  P„.  Vector  On  =  11,  laid  o0  from 
the  initial  point  of  the  first  vector  to  the  tip  of  the  last  vector,  repre¬ 
sents  the  geometrical  sum,  or  the  principal  vector,  of  the  component 
forces: 

B  =  Pi  +  Pg  +  .  .  .  -t.  P„  or  B  =  2  (3) 

The  magnitude  and  direction  of  B  do  not  depend  on  the  order 
in  which  the  vectors  are  laid  o0.  It  will  be  noted  that  the  construc¬ 
tion  carried  out  is  in  e0ect  a  consecutive  application  of  the  triangle 
rule. 
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The  figure  constructed  in  Fig.  15&  is  called  a  force  polygon  (or, 
generally  speaking,  a  vector  polygon).  Thus,  the  geometrical  sum,  or 
the  principal  vector,  of  a  set  of  forces  is  represented  by  the  closing  side 
of  a  force  polygon  constructed  with  the  given  forces  as  its  sides  (the 
polygon  law).  In  constructing  a  vector  polygon,  care  should  be  taken 
to  arrange  all  the  component  vectors  in  one  sense  along  the  periphery 
of  the  polygon,  with  vector  R  being  drawn  in  the  opposite  sense. 

Resultant  of  Concurrent  Forces.  In  studying  statics  we  shall 
proceed  from  simple  to  more  complex  force  systems.  Let  us  com¬ 
mence,  then,  with  systems  of  concurrent  forces.  Forces  whose  lines  of 
action  intersect  at  one  point  are  called  concurrent  (see  Fig.  15a).  It 
follows  from  the  first  two  principles  of  statics  that  a  system  of  con¬ 
current  forces  acting  on  a  rigid  body  is  equivalent  to  a  system  of 
forces  applied  at  one  point  (point  A  in  Fig.  15a). 

Consecutively  applying  the  parallelogram  rule,  we  come  to  the 
conclusion  that  the  resultant  of  a  system  of  concurrent  forces  is  equal 
to  the  geometrical  sum  (principal  vector)  of  those  forces  and  that  it  is 
applied  at  the  point  of  Intersection  of  these  forces.  Hence,  if  the  forces 
Fj,  Fj,  .  .  .,  Fn  intersect  at  point  A  (Fig.  15a),  the  resultant  of 
the  system  is  a  force  equal  to  the  principal  vector  R,  obtained  by 
constructing  a  force  polygon,  and  applied  at  point  A. 

If  the  forces  intersect  beyond  the  diagram,  the  point  through 
which  their  resultant  passes  can  be  determined  by  the  graphical 
method  described  in  §  30. 


§  7.  Resolution  of  Forces 

To  resolve  a  force  into  two  or  more  components  means  to  replace 
it  by  a  force  system  whose  resultant  is  the  original  force.  This  pro¬ 
blem  is  indeterminate  and 
can  be  solved  uniquely  on¬ 
ly  if  additional  conditions 
are  stated.  Two  cases  are 
of  particular  interest; 

1.  Resolution  of  a  Force 
Into  Two  Components  of 
Given  Direction.  Consider 
the  resolution  of  force  F 
(Fig.  16)  into  two  compo¬ 
nents  parallel  to  the  lines 
AB  and  AD  (the  force  and  the  lines  are  coplanar).  The  task  is  to 
construct  a  parallelogram  with  force  F  as  its  diagonal  and  its 
sides  respectively  parallel  to  AB  and  AD.  The  problem  is  solved 
by  drawing  through  the  beginning  and  the  tip  of  F  lines  parallel 
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to  AB  and  AD.  Forces  P  and  Q  are  the  respective  components,  as 
P  +  O  = 

The  resolution  can  also  be  carried  out  by  applying  the  triangle 
rule  (Fig.  166).  For  this,  force  F  is  laid  off  from  an  arbitrary  point  a 
and  through  its  initial  and  terminal  points  lines  parallel  to  AB 
and  AD  are  drawn  to  their  point  of  intersection.  Forces  P  and  Q 
replace  F  if  applied  at  point  A  or  at  any  other  point  along  the  line 
of  action  of  F. 

2.  Resolution  of  a  Force  Into  Three  Components  of  Given 
Direction.  If  the  given  directions  are  not  coplanar,  the  problem  is 
defined  and  it  reduces  to  the  construction  of  a  parallelepiped  with 
the  given  force  F  as  its  diagonal  and  its  sides  parallel  to  the  given 
directions  (see  Fig.  14). 

The  student  is  invited  to  consider 
the  resolution  of  a  given  force  F  into 
two  components  P  and  Q  coplanar 
with  F  if  their  magnitudes,  P  and  Q, 
are  given  and  if  P  F.  The  pro¬ 

blem  has  two  solutions. 

Solution  of  Problems.  The  method 
of  resolution  of  forces  is  useful  in  de¬ 
termining  the  pressure  on  constraints 
induced  by  the  applied  forces.  Loads 
acting  on  rigid  constraints  are  deter¬ 
mined  by  resolving  the  given  forces  along  the  directions  of  the  reac¬ 
tions  of  the  constraints  as,  according  to  the  4th  principle,  a  force  ac¬ 
ting  on  a  constraint  and  its  reaction  have  the  same  line  of  action. 
It  follows,  then,  that  this  method  can  be  applied  only  if  the  direc¬ 
tions  of  the  reactions  of  the  respective  constraints  are  immediate¬ 
ly  apparent. 

Problem  1.  A  bracket  consists  of  two  members  AC  and  BC  atta¬ 
ched  to  each  other  and  to  a  wall  by  means  of  joints,  with  ^  BAC  = 
=  90°  and  ^  ABC  =  a  (Fig.  17).  A  load  P  is  suspended  from  joint  C. 
Neglecting  the  weight  of  the  members,  determine  the  force  that 
contracts  BC. 

Solution.  Force  P  acts  on  both  members,  and  the  reactions  are 
directed  along  them.  The  unknown  force  is  determined  by  applying  P 
at  point  C  and  resolving  it  along  AC  and  BC.  Component  8i  is  the 
required  force.  From  the  triangle  CDE  we  obtain: 


51- 


cos  a 


From  the  same  triangle  we  find  that  member  AC  is  under  a  ten¬ 
sion  of 


3—5562 


82  =  JP  tan  a. 
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The  larger  the  angle  a,  the  greater  the  load  on  both  members, 
which  increase  rapidly  as  a  approaches  90°.  For  example,  at  P  = 
=  100  kgf  and  a  =  85°,  «  1150  kgf  and  S^  fa  1140  kgf.  Thus, 

to  lessen  the  load  angle  a  should  be  made  smaller. 

We  see  from  these  results  that  a  small  applied  force  can  cause 
very  large  stresses  in  structural  elements  (see  also  Problem  2).  The 
reason  for  this  is  that  forces  are  compounded  and  resolved  according 
to  the  parallelogram  rule:  the  diagonal  of  a  parallelogram  can  be 
very  much  smaller  than  its  sides.  If,  therefore,  in  solving  a  problem 
you  find  that  the  loads,  or  reactions,  seem  too  big  as  compared  with 
the  applied  forces,  this  does  not  necessarily  mean  that  your  solution 
is  wrong. 

Finally,  we  shall  show  why  in  similar  problems  the  given  force 
must  be  resolved  into  the  components  along  the  directions  of  the 


constraints.  In  Problem  1  we  have  to  determine  the  force  acting 
on  member  BC.  If  we  were  to  apply  force  P  at  C  (Fig.  18)  and  resolve 
it  into  a  component  ©i  along  BC  and  a  component  perpendicular 
to  it,  we  should  obtain: 

=  P  cos  a,  Q2  =  P  sin  a. 

Although  force  P  was  resolved  according  to  the  rule,  component 
Qi  is  not  the  required  force  acting  on  BC  because  not  all  of  force 
acts  on  AC.  Actually,  force  Q  2  acts  on  both  members  and,  consequent¬ 
ly,  it  increases  the  load  acting  on  BC  and  adds  to  Qi. 

This  example  shows  that  if  a  force  is  not  resolved  along  the  di¬ 
rections  of  the  constraints,  the  required  result  cannot  be  obtained. 

Problem  2.  A  lamp  of  weight  P  =  20  kgf  (Fig.  19)  hangs  from 
two  cables  AC  and  BC  forming  equal  angles  a  =  5°  with  the  horizon¬ 
tal.  Determine  the  stresses  in  the  cables. 

Solution.  Resolve  force  P  applied  at  C  into  the  components 
directed  along  the  cables.  The  force  parallelogram  in  this  case  is 
a  rhombus,  whose  diagonals  are  mutually  perpendicular  and 
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bisecting.  From  triangle  aCb  we  obtain: 

=  Tj  sin  a 

whence 

Ti  =  T2  =  -^~^ — »115  kgf. 

The  equation  shows  that  the  smaller  the  angle  a,  the  greater  the 
tension  in  the  cables  (at  a  =  1°,  for  instance,  T  »  573  kgf).  Should 
we  attempt  to  stretch  the  cable  absolutely  horizontally  it  would 
break,  for,  at  a  ->0,  T  tends  to  infinity. 

Problem  3.  Neglecting  the  weight  of  rod  AB  and  crank  OB  of 
the  reciprocating  gear  in  Fig.  20,  determine  the  circumferential 


f 


force  at  B  and  the  load  on  axle  0  of  the  crank  caused  by  the  action 
of  force  P  applied  to  piston  A  if  the  known  angles  are  a  and  p. 

Solution.  In  order  to  determine  the  required  forces  we  have  to 
know  the  force  Q  with  which  the  connecting  rod  AB  acts  on  pin  B. 
The  magnitude  of  Q  can  be  found  by  resolving  force  P  along  AB 
and  AD  i,AD  being  the  direction  in  which  piston  A  acts  on  the  sli¬ 
des).  Thus  we  obtain: 

^  cos  a 

Transferring  force  Q  to  point  B  and  resolving  it  as  shown  in  Fig.  20 
into  the  circumferential  force  F  and  the  load  R  on  the  axle,  we  obtain; 

F  =  Q  sin  y,  F  —  Q  cos  y. 

Angle  Y  is  an  external  angle  of  triangle  OB  A  and  equals  a  -1=-  p. 
Hence,  we  finally  obtain; 

p_pJi£iZ±lL  B  =  j>_£2i(:E±5L 

cos  a  ’  cos  a 

As  a  -1-  p  ^  180°  and  a  <  90°,  force  F  is  always  greater  than 
zero,  i.e.,  it  is  always  directed  as  shown  in  the  diagram.  Force  R, 

3* 
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however,  is  directed  from  B  to  0  only  as  long  as  a  +  P  <  90°; 
at  a  +  p  >  90°,  R  reverses  its  sense.  At ‘a  -f  p  =  90°,  R  =  0. 

This  example  shows  that  the  method  of  force  resolution  can  be 
employed  even  if  the  forces  act  on  a  body  which  is  not  in  equilibrium. 
In  such  cases  the  load  on  a  constraint  is  determined  by  resolving 
the  applied  force  along  the  direction  of  the  constraint  and  the  direc¬ 
tion  of  the  displacement  of  the  point  at  which  the  force  is  applied 
(point  ^  in  Fig.  20).  The  pressure  on  a  constraint,  as  determined  by 
this  method,  is  called  a  static  load,  since  in  calculating  it  the  masses, 
velocities  and  accelerations  of  moving  bodies  are  not  taken  into 
account.  In  actual  physical  situations  such  calculations  can  be 
employed  only  if  the  velocities  and  accelerations  are  small.  If  the 
masses,  velocities  and  accelerations  of  the  moving  bodies  are  taken 
into  account,  the  determined  forces  are  called  dynamic  loads  and  are 
calculated  by  the  methods  of  dynamics  (§  169). 

§  8.  Projection  of  a  Force  on  an  Axis  and  on  a  Plane 

Let  us  now  discuss  analytical  (mathematical)  methods  of  solving 
problems  of  statics.  These  methods  are  based  on  the  concept  of  the 
projection  of  a  force  on  an  axis.  The  same  as  for  any  other  vector,  the 
projection  of  a  force  on  an  axis  is  an  algebraic  quantity  equal  to  the  length 


Fig.  21 

of  the  line  segment  comprised  between  the  projections  of  the  initial  and 
terminal  points  of  the  force  taken  with  the  appropriate  sign:  “plus”  if 
the  direction  from  the  initial  to  the  terminal  point  is  the  positive 
direction  of  the  axis,  and  “minus”  if  it  is  the  negative  direction 
of  the  axis.  It  follows  from  this  definition  that  the  projections  of 
a  given  force  on  any  parallel  axes  of  same  sense  are  equal.  This  is 
useful  in  calculating  the  projection  of  a  force  on  an  axis  not  coplanar 
with  that  force.  We  shall  denote  the  projection  of  a  force  P  on  an 
axis  Ox  by  the  symbol  For  the  forces  in  Fig.  21  we  have*h 

Fx  —  ABi  —  ab,  Qx  =  —EDi  =  —ed. 

♦)  The  positive  direction  of  an  axis  shall  be  taken  to  mean  the  direction 
from  point  O  (the  origin)  towards  the  letter  x  denoting  the  given  axis.  We  shall 
use  arrowheads  in  diagrams  only  to  show  the  direction  of  vectors. 
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But  it  is  apparent  from  the  diagram  that  ABi  —  F  cos  a  and 
EDi  ==  Q  ‘P  ~  — Q  Hence, 

Fx  —  F  cos  a,  Qx  —  ~Q  cos  <p  =  ^  cos  a^,  (4) 

i.e.,  the  projection  of  a  force  on  an  axis  is  equal  to  the  product  of  the 
magnitude  of  the  force  and  the  cosine  of  the  angle  between  the  direction 
of  the  force  and  the  positive  direction  of  the  axis.  The  projection  is 
positive  if  the  angle  between  the 
direction  of  the  force  and  the  posi¬ 
tive  direction  of  the  axis  is  acute, 
and  negative  if  the  angle  is  obtuse; 
if  the  force  is  perpendicular^  to  the 
axis,  its  projection  on  the  axis’ is  zero. 

The  projection  of  a  force  F  on  a 
plane  Oxy  is  a  vector  F xy  =  OB^ 
comprised  between  the  projections 
of  the  initial  and  terminal  points 
of  the  force  F  on  the  plane  (Fig. 

22).  Thus,  unlike  the  projection  of 
a  force  on  an  axis,  the  projection  of  a  force  on  a  plane  is  a  vector 
quantity  characterised  by  both  magnitude  and  direction  in  that 
plane.  The  magnitude  of  the  projection  is  Fxy  =  F  cos  0,  where  9  is 
the  angle  between  the  direction  of  force  F  and  its  projection  Fxy 
In  some  cases  it  may  prove  easier  to  find  the  projection  of  a  force 
on  an  axis  by  first  finding  its  projection  on  a  plane  through  that 
axis  and  then  to  project  the  latter  on  the  given  axis.  Thus,  in  the 
case  shown  in  Fig.  22  we  find  that 

Fx  —  Fxy  cos  cp  =  F  cos  9  cos  (p, 

F’s^FaySin  (p  =  F’cos0sin  (p. 


§  9.  Analytical  Method  of  Defining  a  Force 

For  the  analytical  definition  of  a  force  we  select  a  system  of  coor¬ 
dinate  axes  Oxyz  as  a  frame  of  reference  for  defining  the  direction 
of  our  force  in  space.  In  mechanics  right-hand  coordinate  systems 
are  usually  employed,  i.e.,  systems  in  which  a  counterclockwise 
rotation  about  Oz  carries  Ox  into  Oy  by  the  shortest  way  (Fig.  23). 
We  can  construct  the  vector  denoting  force  F,  if  we  know  the  magni¬ 
tude  of  the  force  F  and  the  angles  a,  p,  y  it  makes  with  the  coordi¬ 
nate  axes.  The  quantities  F,  a,  p,  y  define  the  given  force  F.  The 
point  A  at  which  the  force  is  applied  must  be  defined  additionally 
by  its  coordinates  x,  y,  z. 

For  the  solution  of  problems  of  statics  it  is  often  more  convenient 
to  define  a  force  by  its  projections.  Let  us  show  that  force  F  is 
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completely  defined  if  its  projections  F*,  Fy,  F^  on  the  axes  of  a 
cartesian  coordinate  system  are  known.  From  formula]  (4)  we  have 

Fx  =  F  cos  a,  Fy  —  F  cos  P,  F^  —  F  cos  y. 

Squaring  these  equations  and  adding  them,  we  obtain  + 

+  /i  =  F*  since  cos®  a  +  cos®  p  +  cos®  y  ==  1,  whence 

F  =  VF|4-F^-t-F^,  cosa  =  -^,  cos  p  =  -^,  cosy  =  -^.  (6) 

Eqs.  (6)  give  the  magnitude  of  a  force  and  the  angles  it  makes  with 
the  coordinate  axes  in  terms  of  its  projections  on  the  given  axes, 

i.e.,  they  define  the  force.  It  should  be 
noted  that  in  the  first  equation  the  sign 
before  the  radical  is  always  positive 
as  the  formula  gives  only  the  magni¬ 
tude  of  the  force. 

If  force  P  is  resolved  parallel  to  the 
axes,  its  rectangular  components  F^, 
Fy,  F,  are  equal  in  magnitude  to  the 
projections  of  the  force  on  the  respe¬ 
ctive  axes  (see  Fig.  23).  It  follows 
then  that  the  vector  of  a  force  can  be 
constructed  geometrically  according 
to  the  parallelepiped  rule  if  its  rect¬ 
angular  components  or  projections  on 
the  axes  of  a  coordinate  system  are  known. 

If  a  set  of  given  forces  is  coplanar,  each  force  can  be  defined  by  its 
projections  on  two  coordinate  axes  Ox  and  Oy.  Then  Eqs.  (5)  take 
the  form: 

F  =  V^x+Fl,  cosa  =  -^,  cosP  =  -^.  (7) 

The  force  can  be  constructed  graphically  according  to  its  x  and  y 
components  or  projections  by  the  parallelogram  rule. 


Fig.  23 


§  10.  Analytical  Method  of  Composition  of  Forces 

Operations  with  vectors  can  he  expressed  in  terms  of  operations 
with  their  projections  by  the  following  geometrical  theorem:  The 
projection  of  the  vector  of  a  sum  on  an  axis  is  equal  to  the  algebraic  sum 
of  the  projections  of  the  component  vectors  on  the  same  axis.  As  force  is 
a  vector,  it  follows  that  if,  for  example,  B  =  F,  F^-j-Fs  +  FA 
(Fig.  24),  then 


B*  —  Fjjt  F2*  -[-  Fsac  -j-  F4*, 
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F^x  =  ah,  F2x  =  bc,  F3x  =  cd,  Fix=—de,  Rx  =  ae. 

From  this  theorem  we  obtain  that  for  any  force  system  F^,  F^, . . 
whose  sum  (principal  vector)  is  B,  where  B  =  S 
obtain 

=  =  Rz  =  llFuz.  (8) 

Knowing  J?*,  Ry,  and  R^,  from  Eqs.  (6)  we  have 

r^VM+M+M; 

Rx  a 

cos  a  =  -^,  cos  p  =  -^»  cosy 


Eqs.  (8)  and  (9)  provide  the  analytical  solution  of  the  problem 


of  the  composition  of  forces. 

For  coplanar  forces  the  respe- 
ctive  equations  are  f 

Rx — S  Ry  —  S 

R^VRi+Rl' 

(10) 

j 

1 

j 

Rx  a 

cosa  =  -^,  cos  P  =  -^" 

^  I  i  i 

1 

[  X 

a  If  e 

c  cf 

If  the  forces  hre  defined  by  Fig.  24 

their  magnitudes  and  their 

angles  with  the  coordinate  axes,  it  is  first  necessary  to  determine 
their  projections  on  the  coordinate  axes. 

Problem  4.  Determine  the  sum  of  three  forces  P,  Q,  F  whose 
respective  projections  are: 

P.c  =  6N,  Pj,  =  3N,  P,=  12N; 

(?^  =  3N,  (?„=— 7N,  (?^  =  1  N; 

F*  =  5N,  Fj,  =  2N,  Fz=-8^. 

Solution.  From  Eqs.  (8)  we  find  B*  =  6  +  3  +  5  =  14  N,  Ry  == 
=  3  -  7  +  2  =  -2  N,  B,  =  12  +  1-  8  =  5  N.  Substituting 
these  quantities  in  Eqs.  (9),  we  obtain: 

B  =  V"14='+(-2)2  +  52=15  N,  cosa— |i, 

Q  2  1 

cos  p=  — ,  cosY  =  -^  . 

and  finally 

B  ==  15  N,  a  =  21°,  p  =  97°40',  y  =  70°30'. 
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Problem  5.  Determine  the  resultant  of  the  three  co planar  forces 
in  Fig.  25a  if  F  =  17.32  kgf,  T  =  10  kgf,  P  =  24  kgf,  f  =  30°, 

T])  =  60°. 

Solution.  Compute  the  projections  of  the  given  forces:  = 


=  F  cos  (p  =  15  kgf,  Tx  =  - 
=  — F  sin  q)  =  — 8.66  kgf,  Ty 


a  b 


T  cost])  =  —5  kgf,  Px  =  0;  Py  = 
=  P  sin  \|)  =  8.66  kgf,  Py  =  — P  = 
=  — 24  kgf.  Then,  by  Eqs.  (10), 
P.,  =  15  -  5  =  10  kgf,  Ry  = 
=  -8.66  J- 8.66  -  24  =  -24  kgf, 
whence 

R  =  y  10^+ (-24)2  =  26  kgf, 

5  12 

cosa  =  -j3,  cos  p= - jg- , 

and  finally: 


Fig.  25  i?  =  26  kgf,  a=67°20',  p  =  157°20'. 

To  solve  the  problem  graphical¬ 
ly,  choose  a  scale  (e.g.,  1  cm  cor¬ 
responds  to  10  kgf)  and  construct  a  force  polygon  with  forces  P,  P, 
and  T  as  its  sides  (Fig.  25b).  Side  ad  represents  to  scale  the  direction 
and  magnitude  of  the  resultant  B.  If  on  measuring  we  find  that  ad  » 
»  2.5  cm,  then  2?  «  25  kgf  with  an  error  of  4%  to  the  exact  solu¬ 
tion. 


§  11.  Equilibrium  of  a  System  of  Concurrent  Forces 

It  follows  from  the  laws  of  mechanics  that  a  rigid  body  subjected 
to  the  action  of  an  external  set  of  mutually  balanced  forces  can  either 
be  at  rest  or  in  motion.  We  shall  call  this  kind  of  motion  “motion 
under  no  forces”,  “inertial”  or  “coasting”  motion,  of  which  uniform 
rectilinear  translatory  motion  is  an  example. 

From  this  we  derive  two  important  conclusions:  (1)  Forces  acting 
on  bodies  at  rest  and  on  bodies  in  “inertial”  motion  equally  satisfy 
the  conditions  of  equilibrium  treated  of  in  statics  (see  Problem  6). 
(2)  The  equilibrium  of  forces  acting  on  a  free  rigid  body  is  a  necessary 
but  insufficient  condition  for  the  equilibrium  (rest)  of  the  body. 
The  body  will  remain  at  rest  only  if  it  was  at  rest  before  the  moment 
when  the  balanced  forces  were  applied. 

For  a  system  of  concurrent  forces  acting  on  a  body  to  be  in  equili¬ 
brium  it  is  necessary  and  sufficient  for  the  resultant  of  the  forces 
to  be  zero.  The  conditions  which  the  forces  themselves  must  satisfy 
can  be  expressed  either  in  graphical  or  in  analytical  form. 
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(1)  Graphical  Condition  of  Equilibrium.  Since  the  resultant  R 
of  a  system  of  concurrent  forces  is  defined  as  the  closing  side  of  a  force 
polygon  cpnstructed  with  the  given  forces,  it  follows  that  B  can  be 
zero  only  if  the  terminal  point  of  the  last  force  of  the  polygon  coin¬ 
cides  with  the  initial  point  of  the  first  force,  i.e.,  if  the  polygon  is 
closed. 

Thus,  for  a  system  of  concurrent  forces  to  he  in  equilibrium  it  is 
necessary  and  sufficient  for  the  force  polygon  drawn  with  these  forces 
to  be  closed. 

(2)  Analytical  Conditions  of  Equilibrium.  Analytically  the  resul¬ 
tant  of  a  system  of  concurrent  forces  is  determined  by  the  formula 

R  =  VRl+Rl  +  Rl 


As  the  expression  under  the  radical  is  a  sum  of  positive  components, 
R  can  be  zero  only  if  simultaneously  i?*  =  0,  Ry  =  0,  R^  —  0, 
which  follows  from  Eqs.  (8),  i.e.,  when  the  forces  acting  on  the  body 
satisfy  the  equations 

=  (11) 

Eqs.  (11)  express  the  conditions  of  equilibrium  in  analytical 
form:  The  necessary  and  sufficient  condition  for  the  equilibrium  of 
a  three-dimensional  system  of  concurrent  forces  is  that  the  sums  of  the 
projections  of  all  the  forces  on  each  of  three  coordinate  axes  must  separa¬ 
tely  vanish. 

If  all  the  concurrent  forces  acting  on  a  body  lie  in  one  plane,  they 
form  a  coplanar  system  of  concurrent  forces.  Obviously,  for  such  a  force 
system  only  two  equations  are  required  to  express  the  conditions  of 
equilibrium: 

=  =  (12) 

Eqs.  (11)  and  (12)  also  express  the  necessary  conditions  (or  equa¬ 
tions)  of  equilibrium  of  a  free  rigid  body  subjected  to  the  action  of 
concurrent  forces. 

(3)  The  Theorem  of  Three  Forces.  The  following  theorem  will 
often  be  found  useful  in  solving  problems  of  statics:  If  a  free  rigid 
body  remains  in  equilibrium  under  the  action  of  three  nonparallel 
coplanar  forces,  the  lines  of  action  of  those  forces  intersect  at  one  point. 

To  prove  the  theorem,  first  draw  two  of  the  forces  acting  on  the 
body,  sayFi  andFj.  As  the  theorem  states  that  the  forces  are  not 
parallel  and  lie  in  the  same  plane,  their  lines  of  action  intersect  at 
some  point  A  (Fig.  26).  Now  attach  forces  and  to  point  A  and 
replace  them  by  their  resultant  B.  Two  forces  will  be  acting  on  the 
body:  B  and  Fg,  which  is  applied  at  some  point  B  of  the  body. 
If  the  body  is  to  be  in  equilibrium,  then,  according  to  the  1st  prin¬ 
ciple,  forces  B  and  Fg  must  be  directed  along  the  same  line,  i.e.. 
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along  AB.  Consequently,  forced 3  also  passes  through  A,  and  the 
theorem  is  proved. 

It  should  be  noted  that  the  reverse  is  not  true,  i.e.,  if  the  action 
lines  of  three  forces  intersect  at  one  point,  the  body  on  which  they 
are  acting  is  not  necessarily  in  equilibrium.  Thus,  the  theorem  ex¬ 
presses  a  necessary,  but  not  sufficient,  condition  for  the  equilibrium 
of  a  free  rigid  body  acted  upon  by  three  forces. 


Fig.  26  Fig.  27 


Example.  Consider  a  beam  AB  (Fig.  27)  hinged  at  A  and  reclin¬ 
ing  on  a  ledge  at  Z).  By  replacing  the  constraints  with  their  reactions 
we  can  treat  the  beam  as  a  free  body  in  equilibrium  under  the  action 
of  three  forces  P,  Nd  and  B^,  whose  lines  of  action,  according  to 
the  theorem  just  proved,  must  intersect  at  one  point.  But  the  lines 
of  action  of  forces  P  and  No  are  known,  and  they  intersect  at  K. 
Consequently,  the  reaction  B^  of  the  hinge  applied  at  A  must  also 
pass  through  K,  i.e.,  it  is  directed  along  AK.  In  this  case  the  theo¬ 
rem  of  three  forces  has  helped  us  to  determine  the  unknown  direction 
of  the  reaction  of  hinge  A. 

§  12.  Problems  Statically  Determinate 
and  Statically  Indeterminate 

In  problems  where  the  equilibrium  of  constrained  rigid  bodies  is 
considered,  the  reactions  of  the  constraints  are  unknown  quantities. 
Their  number  depends  on  the  number  and  type  of  the  constraints. 
A  problem  of  statics  can  be  solved  only  if  the  number  of  unknown 
reactions  is  not  greater  than  the  number  of  equilibrium  equations 
in  which  they  are  present.  Such  problems  are  called  statically  deter¬ 
minate,  and  the  corresponding  systems  of  bodies  are  called  statically 
determinate  systems. 

Problems  in  which  the  number  of  unknown  reactions  of  the  con¬ 
straints  is  greater  than  the  number  of  equilibrium  equations  in 
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which  they  are  present  are  called  statically  indeterminate,  and  the 
corresponding  systems  of  bodies  are  called  statically  indeterminate 
systems. 

An  example  of  a  statically  indeterminate  system  is  a  weight  hang¬ 
ing  from  three  strings  lying  in  one  plane  (Fig.  28).  There  are  three 
unknown  quantities  in  this  problem  (the  tensions  Ti,  T^,  ot 
the  strings),  but  only  the  two  equations  (12)  for  the  equilibrium  of 
a  coplanar  S3rstem  of  concurrent  forces. 

Other  examples  of  statically  indeterminate 
systems  are  given  in  §  25. 

It  can  be  seen  that  the  static  indetermi¬ 
nateness  of  a  problem  is  a  result  of  the 
presence  of  too  many  constraints.  In  the 
present  case  two  strings  are  sufficient  to 
keep  the  weight  in  equilibrium  at  any 
values  of  angles  a  and,  p  (see  Problem  2, 

Fig.  19),  and  the  third  string  is  redundant. 

We  shall  be  concerned  only  with  stati¬ 
cally  determinate  problems,  i.e.,  problems  Fig-  28 

in  which  the  number  of  reactions  is  the 

same  as  the  number  of  equilibrium  equations  involving  them.  For 
the  solution  of  statically  indeterminate  problems  the  assumption  of 
the  rigidity  of  the  bodies  under  consideration  must  be  given  up  and 
their  deformations  taken  into  account.  Problems  of  this  kind  are 
solved  in  the  courses  of  strength  of  materials  and  statics  of  structures. 


§  13.  Solution  of  Problems  of  Statics 

The  problems  solved  by  the  methods  of  statics  fall  into  one  of  two 
types:  (1)  Problems  in  which  some  or  all  of  the  forces  acting  on  the 
body  are  known  and  where  one  has  to  determine  in  what  position, 
or  under  what  distribution  of  the  forces  acting  on  it,  the  body  will 
be  in  equilibrium  (Problems  6  and  7).  (2)  Problems  in  which  the  body 
is  known  to  be  in  equilibrium  (or  in  inertial  motion)  and  one  has 
to  determine  all  or  some  of  the  forces  acting  on  it  (Problems  8,  9, 
10,  and  others).  The  reactions  of  constraints  are  unknown  quantities 
in  all  problems  of  statics. 

In  practical  applications,  problems  of  statics  are  used  to  determine 
the  conditions  of  equilibrium  of  structures  (when  they  are  not  rigidly 
anchored  by  constraints)  and  the  loads  on  the  supports  or  stresses 
in  difierent  parts  of  a  structure  in  equilibrium.  As  any  structure  is 
an  association  of  several  connected  bodies,  the  solution  of  any 
problem  must  begin  with  the  isolation  of  the  specific  body  whose  equili¬ 
brium  should  be  examined  in  order  to  obtain  the  unknown 
quantities. 
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The  solution  consists  of  the  following  steps: 

1.  Choose  the  Body  Whose  Equilibrium  Should  Be  Examined. 
For  the  problem  to  lend  itself  to  solution,  the  given  and  required 
forces,  or  their  equivalents,  should  all  be  applied  to  the  body  whose 
equilibrium  is  being  examined  (for  instance,  if  the  problem  is  to 
determine  a  load  acting  on  a  support,  we  can  examine  the  equilibri¬ 
um  of  the  body  experiencing  the  reaction  of  the  support,  which  is 
equal  in  magnitude  to  the  required  load). 

If  the  given  forces  act  on  one  body  and  the  required  on  another, 
it  may  be  necessary  to  examine  the  equilibrium  of  each  body 
separately,  or  even  of  some  intermediate  bodies  as  well. 

2.  Isolate  the  Body  From  Its  Constraints  and  Draw  the  Given 
Forces  and  the  Reactions  of  the  Removed  Constraints.  Such  a  draw¬ 
ing  is  called  a  free-body  diagram  and  is  drawn  separately,  as  in 
Fig.  12b*).  In  drawing  the  reactions,  the  points  brought  up  in  §  4 
in  connection  with  the  reactions  of  constraints  should  be  taken  into 
account. 

3.  State  the  Conditions  of  Equilibrium.  The  statement  of  these 
conditions  depends  on  the  force  system  acting  on  the  free  body  and 
the  method  of  solution  (graphical  or  analytical).  Special  cases  of 
stating  the  equilibrium  conditions  for  different  force  systems  will 
be  examined  in  the  respective  chapters  of  this  course. 

4.  Determine  the  Unknown  Quantities,  Verify  the  Answer  and 
Analyse  the  Results.  In  solving  a  problem  it  is  important  to  have 
a  carefully  drawn  diagram,  which  helps  to  choose  the  correct  method 
of  solution  and  prevents  errors  in  stating  the  conditions  of  equili¬ 
brium.  All  computations  should  be  carried  out  in  strict  order. 

The  computations  should,  as  a  rule,  be  written  out  in  general 
(algebraic)  form.  This  provides  formulas  .for  determining  the 
unknown  quantities  which  can  then  be  used  to  analyse  the  results. 
Solution  in  general  form  also  makes  it  possible  to  catch  mistakes 
by  checking  the  dimensions  (the  dimensions  of  the  terms  in  each 
side  of  an  equation  should  be  the  same).  If  the  problem  is  solved 
in  general  form,  the  numerical  values  should  be  substituted  in  the 
final  equations. 

In  this  section  we  shall  discuss  equilibrium  problems  involving 
concurrent  forces.  They  can  be  solved  by  either  the  graphical  or  the 
analytical  method. 

(a)  The  graphical  method  is  suitable  when  the  total  number  of 
given  and  required  forces  acting  on  a  body  is  three.  If  the  body  is 
in  equilibrium  the  force  triangle  must  be  closed  (the  construction 


*>  When  sufficient  experience  is  gained,  the  student  may  mentally  isolate 
the  body  he  is  examining  and  draw  the  given  forces  and  the  reactions  of  the 
constraints  acting  on  the  body  (and  on  it  alone)  on  the  general  diagram  (as 
in  Fig.  31).  However,  if  the  equilibrium  of  two  or  more  structural  elements 
has  to  be  examined,  it  is  best  to  draw  a  free-body  diagram. 
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should  start  with  the  known  force).  By  solving  the  triangle  we  obtain 
tho  unknovrn  quantities. 

(b)  The  analytical  method  can  be  applied  for  any  number  of  forces. 
Before  writing  the  conditions  of  equilibrium — which  for  a  coplanar 
system  of  concurrent  forces  will  be  in  the  form  of  the  two  Eqs.  (12), 
and  for  a  three-dimensional  system  the  three  Eqs.  (11) — the  coordi¬ 
nate  axes  must  he  chosen.  The  choice  is  arbitrary,  but  the  equations 
can  be  simplified  by  taking  one  of  the  axes  perpendicular  to  an  un¬ 
known  force.  The  beginner  is  advised  to  commence  his  solution  by 
determining  the  projections  of 
all  the  forces  on  each  of  the 
coordinate  axes  and  tabulating 
the  information  (see  Problems 
6,  10,  and  11). 

Other  suggestions  are  offe¬ 
red  in  the  sample  problems 
below. 

Problem  6.  A  load  of  weight 
P  lies  on  a  plane  inclined  at 
a  degrees  to  the  horizontal 
(Fig.  29a).  Determine  the  mag¬ 
nitude  of  the  force  F  parallel 
to  the  plane  which  should  be  applied  to  the  load  to  keep  it  in 
equilibrium,  and  the  pressure  Q  exerted  by  the  load  on  the  plane. 

Solution.  The  required  forces  act  on  different  bodies:  F  on  the  load, 
and  Q  on  the  plane.  To  solve  the  problem  we  shall  determine  instead 
of  Q  the  reaction  2V  of  the  plane,  which  is  equal  to  Q  in  magnitude 
and  opposite  in  sense.  In  this  case  the  given  force  F  and  the  required 
forces  F  and  2V  all  act  on  the  load,  i.e.,  on  one  body.  Now  consider 
the  equilibrium  of  the  load  as  a  free  body  (Fig.  296,  where  P  and  F 
are  the  applied  forces  and  2V  is  the  reaction  of  the  constraint,  or 
the  plane).  The  required  forces  can  be  determined  by  employing 
either  the  graphical  or  the  analytical  method  of  stating  the  equili¬ 
brium  conditions  of  the  body. 

Graphical  Method.  If  the  body  is  in  equilibrium,  the  force  triangle 
with  P,  F,  and  N as  its  sides  must  be  closed.  Start  the  construction 
with  the  given  force:  from  an  arbitrary  point  a  lay  off  to  scale  force  P 
(Fig.  29c).  Through  its  initial  and  terminal  points  draw  straight 
lines  parallel  to  the  directions  of  the  forces  F  and  N.  The  intersection 
of  the  lines  gives  us  the  third  vertex  c  of  the  closed  force  triangle  abc, 
whose  sides  be  and  ca  denote  the  required  forces  in  the  chosen  scale. 
The  direction  of  the  forces  is  determined  by  the  arrow  rule:  as  the 
resultant  is  zero,  no  two  arrowheads  can  meet  in  any  vertex  of  the 
triangle. 

The  magnitudes  of  the  required  forces  can  also  be  computed  from 
the  triangle  abc,  in  which  case  the  diagram  need  not  be  drawn  to 
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scale.  Observing  that  Z.bca  =  90°,  and  Z.<^bc  —  a,  we  have 
F  —  P  sin  a,  N  =  P  cos  a. 

Analytical  Method.  Since  the  force  system  is  coplanar,  only 
two  coordinate  axes  are  needed.  To  simplify  the  computation,  take 
axis  Ox  perpendicular  to  the  unknown  force  N.  Compute  the  pro¬ 
jections  of  all  the  forces  on  each  of  the  coordinate  axes  and  tabulate 
the  information*); 


Ph 

P 

P 

N 

^  kx 

P  sin  a 

—F 

0 

Ffty 

— Pcos  a 

0 

N 

From  Eqs.  (12)  we  obtain: 

P  sin  a  —  F  =  0, 

—P  cos  a  -|-  AT  =  0. 

Thanks  to  our  choice  of  coordinate  axes,  each  equation  contains 
only  one  unknown  quantity.  Solving  the  equations,  we  obtain: 

F  =  P  sin  a,  N  —  P  cos  a. 

The  force  exerted  by  the  load  on  the  plane  is  equal  in  magnitude 
to  the  calculated  force  N  =  P  cos  a  and  opposite  in  sense. 

It  will  he  noted  that  the  force  F  needed  to  hold  the  load  on  the 
inclined  plane  is  less  than  its  weight  P.  Thus,  an  inclined  plane 
represents  a  simple  machine  which  makes  it  possible  to  balance 
a  large  force  with  a  smaller  one. 

As  was  shown  in  the  beginning  of  §  11,  these  results  hold  equally 
good  for  a  body  at  rest  or  in  motion  "under  no  forces”.  It  follows, 
then,  that  in  order  to  push  the  load  with  uniform  velocity  up 
a  smooth  surface  the  same  force  F  —  P  sin  a  haS  to  be  applied  which 
is  needed  to  keep  it  in  equilibrium;  similarly,  the  same  force  F  = 
=  P  sin  a  has  to  he  applied  to  brake  the  load  if  we  wish  it  to  slide 
with  uniform  velocity  down  the  plane.  For  either  motion  to  take 
place  the  load  must  receive  an  initial  velocity,  otherwise  the  force 
P  =  P  sin  a  acting  on  it  will  keep  it  at  rest.  The  force  exerted  on 
the  plane  will  in  all  cases  he  P  cos  a. 

•>  The  table  should  be  filled  by  vertical  columns:  first  compute  the  x  and  y 
projections  of  JP,  then  of  P,  etc.  The  use  of  tables  reduces  the  possibility  of 
mistakes  in  the  equations.  The  beginner  will  find  tables  especially  useful  until 
he  acquires  the  necessary  experience  in  operating  with  force  projections. 
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A  general  conclusion  can  be  drawn  from  the  solution  of  the  above 
problem:  In  problems  of  statics  solved  by  the  equations  of  equilibrium, 
the  forces  exerted  by  a  body  on  its  constraints  should  be  replaced  by  the 
reactions  of  the  constraints  acting  on  the  body,  which  are  equal  in  mag¬ 
nitude  and  opposite  in  sense  to  the  applied  forces.  In  solving  problems 
by  the  method  of  force  resolution  (§  7)  the  forces  exerted  by  the 
constraints  are  determined  directly. 

Problem  7.  The  rod  AB  in  Fig.  30a  is  hinged  to  a  fixed  support 
by  a  pin  A.  Attached  to  the  rod  at  ^  is  a  load  P  =  10  kgf  and 


Fig.  30 


a  string  passing  over  a  pulley  C  with  a  load  ^  =  14.1  kgf  tied  to  the 
other  end  of  the  string.  The  axes  of  the  pulley  C  and  the  pin  A  lie 
on  the  same  vertical  and  AC  —  AB.  Neglecting  the  weight  of  the 
rod  and  the  diameter  of  the  pulley,  determine  the  angle  a  at  which 
the  system  will  be  in  equilibrium  and  the  stress  in  the  rod  AB. 

Solution.  Consider  the  conditions  for  the  equilibrium  of  rod  AB, 
to  which  all  the  given  and  required  forces  are  applied.  Removing 
the  constraints  and  treating  the  rod  as  a  free  body  (Fig.  30&),  draw 
the  forces  acting  on  it:  the  weight  of  the  load  P,  the  tension  T  in 
the  string,  and  the  reaction  of  the  pin,  which  is  directed  along 
AB,  since  in  the  present  case  the  rod  can  only  be  in  tension  or  in 
compression  (see  §  4).  If  the  friction  of  the  rope  on  the  pulley  is 
neglected,  the  tension  in  the  string  can  be  regarded  as  uniform 
throughout  its  length,  whence  T  =  Q. 

For  the  graphical  method  of  solution,  construct  a  closed  force 
triangle  abc  with  forces  P,T,B^  as  its  sides  (Fig.  30c)  starting  w'ith 
force  P.  As  triangles  abc  and  ABC  are  similar,  we  have  ca  =  ab  and 

^cab  —  a.  Hence,  &s  T  =  Q  =  2P  sin  y  , 

Rj^^=P  and  sin-Y=-^. 

It  follows  from  these  results  that  at  a  <;  180°  equilibrium  is 
possible  only  if  ^  -<  2P  and  that  the  rod  will  be  compressed  with 
a  force  equal  to  P  at  any  values  of  Q  and  a. 
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The  case  of  a  =  180°  should  be  examined  separately.  It  is  apparent 
that  in  this  case  equilibrium  is  possible  at  any  values  of  P  and  Q. 
\i  P  >  Q  the  rod  will  be  stretched  with  a  force  P  —  Q\  if  ^  >  P 
the  rod  will  be  compressed  with  a  force  Q  —  P. 

Substituting  the  numerical  values,  we  obtai,n  =  10  kgf, 
a  =  90°  (the  rod  is  horizontal). 

Note  that  force  Q  (the  weight  of  the  load)  was  not  directly  included 
in  the  equilibrium  condition  (in  the  force  triangle),  as  it  is  applied 
to  the  load  and  not  to  the  rod  AB  whose  equilibrium  was  considered. 

Further  on  in  this  book  we  shall  not  draw  free-body  diagrams,  but 
in  picturing  the  forces  acting  on  a  given  body  it  should  always  be 
visualised  as  free,  as  in  Figs.  296,  306,  and  126. 


Problem  8.  A  crane  held  in  position  by  a  journal  bearing  A  and 
a  thrust  bearing  B  carries  a  load  P  (Fig.  31).  Neglecting  the  weight 

of  the  structure,  determine  the  reactions 
i?x  and  of  the  constraints- if  the  jib  is 
of  length  I  and  AB  =  h. 

Solution.  Consider  the  equilibrium  of 
the  crane  as  a  whole  under  the  action  of 
the  given  and  required  forces.  Mentally 
remove  the  constraints  A  and  B,  consi¬ 
dering  the  crane  as  a  free  body,  and  draw 
the  given  force  P  and  the  reaction  of 
the  journal  bearing  perpendicular  to  AB. 

The  reaction  of  the  thrust  bearing  can 
have  any  direction  in  the  plane  of  the  diagram.  But  the  crane  is  in 
equilibrium  under  the  action  of  three  forces  and  consequently  their 
lines  of  action  must  intersect  in  one  point.  This  is  point  E,  where  the 
lines  of  action  of  P  and  B^  cross.  Hence,  the  reaction  B^  is  directed 
along  BE. 

To  solve  the  problem  by  the  graphical  method  draw  a  closed  tri¬ 
angle  abc  with  forces  P,  B^,  as  its  sides,  starting  with  the  given 
force  P.  From  the  similarity  of  triangles  abc  and  ABE  we  obtain: 


Fig.  31 


Ra 


I  Rb  _V  h^+P 


whence 


=  R,  =  -/i+^P. 


From  the  triangle  abc  we  see  that  the  directions  of  the  reactions  B^ 
and  Rg  were  drawn  correctly.  The  loads  acting  on  the  journal 
bearing  A  and  the  thrust  bearing  B  are  respectively  equal  in  magni¬ 
tude  to  Ra  and  Rg  but  opposite  in  sense.  The  greater  the  ratio 
I  :  h,  the  greater  the  load  acting  on  the  constraints. 
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This  problem  is  an  example  of  the  application  of  the  theorem 
of  three  forces. 

Note  the  following  conclusion  arising  from  it:  //  the  statement  of 
a  problem  gives  the  linear  dimensions  of  structural  elements,  it  is  more 
convenient  to  solve  the  force  triangle  by  the  rule  of  similarity;  if  the  angles 
are  given  (Problem  6),  the  formulas  of  trigonometry  should  be  used. 

Problem  9.  A  horizontal  force  P  is  applied  to  hinge  A  of  the 
toggle-press  in  Fig.  32a.  Neglecting  the  weight  of  the  rods  and  piston, 
determine  the  force  exerted  by  the 
piston  on  body  M  when  the  given 
angles  are  a  and  p. 

Solution.  First  consider  the  equili¬ 
brium  of  the  hinge  A  to  which  the 
given  force  P  is  applied.  Regarding 
the  hinge  as  a  free  body,  we  find  that 
also  acting  on  it  are  the  reactions  Bj 
and  jB2  the  rods  directed  along 
them.  Construct  a  force  triangle  (Fig. 

Z2b).  Its  angles  are  (p  =  90°  —  a, 
t|)  =  90°  p,  Y  ==  a  -f-  p.  By  the  law 
of  sines  we  have: 


Rj 

sin  tj) 


sin  Y 


i?.: 


P  COS  a 


sin  (a-fP) 


N 


Now  consider  the  equilibrium  of  the  piston,  regarding  it  as  a  free 
body.  Acting  on  it  are  three  forces:  Ft\  =  — Ri  exerted  by  rod  AB, 
the  reaction  ZV  of  the  wall,  and  the  reaction  Q  of  the  pressed  body. 
The  three  forces  are  in  equilibrium,  consequently  they  are  concur¬ 
rent.  Constructing  a  triangle  with  the  forces  as  its  sides  (Fig.  32c), 
we  find: 


^  =  i?Jcosp. 


Substituting  forBl  its  equivalent  Rj,  we  finally  obtain: 

^ _  P  cos  a  cos  p  _ _ P _ 

^  sin(a-t-P)  tan  a -f- tan  p 

The  force  with  which  the  piston  compresses  the  body  M  is  equal 
to  Q  in  magnitude  and  opposite  in  sense. 

From  the  last  formula  we  see  that  with  a  constant  applied  force  P 
the  pressure  Q  increases  as  the  angles  a  and  P  diminish. 

If  the  rods  OA  and  AB  are  of  equal  length,  then  a  =  P  and  Q  — 
=  0.5P  cot  a. 

The  following  conclusion  can  be  drawn  from  this  solution:  In  some 
problems  the  given  force  or  forces  are  applied  to  one  body  and  the  required 
force  or  forces  act  on  another;  in  such  cases  the  equilibrium  of  the  first 
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body  is  considered  and  the  force  with  which  it  acts  on  the  other  body  is 
found',  then  the  second  body  is  examined  and  the  required  quantities  are 
obtained. 

Problem  10.  Rods  AB  and  BC  of  the  bracket  in  Fig.  33fl  are  joined 
together  and  attached  to  the  wall  by  hinges.  Over  a  pulley  attached 
to  the  bracket  at  B  passes  a  string,  one  end  of  which  is  fastened  to 
the  wall  while  the  other  supports  a  load  of  weight  Q.  Neglecting 
the  weight  of  the  rods  and  the  diameter  of  the  pulley,  determine 
the  reactions  of  the  rods  if  angles  a  and  P  are  given. 


Fig.  33 


Solution.  ^Consider  the  equilibrium  of  the  pulley  with  the  section 
DE  of  the  string  which  is  in  contact  with  it  *>.  Isolate  the  body  and 
draw  the  reactions  of  the  constraints  (Fig.  336).  Acting  on  the  pulley 
and  the  segment  of  the  string  passing  over  it  are  four  external  forces: 
the  tension  Q  in  the  right-hand  part  of  the  string,  the  tension  T 
in  the  left-hand  part  of  the  string,  which  is  equal  to  Q  in  magnitude 
{T  =Q),  and  the  reactions  JBi  and  B*  of  the  rods  directed  along  the 
rods.  Neglecting  the  diameter  of  the  pulley,  the  forces  can  be  treated 
as  concurrent.  As  there  are  more  than  three  forces  the  analytical 
method  of  solution  is  more  convenient.  Draw  the  coordinate  axes 
as  shown  in  the  diagram  and  compute  the  x  and  y  projections  of  all 
the  forces: 


♦>  In  such  cases  it  is  best  to  treat  the  pulley  as  one  body  together  with 
the  section  of  the  string  with  which  it  is  in  contact.  The  unknown  reciprocal 
actions  of  the  string  and  the  pulley  distributed  along  the  arc  de  constitute 
a  S3rstem  of  balanced  internal  forces  and  do  not  enter  into  the  equilibrium 
conditions  (see  §  3,  corollary  of  the  4th  principle).  Should  we  treat  the  pulley 
separately  (Fig.  33c,  in  a  larger  scale)  we  would  have  to  consider  the  forces 
exerted  by  the  string  on  the  piuley  along  the  arc  de,  the  resultant  of  which  would 
have  to  be  found  by  additionally  examining  the  conditions  of  equilibrium  of 
section  DE  of  the  string  (applying  the  principle  of  solidification).  This  would 
make  the  calculations  much  more  involved. 
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Fh 

Q 

T 

Ml 

-B2 

Fhx 

0 

— T  cos  P 

Ri  sin  a 

— 

Fhy 

-Q 

T  sin  p 

i?i  cos  a 

0 

Now  apply  the  formulas  of  equilibrium  (12)  and  write  the  corres¬ 
ponding  equations,  substituting  for  T  the  equal  quantity  Q: 

—Q  cos  P  -f  i?i  sin  a  —  i?2  =  0; 

—Q  4-  ^  sin  p  -h  /?!  cos  a  =  0. 


From  the  second  equation  we  find: 

^  _  1— sinP 


cos  a 


Q- 


Substituting  this  value  otR^  into  the  first  equation  and  transposing, 
we  obtain: 


R^  =  Q 


sin  K  —  cos  (« — P) 
cos  a 


It  follows  from  the  expression  for  i?i  that  at  any  acute  angles  a 
and  p,  Ri  >  0.  This  means  that  the  reaction  is  always  directed 
as  shown  in  the  diagram.  The  force  which  the  pulley  exerts  on  the 
rod  is  oppositely  directed  (rod  BC  is  under  thrust).  For  we  obtain 
a  different  result.  Let  us  assume  that  angles  a  and  P  are  always 
acute.  Since 

sin  a  —  cos  (a  —  P)  =  sin  a  —  sin  (90°  —  a  4-  P). 
the  difference  is  positive  if  a  >  (90°  —  a  4-  P)  or  if  2a  >  90°  4  P. 
Hence,  at  a  >•  (‘45°4-|-)  >  >  0,  i.e.,  the  reaction  B 2  is  directed 

as  shown  in  the  diagram.  But  if  a  < 

reaction  B2  is  of  opposite  sense  and  is  directed  from  A  to  B.  In  the 
first  case  rod  4B  is  in  tension,  in  the  second  it  is  in  compression. 

At  a  =  45°+|-  ,  B2  =  0. 

The  following  conclusions  are  important:  (1)  If  a  system  includes 
pulleys  with  strings  passing  over  them,  in  writing  the  equations  of 
equilibrium  a  pulley  and  the  section  of  the  string  with  which  it  is 
in  contact  should  be  treated  as  a  single  body.  If  the  friction  of  the 
cable  on  the  pulley  or  the  friction  of  the  pulley  axle  can  be  neglected, 
the  tension  in  both  portions  of  the  string  is  equal  in  magnitude  and 
■directed  away  from  the  pulley — otherwise  the  string  would  slip 
in  the  direction  of  the  greater  tension  or  the  pulley  would  turn  (see 
also  Problem  13). 
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(2)  If,  in  drawing  the  reactions  of  constraints,  any  reaction  is 
pointed  in  the  wrong  direction,  this  will  show  up  immediately  in  the 
force  polygon  of  a  graphical  solution  (the  arrowhead  rule);  in  an  ana¬ 
lytical  solution  the  sign  of  the  respective  reaction  will  be  negative. 

Whenever  possible,  however,. the  forces  should  be  directed  cor¬ 
rectly.  In  Problem  8,  for  ins¬ 
tance,  the  direction  of  the  reaction  of 
bearing  A  can  be  determined  by  the 
following  consideration:  if  the  bearing 
is  removed  force  D  will  tend  to  overturn 
the  crane  to  the  right,  consequently, 
force  B^,  which  replaces  the  action  of 
the  bearing,  should  be  directed  to  the 
left  in  order  to  keep  the  crane  in  equili¬ 
brium. 

Problem  11.  The  vertical  pole  OA  in 
Fig.  34  is  anchored  down  by  guy  wires 
AB  and  AD  which  make  equal  angles 
a  =  30°  with  the  pole;  the  angle  between 
the  planes  AOB  and  AOD  is  (p  =  60°. 
Two  horizontal  wires  parallel  to  the 
axes  Ox  and  Oy  are  attached  to  the 
pole,  and  the  tension  in  each  of  them  is 
P  =  100  kgf.  Neglecting  the  weight  of 
all  the  elements,  determine  the  vertical  load  acting  on  the  pole 
and  the  tensions  in  the  guy  wires. 

Solution.  Consider  the  equilibrium  of  point  A  to  which  the  guys 
and  horizontal  wires  are  attached.  Acting  on  it  are  the  reactions  Pi 
and  Pg  of  the  horizontal  wires  (Pi  =  P^  =  P),  the  reactions  B^ 
and  Bg  of  the  guys,  and  the  reaction  Bi  of  the  pole.  The  force  system 
is  three-dimensional,  and  the  analytical  method  of  solution  is  most 
suitable.  Draw  a  coordinate  system  as  shown  in  the  diagram,  compute 
the  projections  of  all  the  forces  on  each  of  the  axes,  and  tabulate 
the  information  (the  x  and  y  projections  of  Bg  are  calculated  as 
explained  at  the  end  of  §  8): 


Fh 

m 

P2 

Ri 

Rz 

■Bg 

kx 

0 

B 

0 

0 

R3  sin  a  sin  (p 

Fhy 

—P 

0 

0 

i?2  sin  a 

i?3  sin  a  cos  (p 

Fkz 

0 

0 

Pi 

— /?2  cos  a 

— /?3  COS  a 
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From  the  equilibrium  Eqs.  (11)  we  have: 

— P  +  jf?3  sin  a  sin  q)  =  0, 
— P-\-R2  sin  a  Rg  sin  a  cos  qj  =  0, 

Ri  —  Ri  cos  a  —  i?3  cos  a  =  0, 


solving  which  we  obtain: 


R.=- 


R-, 


pi  —  cot  q) 


sin  a 


sin  a  sin  q) 

=  P  ^  1  +  tan  -y  j  cot  a. 


The  results  show  that  at  q>  <  45°,  •<  0,  and  the  reaction  Bg 

is  of  opposite  sense  than  shown  in  the  diagram.  As  a  wire  cannot 
be  in  compression,  it  follows  that  the  guy  AD  should  be  anchored 
in  such  a  way  that  angle  q:  would  be  greater  than  45°.  Substituting 
the  quantities  in  the  equations,  we  obtain:  P3  =  231  kgf,  Pj  = 
=  85  kgf.  Pi  =  273  kgf. 


§  14.  Moment  of  Force  About  an  Axis  (or  a  Point) 

We  know  from  experience  that  a  force  acting  on  a  body  tends  either 
to  displace  it  in  some  direction  or  to  rotate  it  about  a  point.  The 
tendency  of  a  force  to  turn  a  body  about  a  point  or  an  axis  is  called 
the  moment  of  that  force. 

Consider  a  force  F  applied 
at  a  point  A  of  a  rigid  body 
(Fig.  35)  which  tends  to  rotate 
the  body  about  a  point  O. 

The  perpendicular  distance  h 
from  O  to  the  line  of  action  of 
F  is  called  the  moment  arm  of 
force  F  about  the  centre  0.  As 
the  point  of  application  of  the 
force  can  be  transferred  arbit¬ 
rarily  along  its  line  of  action, 
it  is  apparent  that  the  rota¬ 
tional  action  of  any  force  depends  only  on  (1)  the  magnitude 
of  the  force  F  and  the  length  of  its  moment  arm  fe;  (2)  the  posi¬ 
tion  of  the  plane  OAB  of  rotation  through  the  centre  O  and  the 
force  F-,  and  (3)  the  sense  of  the  rotation  in  that  plane. 

For  the  present  we  shall  limit  ourselves  to  coplanar  force  systems, 
in  which  the  plane  of  rotation  is  the  same  for  all  the  forces  and  does 
not  have  to  be  specifically  defined.  The  sense  of  rotation  is  denoted 
by  (-{-)  or  ( — ),  assuming  it  to  be  positive  in  some  particular  direction. 
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Thus,  we  may  formulate  the  concept  of  moment  of  a  force  as 
a  measure  of  the  tendency  of  the  force  to  turn  the  body  on  which 
it  acts:  The  moment  of  a  force  P  about  a  centre  O  is  defined  as  the  pro¬ 
duct  of  the  force  magnitude  and  the  length  of  the  moment  arm  taken 
with  appropriate  sign. 

We  shall  denote  the  moment  of  a  force  JF’  about  a  centre  O  by  the 
symbol  mo  (F).  Thus, 

mo  (F)  =  ±Fh.  (13) 

We  shall  call  a  moment  positive  if  the  applied  force  tends  to  rotate 
the  body  counterclockwise,  and  negative  if  it  tends  to  rotate  the  body 
clockwise.  Thus,  the  sign  of  the  moment  of  the  force  F  about  O 
is  (+)  in  Fig.  35a,  and  ( — )  in  Fig.  356.  If  the  arm  is  measured  in 
metres,  the  moment  of  the  force  is  measured  in  newton-metres 
(N  "m)  or  in  kilogram-metres  (kgf  -m). 

Note  the  following  properties  of  the  moment  of  a  force: 

(1)  The  moment  of  a  force  does  not  change  if  the  point  of  applica¬ 
tion  of  the  force  is  transferred  along  its  line  of  action. 

(2)  The  moment  of  a  force  about  a  centre  0  can  be  zero  only  if 
the  force  is  zero  or  if  its  line  of  action  passes  through  0  (i.e.,  the 
moment  arm  is  zero). 

(3)  The  magnitude  of  the  moment  of  a  force  is  represented  by  twice 
the  area  of  the  triangle  OAB  (Fig.  356): 

mo  (F)  =  ±2  areas  of  A  OAB.  (14) 

This  follows  from  the  fact  that 

area  of  a  OAB  = AB-h:=^F-h. 

§  15.  Varignon’s  Theorem"'^  of  the  Moment  of  a  Resultant 

The  moment  of  the  resultant  of  a  coplanar  system  of  concurrent  forces 
about  any  centre  is  equal  to  the  algebraic  sum  of  the  moments  of  the 
component  forces  about  that  centre. 

Consider  a  coplanar  system  of  concurrent  forces  F^,  F^,  .  .  .,  F„ 
intersecting  at  a  point  A  (Fig.  36)  .'Take  an  arbitrary  point  Oand  draw 
axis  Ox  perpendicular  to  OA',  we  select  the  positive  direction  of 
axis  Ox  such  that  the  sense  of  the  projections  of  all  the  forces  on  the 
axis  is  the  same  as  the  sense  of  their  respective  moments  about  the 
centre  O. 

To  prove  the  theorem,  determine  the  respective  expressions  of 
the  moments  moJiFj),  mo  (F*),  ....  From  Eq.  (14),  mo  (Fj)  = 

*>  Pierre  Varignon  (1654-1722),  a  celebrated  French  mathematician  and 
mechanic,  who  outlined  the  fundamentals  of  statics  in  his  book  Profet  d'une 
nouvelle  micanique  (1686). 
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^  -1^2  areas  of  But  it  is  apparent  from  the  figure  that 

2  areas  of  =  OA  -Ob  =  OA  'F^x,  where  Fix  is  the  projection 

of  force  Fi  on  axis  Ox.  Hence,  x 

mo{Fi)  =  OA.Fix  (15) 

SO" 

The  momehts  of  the  other  forces  are  calcu- 
fated  similarly.  Equation  (15)  is  valid  also 
•when  force  passes  below  OA.  In  this  case  ~  ^ 

the  moment  will  be  negative,  because  the 
projection  Fx  will  be  negative. 

Denote  the  resultant  of  the  forces  F^,  F^,  ^ 

.  .  .,  as  E,  where  E  =  2  -f’ft-  From  the  p. 

theorem  of  the  projection  of  a  sum  of  forces  on 

an  axis  we  have  E*  ==  2  F’h*.  Multiplying  through  by  OA  we  obtain: 
OA-Rx=Yx{OA-F^x)\ 

or,  by  Eq.  (15), 

mo  (E)  =  2  "^o  (F’ft)-  (16) 

Eq.  (16)  is  the  mathematical  expression  of  Varignon’s  theorem. 


§  16"'.  Equations  of  Moments  of  Concurrent  Forces 

The  analytical  conditions  of  the  equilibrium  of  concurrent  forces 
can  be  expressed  in  terms  of  either  their  projections  or  their  moments. 
Let  us  demonstrate  that  the  necessary  and  sufficient  conditions  for 


Fig.  37  Fig.  38 

the  equilibrium  of  a  coplanar  system  of  concurrent  forces  are: 

2  (Fft)  =  0,  2  "ic  (Fft)  =  0,  (17) 

where  B  and  C  are  arbitrary  points  not  collinear  with  the  point  A 
where  the  forces  intersect  (Fig.  37). 
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The  necessity  of  these  conditions  is  apparent  since,  for  example, 
if  2  wIb  0  then,  by  Eq.  (16),  TOb  (K)  0,  whence 

and  equilibrium  is  impossible. 

Let  us  prove  the  sufficiency  of  these  conditions.  If  the  conditions 
(17)  are  fulfilled,  then  according  to  Varignon’s  theorem,  mg  (K)  =  0 
and  me  (B)  =  0,  which  is  possible  only  if  B  =  0  or  if  the  line  of 
action  of  B  passes  through  both  B  and  C.  The  latter  condition  being 
impossible,  as  the  resultant  of  the  concurrent  forces  must  pass 
through  A  (Fig.  37),  which  is  stipulated  as  not  collinear  with  B 
and  C.  Thus,  Eqs.  (17)  can  be  valid  only  if  the  resultant  B  =  0, 
i.e.,  if  the  force  system  is  in  equilibrium. 

It  is  apparent  that  satisfaction  of  only  one  of  the  conditions  (17) 
is  insufficient  for  equilibrium. 

In  solving  problems  with  Eqs.  (17)  the  equations  can  be  made 
to  contain  a  single  unknown  quantity  each  by  taking  the  centres 
of  moments  on  the  lines  of  action  of  the  unknown  forces. 

Problem  12.  Solve  Problem  7  using  the  equations  of  moments. 
Solution.  Introducing  the  symbol  a  —  AB  =  AC,  take  points  A 
and  C  as  the  centres  of  the  moments  (Fig.  38).  Drawing  perpendicu¬ 
lars  AE  and  AK  from  A  to  the  lines  of  action  of  forces  T  and  P, 

we  obtain:  AE  =  a  cos  ,  AK  =  a  sin  a,  whence  (T)  = 

=  Ta  cos  y ,  (P)  =  — Pa  sin  a.  Furthermore,  (B^)  =  0. 

The  moments  of  the  forces  about  C  are  computed  similarly.  From 
the  equilibrium  Eqs.  (17)  we  obtain: 

2 'WA(Bft)  =  Tacos  y— Pa  sin  a  =  0,  (a) 

2  TOc  (Pft)  =  B^a  sin  a — Pa  sin  a  =  0.  (b) 

As  T  —  Q,  we  obtain  from  (a) 

((?— 2P  sin-|-)  cos-y  =  0, 

whence  angle  a,  which  defines  the  position  of  equilibrium,  has  two 
values: 

a— 180°  and  siiiy  — 

From  equation  (b)  we  find  that  at  a  ^  180°,  =  P. 

Problem  13.  In  Problem  10  determine  the  reaction  P2  means 
of  the  equations  of  moments. 

Solution.  Taking  the  moments  about  C  (see  Fig.  336)  and  assuming 
CB  —  a,  we  obtain: 

2  aic  (Pft)  =  Ta  cos  (a  —  p)  Paa  cos  a  —  ^a  sin  a  =  0. 
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Whence,  as  T  —  Q,  we  immediately  find: 


sing— cos  (g  —  P) 
cos  g 


The  reaction  can  be  found  by  taking  the  moments  about  A. 

The  equations  of  moments  can  thus  also  be  used  to  verify  answers 
obtained  by  other  methods. 

Note  that  the  validity  of  the  equality  T  =  Q  can  be  verified  by 
writing  an  equation  of  moments  about  the  centre  of  the  pulley  (this 
equation,  as  will  be  proved  in  §  24,  also  holds  good  for  non-concurrent 
forces).  In  this  case  we  obtain  Tr  —  =  0,  where  r  is  the  radius 

of  the  pulley,  ox  T  —  Q. 


Chapter  3 
Parallel  Forces 
and  Force  Couples  in  a  Plane 


§  17.  Composition  and  Resolution  of  Parallel  Forces 

Let  us  find  the  resultant  of  two  parallel  forces  acting  on  a  rigid 
body.  Two  cases  are  possible:  (1)  the  forces  are  of  same  sense,  and 
{2)  the  forces  are  of  opposite  sense. 

(1)  Composition  of  Two  Forces  of  Same  Sense.  Consider  a  rigid 
body  on  which  two  parallel  forces  and  are  acting  (Fig.  39). 

By  applying  the  1st  and  2nd 
principles  of  statics  we  can  rep¬ 
lace  the  given  system  of  parallel 
forces  with  an  equivalent  system 
of  concurrent  forces  and  Q^. 
For  this,  apply  two  balanced 
forces  Pi  and  Pg  (Pi  =  — Pj) 
directed  along  AB  at  points  A 
and  B,  compound  them  with  for¬ 
ces  Pi  and  Pj  according  to  the 
parallelogram  law,  transfer  the 
resultants  and  O2  to  the  point 
O  where  their  lines  of  action 
intersect,  and  resolve  them  into 
their  initial  components.  As 
a  result  we  have  applied  at  point  O  two  balanced  forces  Pi  and  Pg 
which  can  be  neglected,  and  two  forces  Pi  and  Pj  directed  along 
the  same  line.  Now  transfer  the  latter  two  forces  to  C  and  replace 
them  by  their  resultant  B  of  magnitude 

P  =  Fi  -f  F^.  (18) 

Thus,  force  B  is  the  resultant  of  the  parallel  forces  Pi  and  Pg 
applied  at  points  A  and  B.  To  determine  the  position  of  C  consider 
the  triangles  OAC,  Oak,  and  OCB,  Omb.  From  the  similarity  of  the 
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respective  triangles  it  follows  that: 

AL-Ll  and 

OC  ~  Fi  OC  ~  Ft 


or  AC‘Fi  =  BC  ‘F 2,  as  Pi  =  P^,. 

From  the  property  of  proportions,  and  taking  into  account  that 
BC  +  AC  =  AB  and  Fi  F^  =  R,  we  obtain: 


BC  AC  AB 
F 1  Ft  R 


(19) 


Thus,  the  resultant  of  two  parallel  forces  of  the  same  sense  acting 
on  a  rigid  body  is  equal  to  the  sum  of  their  magnitudes,  parallel  to  them, 
and  is  of  same  sense;  the  line  of  action  of  the  resultant  is  between  the 
points  of  application  of  the  component  forces,  its  distances  pom  the 
points  being  inversely  proportional  to  the  magnitudes  of  the  forces. 

(2)  Composition  of  Two  Forces  of  Opposite  Sense.  Consider  the 
concrete  case  of  Fi  >  F^  (Fig.  40).  Take  a  point  C  on  the  extension 
of  BA  and  apply  two  balanced  forces  B 
and  R'  parallel  to  the  given  forces  Fj 
and  Fj.  The  magnitudes  of  B  and  B' 
and  the  location  of  C  are  chosen  so  as 
to  satisfy  the  equations:- 

R  =  Fi-F2,  (20) 

^  =  =  (21) 

Compounding  forces  and  B',  we 
find  from  Eqs.  (18)  and  (19)  that  their 
resultant  Q  is  equal  in  magnitude  to  Fig.  40 

F^A-R',  i.e.,  it  is  equal  to  force  Fi 

and  is  applied  at  point  A.  Forces  Fi  and  Q  are  balanced  and 
can  be  discarded.  As  a  result,  the  given  forces  Fi  and  F^  are 
replaced  by  a  single  force  B,  their  resultant.  The  magnitude  and 
point  of  application  of  the  resultant  is  determined  by  Eqs.  (20) 
and  (21).  Thus,  the  resultant  of  two  parallel  forces  of  opposite  sense 
acting  on  a  rigid  body  is  equal  in  magnitude  to  the  difference  between 
their  magnitudes,  parallel  to  them,  and  has  the  same  sense  as  the  greater 
force;  the  line  of  action  of  the  resultant  lies  on  the  extension  of  the  line 
segment  connecting  the  points  .of  application  of  the  component  forces, 
its  distances  from  the  points  being  inversely  proportional  to  the  forces. 

If  several  parallel  forces  act  on  a  body,  their  resultant,  if  any,  can 
be  found  by  consecutively  applying  the  rule  of  composition  of  two 
forces,  or  by  a  method  which  will  be  examined  in  Chapter  4. 

(3)  Resolution  of  Forces.  The  above  formulas  can  be  used  to 
solve  problems  on  the  resolution  of  a  given  force  into  two  forces 
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parallel  to  it  and  of  same  or  opposite  sense.  The  problem  becomes 
determinate  when  additional  conditions  are  given  (e.g.,  the  lines 

of  action  of  both  required  forces  or 
the  magnitude  and  line  of  action  of 
one  of  them). 


Problem  14.  A  beam  A  5  of  length 
I  =  2.5  m  passes  through  a  wall  of 
thickness  a  —  0.5  m  (Fig.  41).  Sus¬ 
pended  from  end  B  of  the  beam  is 
a  load  of  weight  P  =  3  tonf.  Neg¬ 
lecting  the  weight  of  the  beam,  deter¬ 
mine  the  forces  acting  on  the  wall, 
assuming  them  applied  at  points  A 
and  D  (the  beam  is  slightly  biased). 
Solution.  Resolve  force  Pinto  forces  Qd  and  along  the  reac¬ 
tions  of  the  constraints  D  and  A.  As  force  P  does  not  lie  between 
the  required  forces,  they  must  be  of  opposite  sense,  and  Qo,  as  being 
closer  to  P,  is  greater  than  and  of  the  same  sense  as  P.  From  the 
equations 

and  P  =  Qn-QA 

we  obtain 

I 


Qjy=  —  P  —  tonf,  Qa  =  12  tonf. 

The  results  can  be  verified  by  the  proportion: 

Qa  P 

I  —  a  a  ' 


§  18.  A  Force  Couple.  Moment  of  a  Couple 

A  force  couple  is  a  system  of  two  parallel  forces  of  same  magnitude 
and  opposite  sense  acting  on  a  rigid  body  (Fig.  42).  Clearly,  a  force 
system  constituting  a  couple  is  not  in  equilibrium  (see  the  1st  prin¬ 
ciple).  Furthermore,  unlike  previously  examined  systems,  a  couple 
has  no  resultant.  For  if  the  couple  (P,  F')  had  a  resultant  Q  ^  0, 
there  would  also  have  to  be  a  force  Qi  =  — Q  capable  of  balancing 
it,  i.e.,  the  system  of  forcesP,  P',  Q  would  be  in  equilibrium.  But 
as  will  be  shown  later  on,  for  any  system  of  forces  to  be  in  equilibri¬ 
um  their  geometrical  sum  must  be  zero;  in  the  present  case  this 
would  require  that  P  -k  P'  -k  =  0,  which  is  impossible  since 
P  -tr  P'  =  0  but  Qi  ^  0.  Thus,  a  couple  cannot  be  replaced  or 
balanced  by  a  single  force.  For  this  reason  the  properties  of  the  couple 
as  a  special  mode  of  mechanical  interaction  between  bodies  are  the 
subject  of  a  special  study. 
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The  plane  through  the  lines  of  action  of  both  forces  of  a  couple 
is  called  the  plane  of  action  of  the  couple.  The  perpendicular  distance  d 
between  the  lines  of  action  of  the  forces  is  called  the  arm  of  the  couple. 
The  action  of  a  couple  on  a  rigid  body  is  a  tendency  to  turn  it;  it 
depends  on;  (1)  the  magnitude  F  of  the  forces  of  the  couple  and  the 
perpendicular  distance  d  between  them;  (2) 
the  location  of  the  plane  of  action  of  the 
couple;  and  (3)  the  sense  of  rotation  in  that 
plane.  A  couple  is  characterised  by  its  mo¬ 
ment. 

In  this  chapter  we  shall  discuss  the  pro¬ 
perties  of  couples  of  coplanar  forces.  For 
this  case  the  following  definition  can  be 
given  in  analogy  with  that  of  the  moment 
of  a  force  (§  14);  The  moment  of  a  couple  is 
defined  as  a  quantity  equal  to  the  product  of 
the  magnitude  of  one  of  the  forces  of  the 
couple  and  the  perpendicular  distance  between  the  forces,  taken  with  the 
appropriate  sign*\  Denoting  the  moment  of  a  couple  by  the  symbol 
m  or  M,  we  have; 

m  =  ztFd.  (22) 


The  moment  of  a  couple  (as  that  of  a  force)  is  said  to  be  positive  if 
the  action  of  the  couple  tends  to  turn  a  body  counterclockwise,  and  nega¬ 
tive  if  clockwise.  The  moment  of  a 
couple  is  measured  in  the  same  unitS 
as  the  moment  of  a  force.  It  is  appa¬ 
rent  from  Fig.  42  that  the  moment  of 
a  couple  is  equal  to  the  moment  of  one 
of  its  forces  about  the  point  of  appli¬ 
cation  of  the  other,  i.e., 

m  =  ms  {F)  =  m^  {F').  (23) 

Let  us  prove  the  following  theorem 
of  the  moments  of  the  forces  of  a 
couple:  The  algebraic  sum  of  the  mo¬ 
ments  of  the  forces  of  a  couple  about 
any  point  in  its  plane  of  action  is  independent  of  the  location 
of  that  point  and  is  equal  to  the  moment  of  the  couple.  For,  taking  an 
arbitrary  point  O  in  the  plane  of  a  couple  (Fig.  43),  we  find;  TOq  (j^  == 


*>  This  concept  should  not  be  confused  with  the  moment  of  a  force.  The 
concept  of  moment  of  a  force  presumes  a  point  about  which  the  moment  is 
taken.  The  moment  of  a  couple  is  defined  only  by  its  forces  and  the  perpendicu¬ 
lar  distance  between  them:  it  is  not  associated  with  any  point  in  the  plane. 
The  theory  of  couples  was  elaborated  by  the  eminent  French  mathematician 
and  geometrician  Louis  Poinsot  (1777-1859). 
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=  — F’Oa,  Ttio  (F')  =  F'  'Oh.  Adding  the  two  equations  and  noting 
that  F'  =  F  and  Ob  —  Oa  —  d,  where  d  is  the  couple  arm,  we  ob¬ 
tain: 

mo  (F)  -\r  mo  (F')  =  m.  (24) 

This  theorem  will  be  found  useful  in  computing  the  moments  of 
couples  about  any  centre. 


§  19.  Equivalent  Couples 

Before  stating  the  conditions  necessary  for  two  couples  to  be 
equivalent  let  us  prove  the  following  theorem:  A  couple  acting  on 
a  rigid  body  can  be  replaced  by  any  other  couple  of  the  same  moment 

lying  in  the  same  plane  without 
altering  the  external  effect  on  that 
body. 

Consider  a  couple  (F,  F')  acting 
on  a  rigid  body,  and  let  the  arm 
of  this  couple  be  d^.  Through 
arbitrary  points  D  and  E  in  the 
plane  where  the  two  forces  act 
draw  two  ’parallel  lines  inter¬ 
secting  the  lines  of  action  of  the 
forces  at  points  A  and  B  (Fig.  44) 
and  apply  the  forces  at  those 
points.  Before  the  forces  F  and 
F'  could  be  applied  at  any  point 
on  their  lines  of  action.  Denote 
the  distance  between  the  lines 
AD  and  BE  by  dj.  Resolve  F  along  AB  and  AD  into  forces  Q 
and  P,  and  F'  along  AB  and  BE  into  forces  Q'  and  P'.  Obviously 
P  =  — P'  and  Q  ==  —Q'.  Forces  Q  and  Q'  are  balanced  and  can  be 
discarded.  The  couple  (F,  F')  is  replaced  by  the  couple  (P,  P') 
with  diSerent  magnitudes  of  the  forces  and  arm,  which  forces  can, 
obviously,  be  applied  at  any  points  D  and  E  on  their  lines  of  action. 
Since  points  D  and  E  and  the  directions  of  AD  and  BE  are  arbitrary, 
the  location  of  the  couple  (P,  P')  in  the  plane  is  also  arbitrary  (the 
situation  in  which  P  and  P'  are  parallel  to  F  can  be  attained  by  per¬ 
forming  the  mentioned  transformations  with  the  couple  twice). 

Let  us  now  show  that  the  moments  of  the  two  couples  (P,  P') 
and  (F,  F')  are  equal.  As  force  F  is  the  resultant  of  forces  F  and  Q, 
from  Varignon’s  theorem 

ms  (F)  =  mg  (P)  -f  mg  (Q). 
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But  ms  iP)  =  ">'B  (P)  =  Pdz,  and  mg  (Q)  =  0;  consequently, 

_  pd^,  i.e.,  the  moments  of  the  two  couples  are  equal,  which 
proves  the  theorem* 

The  following  properties  of  a  couple  follow  from  this  theorem: 

(1)  A  couple  can  be  transferred  anywhere  in  its  plane  of  action; 

(2)  It  is  possible  to  change  the  magnitudes  of  the  forces  of  a  couple 
or  the  perpendicular  distance  between  them  arbitrarily  without 
changing  its  moment. 

It  follows  from  these  properties  that  two 
coplanar  couples  of  equal  moment  are  equiva¬ 
lent  as,  by  performing  the  above  operations, 
i.e.,  by  changing  the  arm  and  displacing  in 
the  plane  of  action,  they  can  be  transformed 
into  one  another.  From  the  above  theorems  it 
is  also  apparent  that  the  action  of  a  couple  on 
a  rigid  body  is  really  characterised  by  its 
moment. 

Hence,  a  couple  in  a  given  plane  is  completely  defined  by  its 
moment;  the  magnitudes  of  the  forces,  the  distance  between  them, 
and  their  location  in  the  plane  of  action  are  immaterial.  That  is 
why  in  engineering  problems  a  couple  is  often  denoted  by  a  semi¬ 
circular  arrow  indicating  the  direction  of  the  rotation,  without 

drawing  the  forces  of  the  couple 
(Fig.  45,  for  example,  shows  a  force 
F  and  a  couple  of  moment  m  acting 
on  the  body). 

Let  us  now  prove  another  theo¬ 
rem:  The  external  effect  o/  a  couple 
on  a  rigid  body  remains  the  same  if 
the  couple  is  transferred  from  a  given 
plane  into  any  other  parallel  plane. 

Consider  a  couple  iF,F')  lying 
in  plane  I  (Fig.  46).  Now  take 
a  plane  II  parallel  to  the  given 
plane  /,  and  in  it  a  line  DE  equal 
and  parallel  to  AB.  At  points  D 
and  E  apply  two  pairs  of  balanced 
forces  such  that  Fi  —  Fz  —  P^^d.  F\  =  F'^  —  F'.  Note  that 
is  a  parallelogram,  the  diagonals  of  which  bisect  at  their  point  of 
intersection  C.  Compound  now  the  equal  parallel  forces  F  and  F2 
and  replace  them  by  their  resultant  B  =  2F  applied  at  the  middle 
of  AE,  i.e.,  at  C.  The  resultant  of  forces  F'  and  F'^  is  B'  =  2F'  = 
—  — B  applied  at  the  middle  of  BD,  i.e.,  also  at  C,  and  forces  B 
and  B'  therefore  cancel  each  other.  As  a  result  the  couple  (F,  F') 
is  replaced  by  a  similar  couple  (Fj,  F'f)  in  plane  II. 
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It  follows  from  the  above  theorems  that  two  couples  of  equal 
moment  lying  in  parallel  planes  are  equivalent. 

Attention  is  drawn  to  the  following  analogy:  A  force  acting  on 
a  rigid  body  is  defined  by  its  magnitude,  line  of  action,  and  sense; 
its  point  of  application  can  be  transferred  arbitrarily  along  the  line 
of  action.  A  couple  acting  on  a  rigid  body  is  defined  by  the  magni¬ 
tude  of  its  moment,  its  plane  of  action,  and  the  sense  of  rotation; 
a  couple  can  be  situated  anywhere  in  its  plane  of  action. 

The  motion  of  a  rigid  body  subjected  to  a  couple  is  discussed  in 
dynamics.  It  will  be  proved  in  theorems  of  dynamics  that  any  couple 
acting  on  a  free  rigid  body  tends  to  turn  that  body  about  its  centre 

of  gravity  (see  p.  381).  If  a  body 
has  a  fixed  axis  of  rotation,  the 
couple,  regardless  of  its  location 
in  the  plane  perpendicular  to  this 
axis,  will  turn  the  body  around 
the  given  axis  with  the  same 
rotational  effort  (moment),  which 
follows  from  Eq.  24. 

Problem  15.  The  lever  ABCD 
in  Fig.  47  is  in  equilibrium  under 
the  action  of  two  parallel  forces 
P  and  P'  making  a  couple.  Deter¬ 
mine  the  load  on  the  supports  if  AB  =  o  =  15  cm,  BC  —  b  = 
=  30  cm,  CD  =  c  =  20  cm,  and  P  =  P'  =  30  kgf. 

Solution.  Replace  couple  (P,  P')  with  an  equivalent  couple 
(0>  Q')  whose  two  forces  are  directed  along  the  reactions  of  the 
constraints.  The  moments  of  the  two  couples  are  equal,  i.e., 
P  {c  —  a)  =  Qb,  consequently  the  loads  on  the  constraints  are: 

Q  =  Q'^l^P  =  3\igi 

and  are  directed  as  shown  in  the  diagram. 

§  20.  Composition  of  Coplanar  Couples. 
Conditions  for  the  Equilibrium  of  Couples 

Let  us  prove  the  following  theorem  of  the  composition  of  couples: 
A  system  of  coplanar  couples  is  equivalent  to  a  single  couple  lying 
in  the  same  plane  the  moment  of  which  equals  the  algebraic  sum  of  the 
moments  of  the  component  couples.  Let  three  couples  of  moments  m^ 
TOj,  and  m3  be  acting  on  a  body  (Fig.  48).  By  the  theorem  of  equiva¬ 
lent  couples  they  can  be  replaced  by  couples  {T\,  P'f),  (P^,  Pj), 
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and  (1*3,  P's)  with  a  common  arm  d  and  the  same  moments: 

P^d  =  iWi,  — Pjd  =  m2,  Psd  =m3. 

Compounding  the  forces  applied  at  A  and  B  respectively,  we  obtain 
a  force  B  at  5  and  a  force  B'  at  A  the  magnitudes  of  which  are: 

R^R'  =P,-P,  +  P,. 

As  a  result  the  set  of  couples  is 
replaced  by  a  single  couple  (B,  B') 
with  a  moment 

M  —  Rd  =  P-jd  -|r  ( — P^d)-^- 
-j-jPgd  =  mi  -jr  ma  4-  m3. 

The  theorem  is  proved  for  three 
couples,  but  apparently  the  same 
result  can  be  obtained  for  any  num¬ 
ber  of  couples,  and  a  set  of  n 
couples  of  moments  mj,  m^,  .  .  ., 
m-n  can  be  replaced  by  a  single 
couple  with  a  moment  Fig-  ‘48 

M  =  2  '"ft-  (25) 

It  follows  from  this  theorem  that  for  a  coplanar  system  of  couples 
to  be  in  equilibrium  it  is  necessary  and  sufficient  for  the  algebraic 
sum  of  their  moments  to  be  zero: 

2  "ift  =  0.  (26) 

Problem  16.  A  couple  of  moment  mi  acts  on  gear  1  of  radius  Ti 
in  Fig.  49a.  Determine  the  moment  of  the  couple  which  should  be 
applied  to  gear  2  of  radius  rj  in  order  to  keep  the  system  in  equili¬ 
brium. 


a  b 

Fig.  49 

Solution.  Consider  first  the  conditions  for  the  equilibrium  of 
gear  1.  Acting  on  it  is  the  couple  of  moment  mi  which  can  be  balanced 
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only  by  the  action  of  another  couple,  in  this  case  the  couple  Bj), 
where  is  the  component  of  the  force  exerted  on  the  tooth  by  gear  2 
perpendicular  to  the  radius  and  Bj  is  the  component  of  the  reaction 
of  the  axle  A,  also  perpendicular  to  the  radius  (the  force  acting  on 
the  tooth  and  the  reaction  of  axle  A  have  another  component  along 
the  radius  which  mutually  balance  and  do  not  enter  the  equilibrium 
conditions).  From  Eq.  (26)  we  have  4-  (— ^i^i)  =  0,  or  = 
=  mjri. 

Consider  now  the  conditions  for  the  equilibrium  of  gear  2.  By 
the  4th  principle  we  know  that  gear  1  acts  on  gear  2  with  a  force 
Qj  =  — Oi  (Fig.  496),  which  together  with  the  component  of  the 
reaction  of  axle  B  perpendicular  to  the  radius  makes  a  couple 
{Q2,  Ra)  of  moment  — Q^r^.  This  couple  must  be  balanced  by 
a  couple  of  moment  acting  on  gear  2\  from  Eq.  (26)  we  have 
^2  +  {— <?2^2)  =  0-  Hence,  as  =  ^1, 

m2  =  — m,. 

'"1 

It  will  be  noticed  that  the  couples  of  moments  mi  and  TOj  do  not 
satisfy  the  equilibrium  condition  (26),  which  could  be  ex¬ 
pected,  as  the  couples  are  applied  to  different  bodies. 

The  force  Qi  (or  Q2)  obtained  in  the  course  of  the  solution  is  called 
the  circumferential  force  acting  on  the  gear.  The  circumferential 
force  is  thus  equal  to  the  moment  of  the  acting  couple  divided  by 
the  radius  of  the  gear: 


Chapter  4 
General  Case  of  Forces 
in  a  Plane 


§  21.  Theorem  of  Translation  of  a  Force 

The  r^ultant  of  a  concurrent  force  system  can  be  found  directly 
with  the  help  of  the  parallelogram  rule.We  solved  the  problem  for 
the  case  of  two  parallel  forces  by  replacing  them  with  an  equivalent 
system  of  concurrent  forces  (see  Fig.  39).  Obviously,  the  problem 
can  be  solved  for  any  force  system  if  we  find  a  method  of  reducing 
it  to  a  system  of  concurrent  forces.  Such  a  method  is  given  by  the 
following  theorem:  A  force  acting  on  a  rigid  body  can  be  moved  parallel 


to  its  line  of  action  to  any  point  of  the  body,  if  we  add  a  couple  of 
a  moment  equal  to  the  moment  of  the  force  about  the  point  to  which  it 
is  translated. 

Consider  a  force  F  applied  to  a  rigid  body  at  a  point  A  (Fig.50a). 
The  action  of  the  force  will  not  change  if  two  balanced  forces  F'  — 
=  F  and  F"  =  —  F  are  applied  at  any  point  B  of  the  body.  The 
resulting  three-force  system  consists  of  a  force  F' ,  equal  to  F  and 
applied  at  B,  and  a  couple  (F,  F")  of  moment 

m  —  TOb  (F).  (27) 

This  equation  follows  from  Eq.  (23).  The  theorem  is  thus  proved. 
The  result  can  also  be  denoted  as  in  Fig.  50&,  with  force  F  neglected. 
Here  now  are  two  examples  on  the  application  of  this  theorem. 

Example  1.  In  order  to  maintain  a  homogeneous  bar  AB  of 
weight  P  and  length  2a  in  Fig.  51a  in  equilibrium,  it  is  obviously 
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necessary  to  apply  to  its  middle  C  a  force  Q  directed  vertically  up 
and  equal  to  P  in  magnitude.According  to  the  theorem  just  proved, 
force  Q  can  be  replaced  by  a  force  Q'  applied  at  the  end  A  of  the 
bar  and  a  couple  of  moment  m  =  Qa.  If  the  moment  arm  of  this 


couple  is  reduced  to  h  (Fig.  516),  the  component  forces  have  to  be 
increased  so  that  Fh  =  Qa.  Consequently,  to  hold  the  bar  at  the 
end  A  we  have  to  add  a  couple  {V,  F')  to  force  Q' .  This  result, 
which  follows  from  the  theorem,  is  immediately 
“felt”  when  you  shift  your  grip  from  the  middle 
of  the  bar  (Fig.  51a)  to  the  end  (Fig.  516). 

Example  2.  Forces  F  and  F'  —  —  F  are 
applied  to  the  ends  of  two  threads  wrapped  in 
opposite  directions  around  a  drum  1  of  radius  r 
(Fig.  52);  a  force  2F  is  applied  to  the  end  of 
a  single  thread  wrapped  on  drum  2  of  same  radius 
r.  Let  us  analyse  the  difference  between  the 
actions  of  these  forces. 

Acting  on  drum  1  is  only  the  couple  (F,  F') 
of  moment  2Fr  which  revolves  the  drum.  The 
force  acting  on  drum  2  can  be  replaced  by 
a  force-couple  system  consisting  of  a  force  2F"  =  2F  applied  at 
the  axle  of  the  drum  and  a  couple  (2F,  2F').  Thus  we  find  that 
acting  on  the  drum  are:  (1)  a  couple  of  the  same  moment  as  the  couple 
acting  on  drum  1,  namely  2Fr,  which  rotates  the  drum;  and  (2) 
a  force  2F"  exerting  pressure  on  the  drum  axle.  In  other  words,  both 
drums  revolve  similarly,  but  the  axle  of  drum  2  carries  a  load  2F, 
which  drum  1  does  not. 

§  22.  Reduction  of  a  Goplanar  Force  System 
to  a  Given  Centre 

Let  a  set  of  co planar  forces  Fi,  F^,  .  .  .,  F„  be  acting  on  a  rigid 
body  and  let  O  be  any  point  coplanar  with  them  which  we  shall 
call  the  centre  of  reduction.  By  the  theorem  proved  in  §  21,  we  can 


Ch.  4\ 


General  Case  of  Forces  in  a  Plane 


69 


transfer  all  the  forces  to  0  as  in  Fig.  53a.  As  a  result  we  have  acting 
on  the  body  a  system  of  forces 

F[  =  F^,  F;  =  Fa,  . .  . .  F;  =  F„  (28) 

applied  at  0  and  a  system  of  couples  of  moments  (by  Eq.  27): 

my  =  nio  (Fi),  =  TOq  (F^),  .  .  .,  =  mo  (F„).  (28') 

The  forces  applied  at  0  can  be  replaced  with  their  resultant 
=  S  Fft  acting  at  the  same  point,  or,  by  Eqs.  (28), 

B  =  S  (29) 

Similarly,  by  the  theorem  of  composition  of  couples,  we  can 
replace  all  the  couples  with  a  coplanar  resultant  with  a  moment 
Mo  =  S  TOfti  or,  by  Eqs.  (28'), 

Mo  =  ^mo  (Fft).  (30) 

The  quantity  E,  which  is  the  geometrical  sum  of  all  the  forces 
of  the  given  system,  it  will  be  recalled,  is  called  the  principal  vector 


of  the  system;  we  shall  call  the  quantity  Mq,  which  is  the  sum  of 
the  moments  of  all  the  forces  of  the  system  about  O,  the  principal 
moment  of  the  system  about  0.  Thus  we  have  proved  the  following 
theorem:  Any  system  of  coplanar  forces  acting  on  a  rigid  body  can  be 
reduced  to  an  arbitrary  centre  0  in  such  a  way  that  it  is  replaced  by 
a  single  force  B  equal  to  the  principal  vector  of  the  system  and  applied 
at  the  centre  of  reduction  O  and  a  single  couple  of  moment  Mq  equal 
to  the  principal  moment  of  the  system  about  O  (Fig.  53c). 

It  should  be  noted  that  B  is  not  the  resultant  of  the  force  sys¬ 
tem,  as  it  replaces  the  system  only  together  with  a  couple. 
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It  is  apparent  from  the  theorem  that  two  force  systems  with  equal 
principal  vectors  and  principal  moments  are  statically  equivalent. 
Hence,  in  order  to  define  a  coplanar  force  system  it  is  sufficient  to  define 
its  principal  vector  22  and  principal  moment  Mq  about  a  centre  0. 

The  magnitude  of  22  can  be  determined  either  graphically  by 
constructing  a  force  polygon  (see  Fig.  536)  or  analytically  by 
Eqs.  (10)  in  §  10;  obviously,  the  magnitude  of  22  does  not  depend 
on  the  location  of  O.  The  magnitude  of  Mq  is  determined  by  Eq.  (30). 
In  the  general  case  the  value  oi  Mo  may  change  if  the  position  of  0 
changes  due  to  the  change  in  the  moments  of  the  component  forces. 

Therefore,  in  defining  the 
principal  moment  it  is  neces¬ 
sary  to  state  the  point  with 
reference  to  which  it  is 
taken. 

Problem  17.  Reduce  the  force 
system  P,  Fi,  F^,  F,  in 
Fig.  54  to  the  centre  0  if 
P  =  30  kgf,  =  P,  =  /?3  = 
=  F  =  20  kgf,  a  —  0.3  m, 
b  =  0.5  m,  and  a  =  60°. 


m 

IH 
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Fig.  54  Solution.  The  task  is  to  find 

the  principal  vector  B  of  the 
given  force  system,  which  we  shall  determine  from  its  projections  i?*, 
Ry,  and  their  principal  moment  Mo  about  O.  Drawing  the  axes  Oxy 
as  shown,  calculate  the  projections  of  each  force  on  them  and  their 
moments  about  O  (see  table). 


Fk 

P 

Fi 

Ft 

Ft 

Ihx 

0 

— F  cos  a 

— F  cos  a 

—F 

Thy 

—p 

— F  sin  a 

Fsina 

0 

'"o(P’ft) 

—bP 

aF  cos  a 

2bF  sin  a 

aF 

Substituting  the  problem  conditions,  we  obtain: 

R=c  =  S^’h*=-40kgf,  i?j,^SPh,=  -30  kgf. 
Mo  =  S (Fji)  =  11-3  kgf-m. 
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Thus,  in  reducing  the  given  force  system  to  the  centre  O  it  is  sub¬ 
stituted  by  force  B  with  projections  B*  =  —40  kgf,  B„=  —30  kgf 
m  =  50  kgf),  applied  at  point  O  and  by  a  couple  witn  a  moment 
Mo  =  11-3  kgf-m. 


§  23.  Reduction  of  a  Goplanar  Force  System 
to  the  Simplest  Possible  Form 


The  theorem  proved  in  §  22  makes  it  possible  to  reduce  a  given 
coplanar  force  system  to  the  simplest  possible  form.  The  result  will 
depend  on  the  values  of  the  principal  vector  B  and  the  principal 
moment  Mq  of  the  system: 

(1)  If  B  =  0  and  Mq  =  0, 
the  system  is  in  equilibrium. 

This  case  of  equilibrium  will  be 
further  ejtamined  in  the  following 
section. 

(2)  If  B  =  0  and  Mq  ■=¥=  0,  the 
system  can  be  reduced  to  a  couple 
of  moment  Mq  =  2 
In  this  case  the  magnitude  of  Mq 
does  not  depend  on  the  location  of  the  centre  O,  otherwise  we  would 
find  that  the  same  system  could  be  replaced  by  non-equivalent 
couples,  which  is  impossible. 

(3)  If  B  =7^=0,  the  system  can  be  reduced  to  a  resultant  force. 
Two  cases  are  possible: 

(a)  B  =7^0,  Mq  —  0.  In  this  case  the  system  can  immediately 
be  replaced  by  a  single  force,  i.e.,  the  resultant  B  going  through  0\ 

(b)  B  rjt  0,  Mq  =  0  (Fig.  55a).  In  this  case  the  couple  of  moment 
Mq  can  be  represented  by  two  forces B'  and  B",  such  that  R'  =  R 
and  R“  =  — R  (Fig.  556).  If  d  =  OC,  the  arm  of  the  couple  must  be 


Fig.  55 


Rd=\Mo  |. 


(31) 


Discarding  the  mutually  balanced  forces  B  and  B",  we  find  that 
the  whole  force  system  can  be  replaced  by  the  resultant  B'  =  B 
passing  through  point  C.  The  position  of  C  is  determined  by  two 
conditions:  (1)  The  distance  OC  —  d  {OC  ±B)  must  satisfy  equa¬ 
tion  (31);  (2)  The  sense  of  the  moment  of  force  B'  about  0,  i.e., 
the  sense  of  TOq  (B'),  is  the  same  as  the  sense  of  Mq-  An  example  of 
the  calculations  involved  is  presented  in  Problem  20. 

These  cases  show  that  if  a  coplanar  force  system  is  not  in  equili¬ 
brium,  it  can  be  reduced  either  to  a  resultant  (when  B  0)  or 
to  a  couple  (when  B  =  0). 


72 


STATICS  OF  RIGID  BODIES 


[Part  1 


Problem  18.  Reduce  to  the  simplest  possible  form  the  system 
of  forces  Pj,  P3  acting  on  the  beam  AB  in  Fig.  56,  and  deter¬ 
mine  the  loads  on  the  supports  A  and  B  if  —  P^—  P3  =  P. 

Solution.  The  force  polygon  Pj,  Pj'  ^3  is  closed,  consequently 
B  =  0.  The  sum  of  the  moments  of  all  the  forces  about  any  point 
(for  instance,  point  C)  is  — Pa.  Hence,  the  given  force  system  can  be 

reduced  to  a  couple  of  moment 
m  =  —Pa.  Placing  this  couple 
as  shown  in  the  diagram  by  the 
dashed  vectors,  we  conclude  that 
the  forces  Pi,  Pj,  and  P3  act 
on  the  supports  with  forces  Qi 
Pa 

and  Q 2  of  magnitude . 

Problem  19.  Reduce  to  the 
simplest  possible  form  the  system 
offerees  Fj,  F^,  Fg,  acting  on 
the  truss  ylR  in  Fig.  57  and  determine  the  loads  on  the  supports  A 
and  B  if  =  Fg  =  Fg  =  F. 

Solution.  Noting  that  forces  Fg  and  Fg  form  a  couple,  transfer 
them  as  shown  in  the  diagram  by  the  dashed  vectors.  Forces  Fg 
and  Fg  balance,  and  the  whole  system  is  reduced  to  a  resultant 
R  =  Fg. 

We  see  that  the  action  of  forces  Fj,  Fg,  Fg  is  reduced  to  a  vertical 
load  acting  on  support  A.  Support  B  is  under  no  load. 


Fig.  56 


Problem  20.  Determine  the  resultant  of  the  forces  acting  on  the 
beam  in  Fig.  58  if  P  =  3  tonf,  Qi  =  Qg  =  Q  =  ^  tonf,  and  OB  = 
=  a  =  0.8  m. 

Solution.  Constructing  a  force  polygon  with  forces  P,  Qi,  and  Qg, 
we  find  that  the  magnitude  of  force  R  (the  principal  vector  of  the 
system)  is  5  tonf,  for,  in  the  polygon,  be  =  2Q  cos  60°  =  4  tonf, 
and  ah  =  Z  tonf.  Now,  taking  point  O,  where  forces  P  and  Qg 
intersect,  as  the  centre  of  the  moments,  compute  the 
principal  moment:  Mq  =  mo  (Qi)  =  — aQ  cos  30°  =  — 1.6  ]/ 3 
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tonf-m.  and  from  Eq.  (31)  we  obtain: 

d  =  =  0  32  3  »  0.55  m. 

By  drawing  from  0  a  perpendicular  to  the  direction  of  JS  and 
laying  ofi  a  segment  d  on  it,  we  obtain  the  line  of  action  of  the 
resultant.  As  Mo  <  0,  the  resultant  lies  to  the  right  of  0  (the  moment 
of  B  about  O  is  negative). 


§  24.  Conditions  for  the  Equilibrium  of  a  Coplanar 
Force  System. 

The  Case  of  Parallel  Forces 

For  any  given  coplanar  force  system  to  be  in  equilibrium  it  is 
necessary  and  sufficient  for  the  following  two  conditions  to  be  sa¬ 
tisfied  simultaneously: 

B  =  0,  Mo  =  0,  (32) 

where  0  is  any  point  in  a  given  plane,  as  at  B  =  0  the  magnitude 
of  Mo  does  not  depend  on  the  location  of  0  [see  §  23,item(2)]. 

The  conditions  (32)  are  necessary,  for  if  one  of  them  is  not  satisfied 
the  force  system  acting  on  a  body  is  reduced  either  to  a  resultant 
(when  B  ^T^O)  or  to  a  couple  (when  Mo  ¥=  0)  and  consequently  is 
not  balanced.  At  the  same  time,  conditions  (32)  are  sufficient,  for 
at  B  =  0  the  system  can  be  reduced  only  to  a  couple  of  moment  Mo, 
but  Mo  =  0,  hence  the  system  is  in  equilibrium. 

Let  us  determine  from  Eqs.  (32)  the  analytical  conditions  of  equi¬ 
librium.  They  can  be  expressed  in  three  difierent  forms,  as  follows. 

1.  The  Basic  Equations  of  Equilibrium.  The  magnitudes  of  B 
and  Mo  are  determined  by  the  equations 

R  =  VW+M,  Mo  =  ^mo{Fu) 

where  B*  =  2  ^hx  and  =  2  ^ky  But  B  can  be  zero  only  if 
both  Bk  =  0  and  Ry  =  0.  Hence,  Eqs.  (32)  will  be  satisfied  if 

2^fti/  =  0,  2«o(Fft)  =  0.  (33) 

Eqs.  (33)  express  the  following  analytical  conditions  of  equilibri¬ 
um:  The  necessary  and  sufficient  conditions  for  the  equilibrium  of  any 
coplanar  force  system  are  that  the  sums  of  the  projections  of  all  the  forces 
on  each  of  the  two  coordinate  axes  and  the  sum  of  the  moments  of  all  the 
forces  about  any  point  in  the  plane  must  separately  vanish.  Eqs.  (33) 
also  express  the  necessary  conditions  for  the  equilibrium  of  a  free 
rigid  body  subjected  to  the  action  of  a  coplanar  set  of  forces.  In  the 
mechanical  sense  the  first  two  equations  express  the  necessary  condi- 
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tions  for  a  body  to  have  no  translation  parallel  to  the  coordinate 
axes,  and  the  third  equation  expresses  the  condition  for  it  to  have 
no  rotation  in  the  plane  Oxy. 

2*.  The  Second  Form  of  the  Equations  of  Equilibrium:  The 
necessary  and  sufficient  conditions  for  the  equilibrium  of  any  coplanar 
force  system  are  that  the  sums  of  the  moments  of  all  the  forces  about  any 
two  points  A  and  B  and  the  sum  of  the  projections  of  all  the  forces  on 
any  axis  Ox  not  perpendicular  to  AB  must  separately  vanish: 

S«A(n)  =  0,  =  =  (34) 

The  necessity  of  these  conditions  is  obvious,  for  if  any  one  of  them 
is  not  satisfied,  then  either  JB  or  Ma  #0  {Mb  =5^0)  and  the 


forces  will  not  be  in  equilibrium.  Let  us  now  prove  that  these  condi¬ 
tions  are  sufficient.  If  for  a  given  force  system  only  the  first  two  of 
Eqs.  (34)  are  satisfied,  then  Ma  —  0  and  Mb  ==  0.  By  §  23,  such 
a  force  system  may  not  be  in  equilibrium  as  it  may  have  a  resultant  B 
passing  through  the  points  A  and  B*'>  (Fig.  59).  But  from  the  third 
equation  we  must  have  i?*  =  2  ^kx  =  0-  As  Ox  is  not  perpendicular 
to  AB,  the  latter  condition  can  be  satisfied  only  if  the  resultant  R 
is  zero,  i.e.,  if  the  system  is  in  equilibrium. 

3*.  The  Third  Form  of  the  Equations  of  Equilibrium  (the 
Equations  of  Three  Moments):  The  necessary  and  sufficient  conditions 
for  the  equilibrium  of  any  coplanar  force  system  are  that  the  sums  of 
the  moments  of  all  the  forces  about  any  three  non-collinear  points  A, 
B,  C  must  separately  vanish: 

S  m.A  {Fh)  =0,  2  (Fh)  =0,  2  "ic  (Fk)  =  0.  (35) 

The  necessity  of  these  conditions,  as  in  the  previous  form,  is 
obvious.  Their  sufficiency  follows  from  the  consideration  that  if, 
with  all  the  three  equations  satisfied,  the  system  would  not  be  in 
equilibrium,  it  could  be  reduced  to  a  single  resultant  passing  through 


•)  This  follows  from  item  (3),  case  (a),  in  §  23. 
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points  A ,  B,  and  C,  which  is  impossible  as  they  are  not  collinear. 
Hence,  if  Eqs.  (35)  are  satisfied,  the  system  is  in  equilibrium. 

In  all  the  cases  considered  we  have  three  conditions  for  the  equi¬ 
librium  of  a  coplanar  force  system.  The  Eqs.  (33)  are  defined  as  the 
basic  equations  of  equilibrium  because  they  impose  no  restrictions 
on  the  choice  of  the  coordinate  axes  or  the  centres  of  moments. 

If  acting  on  a  body  besides  a  coplanar  force  system  Fi,  F^,  .  .  ., 
Fn  is  a  ssretem  of  couples  of  moments  m^, .  .  .  ,  m^in  the 
same  plane,  the  couples  do  not  enter  the  equilibrium  equations  of 
the  force  components,  as  the  sum  of  the  components  of  the  forces 
of  a  couple  parallel  to  any  axis  is  obviously  zero.  In  the  equations 
of  moments,  though,  the  moments  of  these  couples  should  be  added 
algebraically  to  the  moments  of  the  forces,  as  the  sum  of  the  moments 
of  the  two  forces  of  a  couple  about  any  centre  equals  the  moment 
of  that  couple  [see  Eq.  (24),  §  ISJ.Thus,  for  example,  the  conditions 
of  equilibrium  (33)  for  a  set  of  forces  and  couples  acting  on  a  body 
take  the  form: 

S  =  0,  S  Eftj,  =  0,  2  (•P’ft)  -f-  S  ~  (^®) 

Eqs.  (34)  and  (35)  will  change  similarly. 

Equilibrium  of  a  Coplanar  System  of  Parallel  Forces.  If  all 
the  forces  acting  on  a  body  are  parallel,  we  can  take  axis  x  oi  a.  coor¬ 
dinate  system  perpendicular  to  them  and  axis  y  parallel  to  them 
(Fig.  60).  Then  the  x  projections  of  all  the  forces  will  be  zero,  and 
the  first  one  of  Eqs.  (33)  becomes  an  identity  0=0.  Hence,  for  paral¬ 
lel  forces  we  have  two  equations  of  equilibrium: 

=  S'»o(Fh)  =  0,  (37) 

where  the  y  axis  is  parallel  to  the  forces. 

Another  form  of  the  conditions  for  the  equilibrium  of  parallel 
forces  derived  from  Eqs.  (34)  is: 

S  mj,  (Fft)  =0,  S  ms  {Fu)  =  0.  (38) 

The  points  A  and  B  should  not  lie  on  a  straight  line  parallel  to 
the  given  forces. 


§  25.  Solution  of  Problems 

All  the  general  rules  of  problem  solution  outlined  in  §  13  should 
be  followed  in  solving  the  problems  of  this  part  of  the  course. 

Attention  is  again  drawn  to  the  importance,  in  proceeding  with 
the  solution  of  a  problem,  of  clearly  visualising  the  specific  body 
whose  equilibrium  is  being  considered.  The  next  step  is  to  isolate 
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it  and  consider  it  as  a  free  body,  drawing  all  the  given  forces  and 
the  reactions  of  the  rejected  constraints. 

Then  write  the  equilibrium  equations,  choosing  those  which 
lead  to  the  simplest  system  (in  which  each  equation  has  only  one 
unknown  quantity). 

The  simplest  possible  equations  can  be  obtained  by  the  following 
procedure,  provided,  of  course,  that  the  actual  computations  do 
not  become  more  involved:  (a)  for  the  equations  of  the  force  projec¬ 
tions,  take  one  of  the  coordinate  axes  perpendicular  to  one  of  the 
unknown  forces-,  (b)  for  the  moment  equations,  take  the  moments  with 
respect  to  the  point  where  the  greatest  number  of  unknown  forces  inter¬ 
sect. 

In  computing  moments  it  may  prove  useful  to  resolve  a  force 
into  two  components  and  apply  Varignon’s  theorem  to  find  the 
moment  of  a  force  as  the  sum  of  the  moments  of  its  components. 

Many  problems  in  statics  are  solved  to  determine  the  reactions  of 
the  supports  and  connections  of  beams,  trusses,  etc.  In  addition  to 
the  constraints  described  in  §  4,  the  following  three  types  are 
widely  used  in  engineering: 

(1)  Pin  and  Roller  Support  (Fig.  61,  support  A).  The  reaction 
Na  of  such  a  support  is  normal  to  the  surface  on  which  the  rollers 
rest  on. 


(2)  Fixed  Pin  (Fig.  61,  support  B).  The  reaction  Ttg  of  such 
a  support  is  through  the  pin  axis  and  can  have  any  direction  in  the 
plane  of  the  diagram.  In  solving  problems  we  shall  denote  reaction 
Bb  by  its  Xb  and  Yb  components  in  the  direction  of  the  axes  of 
coordinates.  If  having  solved  the  problem  we  find  Xb  and  Y b,  we 
shall  define  the  reaction  Rg  whose  absolute  value  is 

Rb  =  VX%  +  Y%. 

Constraints  of  the  type  in  Fig.  61  are  employed  to  avoid  additional 
stresses  in  beam  .<45  due  to  temperature  changes  and  bending. 

Note  that  if  support  .<4  of  the  beam  in  Fig.  61  were  also  fixed,  the 
beam  would  be  statically  indeterminate  for  any  coplanar  force 
system,  as  three  equilibrium  equations  (33)  would  include  four 
unknown  reactions  X^,  Y^,  Xb,  Yb  (see  §  12). 
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(3)  Fixed  Support  (Rigid  Clamp  or  Embedding)  (Fig.  62). 
In  this  case  the  action  of  the  constraining  surfaces  on  the  embedded 
portion  of  the  beam  is  that  of  a  system  of  distributed  forces  of 
reaction.  By  reducing  the  forces  of  reaction  to  a  common  centre  A, 
-vve  can  replace  them  with  an  immediately  unknown  force  Ha  atta¬ 
ched  at  A  and  a  couple  Ma  of  immediately  unknown  moment. 
Force  Ha  can  in  turn  be  denoted  by  its  rectangular  components  Xa 
and  Ya-  Thus,  to  determine  the  reactions  of  a  fixed  support  we  must 
find  three  unknown  quantities  ^a,  and  Ma-  If  another  support 
is  added  at  point  B,  the  beam  will  be 
statically  indeterminate. 

The  direction  of  reactions  in  other 
types  of  constraints  was  examined  in 
§4. 

Problem  21.  The  travelling  crane  in 
Fig.  63  weighs  P  =  4  tonf,  its  centre  of 
gravity  lies  on  DE,  it  lifts  a  load  of 
weight  <?  =  1  tonf,  the  length  of  the  jib 
(the  distance  of  the  load  from  DE)  is 
h  =  3.5  m,  and  the  distance  between  the 
wheels  is  AB  =  2a- =  2.5  m.  Determine 
the  forces  with  which  the  wheels  A  and 
B  act  on  the  rails. 

Solution.  Consider  the  equilibrium  of  the  crane-and-load  system 
taken  as  a  free  body:  the  active  forces  are  P  and  Q,  the  unknown 
forces  are  the  reactions  Na  and  Xg  of  the  removed  constraints. 
Taking  A  as  the  centre  of  the  moments  of  all  the  forces  and  projecting 
the  parallel  forces  on  a  vertical  axis,  we  obtain,  by  the  equilibrium 
equations  (37): 

— Pa  -Ir  Ng  -Sa  —  ^  (a  -(t  6)  =  0, 

Na  +  X,-  P  -  Q  =  0, 

solving  which  we  find: 

JV.  =  4  +  4(i-H)=3.9tonf. 

To  verify  the  solution, write  the  equation  of  the  moments  about  B: 

-iV^2a  +  Pa  —  Q  ib  —  a)  ^  0. 

Substituting  the  value  of  Na,  we  find  that  the  equation  is  satisfied. 
The  pressures  exerted  by  the  wheels  on  the  rails  are  respectively 
equal  to  Na  and  Ng  in  magnitude  and  directed  vertically  down. 

From  the  solution  we  see  that  at 

<?  =  -r— P  =  2.22  tonf 
^  0  —  a 
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the  reaction  iV^  is  zero  and  the  left  wheel  no  longer  presses  on  the 
rail.  If  the  load  Q  is  further  increased  the  crane  will  topple  over. 
The  maximum  load  Q  at  which  equilibrium  is  maintained  is  deter¬ 
mined  by  the  equation  2  (E’k)  —  0. 

Problem  22.  One  end  of  a  uniform  beam  AB  weighing  P  kgf 
(Fig.  64)  leans  at  A  against  a  corner  formed  by  a  smooth  horizontal 
surface  and  a  block  D,  and  at  £  on  a  smooth  plane  inclined  a  degrees 


to  the  horizontal.  The  beam’s  inclination  to  the  horizontal  is  equal 
to  p.  Determine  ‘the  pressure  of  the  beam  on  its  three  constraints. 

Solution.  Consider  the  oquilibrium  of  the  beam  as  a  free  body. 
Acting  on  it  are  the  given  force  P  applied  at  the  middle  of  the  beam 
and  the  reactions  B,  JVj,  and  ATj  of  the  constraints  directed  normal 
to  the  respective  surfaces.  Draw  the  coordinate  axes  as  in  Fig.  64 
and  write  the  equilibrium  equations  (33),  taking  the  moments  about 
A,  where  two  of  the  unknown  forces  intersect.  First  compute  the 
projections  of  all  the  forces  on  the  coordinate  axes  and  their  mo¬ 
ments  about  A  and  tabulate  the  results*).  The  symbols  in  the  table 
are  AB  —  2a  and  ^  KAB  —  y  {AK  is  the  moment  arm  of  force  Z? 
about  point  A). 


n 

-ZVl 

■2V2 

r 

B 

Fkx 

0 

0 

— it  sin  a 

I'hy 

JVi 

0 

—p 

it  cos  a 

m-A  (Ph) 

0 

0 

— Pa  cos  P 

it  2a  cos  Y 

*)  On  tabulating  data  for  problem  solutions  see  footnote  on  p.  50. 
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Now  write  the  equilibrium  equations: 

—  R  sin  a  =  0, 
iVj  —  P  +  i?  cos  a  =  0, 
—Pa  cos  P  +  2i?a  cos  y  =  0. 


From  the  last  equation  we  find: 


P  cos  p 
2  cos  Y 


k&  AK  is  parallel  to  the  inclined  plane,  ^  KAx  —  a,  whence 
Y  =  a  —  P  and  finally 


R 


PcosP 
2cos(a  — P) 


Solving  the  first  two  equations,  we  obtain: 


cos  a  cos  P  „  sin  «  cos  P 

2cos(a  — P)J’  ^  2  cos  (a  — p)  ' 


The  forces  exerted  on  the  surfaces  are  equal  in  magnitude  to  the 
respective  reactions  and  opposite  in  sense. 

The  values  of  and  can  be  verified  by  solving  the  equations 
of  moments  about  the  points  of  intersection  of  JR  and  R 

and  JVj. 

From  this  solution  we  can  draw  the  following  conclusion:  If,  in 
order  to  determine  the  projections  or  moments  of  any  force  or  forces, 
we  need  to  know  a  quantity  (e.g.,  the  length  of  a  line  or  size  of  an 
angle)  not  given  in  the  statement  of  the  problem,we  should  denote  that 
quantity  by  a  symbol  and  incl¬ 
ude  it  in  the  equilibrium  equa¬ 
tions.  If  the  introduced  quan¬ 
tity  is  not  cancelled  out  in 
the  course  of  the  computa¬ 
tions,  it  should  be  expressed 
in  terms  of  the  given  quan¬ 
tities. 

Problem  23.  Acting  on  a 
symmetrical  arch  of  weight 
P  =  8  tonf  (Fig.  65)  is  a  set 
of  forces  reduced  to  a  force 
^  =  4  tonf  applied  at  D  and 
a  couple  with  a  moment  Mo  =  12  tonf-m.  The  dimensions  of 
the  arch  are  a  =  10m,  6  =  2m,A  =  3m,  and  a  =  60°.  Determine 
the  reactions  of  the  pin  B  and  the  roller  A. 

Solution.  Consider  the  equilibrium  of  the  arch  as  a  free  body. 
Acting  on  it  are  the  given  forces  Ff  and  Q  and  a  couple  of  moment 
Mo,  and  also  the  reactions  of  the  supports  -X" b,  Tb  (the  reac- 
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tion  of  the  pin  being  denoted  by  its  rectangular  components  as  in 
Fig.  61).  In  this  problem  it  is  more  convenient  to  use  Eqs.  (34), 
taking  the  moments  about  A  and  B  and  the  force  projections  on 
axis  Ax,  and  each  equation  will  contain  one  unknown  force.  Compute 
the  moments  and  the  force  projections  and  tabulate  the  information 
as  shown.  In  computing  the  moments  of  force  Q,  resolve  it  into 
rectangular  components  and  Qy  and  apply  Varignon’s  theorem. 


fh 

^A 

P 

m 

Q 

Mb 

Fkx 

0 

0 

Xb 

0 

Q  cos  a 

0 

mA  (Fh) 

0 

m 

0 

Ysa 

-\Qx\h-\Qy\b 

Mb 

"tB  (Fh) 

-Nau 

'■t 

0 

0 

Mb 

Writing  the  equilibrium  equations  and  taking  into  account  that 
\  Qx  \  —  Q  cos  a,  and  |  |  =  ^  sin  a,  we  obtain: 

•X^B  +  ^cosa  =  0,  (a) 

— hQ  cos  a  —  6^sin  a-l-Mx»  =  0,  (b) 

—  N /ja  +  F*  —  hQ  cos  a  +  (a  —  &)  ^  sin  a  +  Mo  =  0.  (c) 

Solving  the  equations,  we  find 

Xb  ==  — Q  cos  a  =  —2  tonf, 

=  4  +  tonf, 

2  a  a 

Wa  =  4-  +  ^  -  +  —  gg  7.37  tonf. 

d  d 

The  value  of  Xb  is  negative,  which  means  that  the  sense  of  the  x 
component  of  the  reaction  at  B  is  opposite  to  that  shown  in  the 
diagram,  which  could  have  been  foreseen.  The  total  reaction  at  B 
can  be  found  from  the  geometrical  sum  of  the  rectangular  compo¬ 
nents  X B  and  Tb,  its  magnitude  being 

Rb  =  Vxh  +  Yh  «  4.55  tonf. 

If  the  sense  of  the  couple  acting  on  the  arch  were  opposite  to  that 
indicated  in  Fig.  65,  we  would  have  Mj,  —  — 12  tonf-m.  In  this 
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case  y B  —  ~  while  Xb  would  remain 

the  same.  ,  , 

To  check  the  solution  write  the  equation  for  the  projections  on 

axis  Ay‘- 

Na  +^b  —  P  —  ^  sin  a  =  0.  (d) 

Substituting  the  obtained  values  of  Na  and  y b,  we  find  that  they 
satisfy  the  equation  (substitution  should  be  carried  out  in  both 
the  general  form,  to  verify  the  equations,  and  in  the  numerical  solu¬ 
tion  to  verify  the  computations). 

It  should  be  borne  in  mind  that  this  method  of  verification  may 
not  reveal  errors  due  to  mistakes  in  computing  the  projections  or 
the  moments  of  the  forces  perpendicular  to  Ay.  Therefore,  that 
portion  of  the  computations  has  to  be  further  verified  or  an  additional 
equation  of  moments  about,  say, 

D  can  be  written. 

Note  also  the  following.  In  writ¬ 
ing  Eqs.  (34)  the  projection  axis 
should  not  be  taken  perpendicular 
%oAB,  or  in  our  case  not  along  .4y. 

If,  nevertheless,  we  were  to  write 
a  third  equation  of  projections  on 
Ay,  we  would  have  obtained  a  sys¬ 
tem  of  equations  (b),  (c),  (d)  with 
only  two  unknown  quantities  Na 
and  y B  (one  of  the  equations  would 
be  a  corollary  of  the  other  two)  and 
we  would  be  unable  to  determine 
the  reaction  Xb- 

Problem  24.  The  homogeneous 
beam  in  Fig.  66a  is  embedded  in 
a  wall  at  an  angle  a  =  60°  to  it.  The  length  of  the  portion  AB 
is  b  —  0.8  m  and  its  weight  is  P  =  100  kgf.  Lying  inside  the 
angle  DAB  is  a  cylinder  of  weight  Q  —  180  kgf,  touching  the 
beam  at  E,  and  AE  =  a  =  0.3  m.  Determine  the  reaction  of  the 
wall. 

Solution.  Consider  the  equilibrium  of  the  beam  as  a  free  body. 
Acting  on  it  are  force  P  applied  halfway  between  A  and  B,  force  F 
applied  perpendicularly  to  the  beam  at  E  (but  not  force  Q,  which 
is  applied  to  the  cylinder,  not  to  the  beam!),  and  the  reactions  of 
the  embedding,  indicated  by  the  rectangular  components  Xa  and 
Ya  and  a  couple  of  moment  Ma  (see  Fig.  62). 

In  order  to  write  the  equations  of  equilibrium  (33)  let  us  compute 
the  projections  of  all  the  forces  on  each  of  the  coordinate  axes  and 
their  moments  about  A  (see  table): 


6—5562 
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Fh 

Xa 

B 

F 

P 

Ma 

Xa 

0 

F  cos  a 

0 

0 

— 

0 

B 

— F  sin  a 

—P 

0 

mA  (Fft) 

0 

0 

—Fa 

— P-j  ® 

Ma 

To  determine  F  we  resolve  force  Q ,  which  is  applied  at  the  centre 
of  the  cylinder,  into  components  F  and  N  respectively  perpendicular 
to  the  beam  and  the  wall  (Fig.  66fe).  From  the  parallelogram  we 
obtain 

F  =  -S—. 

Sin  a 


Writing  the  equations  of  equilibrium  and  substituting  the  value 

of  F,  we  have: 

.X'a +^cota  =0,  Fa  — ^  — P  =  0, 


M^-Q- 


.P-jsina  =  0. 


sin  a 

Solving  these  equations  we  find: 
Xa  =  —Q  cot  a  —  —103.8  kgf, 
Y.  .  . 

-t-F  ■ 

sma 

The  reaction  of  the  wall  consists 
of  force  Ra  =  V Xa.  +  F^  and  a  coup¬ 
le  with  a  moment  Ma- 
The  solution  of  this  problem  again 
underlines  the  fundamental  point: 


^  =  P  +  ^  =  280  kgf, 

=  <*=96.9  kgf-m. 


the  equilibrium  equations  include  only  the  forces  acting  directly 
on  the  body  whose  equilibrium  is  being  considered. 

Problem  25.  A  string  supporting  a  weight  Q  —  240  kgf  passes 
over  two  pulleys  C  and  D  as  shown  in  Fig.  67.  The  other  end  of  the 
string  is  secured  at  B,  and  the  frame  is  kept  in  equilibrium  by 
a  guy-rope  EE^.  Neglecting  the  weight  of  the  frame  and  the  friction 
in  the  pulleys,  determine  the  tension  in  the  guy-rope  and  the  reac¬ 
tions  at  A,  if  the  constraint  at  A  is  a  smooth  pivot  allowing  the  frame 
to  turn  about  its  axis.  The  distance  from  the  pulley  C  to  pole  is  1  m. 
Other  dimensions  are  as  shown  in  the  diagram. 
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Solution.  Neglecting  the  constraints,  consider  the  whole  system 
of  the  frame  and  the  portion  KDCM  of  the  string  as  a  single  free 
rigid  body  (see  Problem  10).  Acting  on  it  are  the  following  external 
forces:  Q  and  F,  the  tensions  in  the  sections  of  the  string  at  M 
and  K,  and  the  reactions  (T,  and  Ta  of  the  constraints.  The 
internal  forces  cancel  each  other  and  are  not  shown  in  the  diagram. 
As  the  friction  of  the  pulleys  is  neglected,  the  tension  in  the  cable 
is  uniform  ‘throughout  its  whole  length  and  F  =  Q. 

Introducing  angles  a  and  P,Tet  us  compute  the  projections  of  all 
the  forces  on  the  coordinate  axes  and  their  moments  about  A . 


Fh 

Q 

F 

T 

Xa 

Ya 

Fhx 

0 

Fcosa 

— r  cos  p 

Xa 

0 

Fhy 

-Q 

—F  sin  a 

—T  sin  p 

0 

Ya 

I^A  (Fh) 

—i.OQ 

— 0.9  F  sin  a 

1.27  sin  P 

0 

0 

From  the  right-angle  triangles  AEEi  and  ADB  we  find  that  EEi  = 
=  2.0  m  and  DB  =  1.5  m,  whence  sin  a  =  sin  P  =  0.8,  cos  a  — 
=  cos  p  =  0.6,  and  a  =  p.  Substituting  for  the  trigonometric 
functions  their  values  and  assuming  F  ==  Q,  the  equations  of  equi¬ 
librium  give: 

o.6()  -  o.er  -It  Xa  =  0, 

-Q  —  0.8(>  -  0.8T  -tr  Fa  =  0, 

— 1.0<?  —  0.72Q  -It  0.96r  =  0, 


solving  which,  we  find: 

T=  ii^=430  kgf,  XA  =  -g-^=114kgf, 
l"A  =  -S-(>=776  kgf. 

Attention  is  drawn  to  the  following  conclusions:  (1)  in  writing 
equations  of  equilibrium,  any  system  of  bodies  which  remains  fixed 
■when  the  constraints  are  removed  can  be  regarded  as  a  rigid  body; 
(2)  the  internal  forces  acting  on  the  parts  of  a  system  (in  this  case 
the  tension  of  the  string  DC  acting  on  pulleys  C  and  D)  are  not 
included  in  the  equilibrium  equations  as  they  cancel  each  other. 

6* 
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§  26.  Equilibrium  of  Systems  of  Bodies 

In  many  cases  the  static  solution  of  engineering  structures  is 
reduced  to  an  investigation  of  the  conditions  for  the  equilibrium 
of  systems  of  connected  bodies.  We  shall  call  the  constraints  con¬ 
necting  the  parts  of  a  given  structure  internal,  as  opposed  to  external 
constraints  which  connect  a  given  structure  with  other  bodies  (e.g., 
the  supports  of  a  bridge). 

If  a  structure  remains  rigid  after  the  external  constraints  (sup¬ 
ports)  are  removed,  the  problems  of  statics  are  solved  for  it  as  for 

a  rigid  body.  Such  examples  were  considered 
in  Problems  23  and  25  (see  Figs.  65  and  67). 

However,  an  engineering  structure  may 
not  necessarily  remain  rigid  when  the  ex¬ 
ternal  constraints  are  removed.  An  example 
of  such  a  structure  is  the  three-pin  arch  in 
Fig.  68.  If  supports  A  and  B  are  removed 
the  arch  is  no  longer  rigid,  for  its  parts  can 
Fig.  68  turn  about  pin  C. 

According  to  the  principle  of  solidifica¬ 
tion,  for  a  system  of  forces  acting  on  such 
a  structure  to  be  in  equilibrium  it  must  satisfy  the  conditions 
of  equilibrium  for  a  rigid  body.  It  was  pointed  out,  though, 
that  these  conditions,  while  necessary,  were  not  sufficient, 
and  therefore  not  all  the  unknown  quantities  could  be  determined 
from  them.  In  order  to  solve  such  a  problem  it  is  necessary  to  exami¬ 
ne  additionally  the  equilibrium  of  one  or  several  parts  on  the  given 
structure. 

For  example,  for  the  forces  acting  on  the  three-pin  arch  in  Fig.  68 
we  have  three  equations  with  four  unknown  quantities,  X^,  Yj^, 
Xb,  Y b-  By  investigating  the  conditions  for  the  equilibrium  of 
the  left-  or  right-hand  members  of  the  arch  we  obtain  three  more 
equations  with  two  more  unknown  quantities,  Xc  and  Yq  (not  shown 
in  Fig.  68).  Solving  the  system  of  six  equations  we  can  determine  all 
six  unknown  quantities  (see  Problem  26). 

Another  method  of  solving  such  problems  is  to  divide  a  structure 
into  separate  bodies  and  write  the  equilibrium  equations  for  each 
as  for  a  free  body  (see  Problem  27).  The  reactions  of  the  internal 
constraints  will  constitute  pairs  of  forces  equal  in  magnitude  and 
opposite  in  sense.  For  a  structure  of  n  bodies,  each  of  which  is  sub¬ 
jected  to  the  action  of  a  coplanar  force  system,  we  thus  have  3re 
equations  from  which  we  may  determine  3re  unknown  quantities 
(in  other  force  systems  the  number  of  equations  is,  of  course, 
different).  If  the  number  of  unknown  quantities  is  greater 
than  the  number  of  equations,  the  problem  is  statically  indetermi¬ 
nate. 
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Problem  26.  A  bracket  consists  of  a  horizontal  member  AD 
(Fig.  69)  of  weight  =  15  kgf  hinged  to  the  wall  and  an  inclined 
member  CB  of  weight  P^  =  12  kgf 
that  is  also  hinged  to  the  member  AD 
and  to  the  wall  (all  dimensions  are 
shown  in,  the  diagram).  Suspended 
from  the  horizontal  member  at  D  is 
a  load  of  weight  ^  =  30  kgf.  Deter¬ 
mine  the  reactions  at  A  and  C,  con¬ 
sidering  AD  and  CB  to  be  homoge¬ 
neous. 

Solution.  Rejecting  the  external  con¬ 
straints,  consider  the  bracket  as  a  whole 
as  a  free  body.  We  find  that  acting 
on  it  are  the  given  forces  Pj,  Q 
and  the  reactions  of  the  constraints 
^a»  -3^c»  Bill  with  its  con¬ 
straints  removed,  the  bracket  is  no 
longer  a  rigid  body,  because  the  mem¬ 
bers  can  turn  about  pin  B.  On  the 
other  hand,  by  the  principle  of  soli¬ 
dification,  if  it  is  in  equilibrium  the 

forces  acting  on  it  must  satisfy  the  conditions  of  static  equilibrium. 
We  may  therefore  write  the  corresponding  equations: 

l\F^y^Yj,-{-Yc-P,-Pz-Q  =  Q, 

2  ffiA{F'h)  =  Xc*^a  —  YcU — P^a  —  Pi’2a  —  ^*40  =  0. 


We  find  that  the  three  equations  contain  four  unknown  quantities 
•^A»  Y Ai  Xc,  Y c-  Let  us  therefore  investigate  additionally  the 
equilibrium  conditions  of  member  AD  (Fig.  696).  Acting  on  it  are 
forces  Pi  and  Q  and  the  reactions  Y^,  Xb,  and  Tb-  If  we  write 
the  required  fourth  equation  for  the  moments  of  these  forces  about  B 
we  shall  avoid  introducing  two  more  unknown  quantities,  Zb  andys- 
We  have: 

2  uib  (Ph)  —  — Ya  +  Pia  —  =  0. 

Solving  the  system  of  four  equations  (starting  with  the  last  one) 
we  find: 

YA  =  -Y(Pi-Q)=-^  hgf,  yc  =  4  +  +  4 ^  =  62  kgf, 

=  +  =  XA=-Xc=-5Gkgt. 

We  see  that  the  sense  of  forces  and  X^  is  opposite  to  that 
shown  in  the  diagram.  The  reactions  at  B  can  be  determined  from 
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equations  for  the  x  and  y  projections  of  the  forces  acting  on  AD\ 
they  are:  Xb  =  — =  Pi  +  ^  =  50  kgf. 

It  should  be  noted  that  in  solving  a  system  of  simultaneous  equa¬ 
tions  the  values  in  every  successive  equation  should  be  substituted 
with  the  sign  obtained  in  the  preceding  equation.  In  the  present 
case,  for  example,  the  value  substituted  for  in  the  last  equations 
is  —5  kgf,  not  5  kgf.  This  also  suggests  that  it  would  be  wrong,  on 
finding  that  — 5  kgf,  to  alter  the  sense  of  Yj^  in  the  diagram  and 

consider  =  5  kgf,  for  this  could  lead  to  wrong  solutions  of  sub¬ 
sequent  equilibrium  equations. 

We  see  that  in  solving  problems  of  statics  there  is  no  need  to  inve¬ 
stigate  all  the  conditions  for  the  equilibrium  of  a  given  body.  If 

a  problem  does  not  require  the  determi¬ 
nation  of  the  reactions  of  a  constraint, 
the  equations  should,  if  possible,  not 
include  those  unknown  reactions.  That 
is  just  what  we  did  in  the  above  prob¬ 
lem  in  examining  the  equilibrium  of 
AD  when  we  wrote  only  one  equation 
of  the  moments  about  B. 

Problem  27.  The  horizontal  beam 
AB  in  Fig.  70a  of  weight  ^  =  20  kgf 
is  attached  to  the  wall  by  a  pin  at  A 
and  rests  on  a  support  at  C.  Beam  BE 
of  weight  P  =  40  kgf  is  hinged  to  B 
and  rests  against  D  as  shown.  Deter¬ 


mine  the  reactions  of  the  supports  if  CB  = 


3 


AB,  DE^  4 


BE, 


and  —  45*  considering  the  beam  and  the  block  homogeneous 
Solution.  Let  us  consider  the  members  of  the  system  separately 
and  investigate  the  equilibrium  of  BE  and  .dP.Acting  on  BE,  which 
we  regard  as  a  free  body  (Fig.  70a),  are  force  JP  and  the  reactions  of 
the  supports  Wo,  Xb,  Yb-  Assuming  BE  —  a,  we  write  the  equa¬ 
tions  (^): 


=  — ■^Dsina  =  0, 

S  Fky  =  YB  —  P  +  NDCosa  =  0, 
2  n?.B{P’fc)siVi,^a  — P^cosa  =  0, 


solving  which  we  obtain: 

iV£>=^ Pcosa  =  21.2  kgf, 

Xb  =  -^  P  sin  2a  =  15  kgf. 


Yb  =  P  {i  — cos* a J  =  25  kgf. 
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Considering  beam  AB  as  a  free  body,  we  have  acting  on  it  force  Q, 
the  reactions  of  the  external  supports  Nq,  Ya,  and  the  action 
Xb  and  T'b  of  BE  transmitted  by  pin  B  (Fig.  706).  According  to 
the  4th  principle,  forces  Xb  and  Tb  must  be  directed  opposite  to 
and  Tb,  but  in  magnitude  Xb  =  Xb  and  Y’b  =  Yg. 

Denoting  AB  =  b  and  writing  the  equilibrium  equations  (34) 
for  the  forces  acting  on  the  beam,  we  have: 

2 (Fft)  =  -  Fi6  +  Ac  .4  &  -  ^  T  = 

2mc(F.)  =  -yA4^  +  <?T-^34  =  0. 

Assuming  Xb  =  Xg  and  Fb  =  Fb  and  solving  the  equations, 
we  obtain: 

XA  =  XB=l5kgf,  Ya  =  \Q--yYb  =  -T-^HI 
^c  =  x^  +  T^^  =  ^2.5kgf. 

We  see  that  all  the  reactions  except  Ya  are  directed  as  in  Fig.  70; 
the  true  direction  of  Ya  is  vertically  downwards. 

In  solving  problems  by  this  method  it  should  be  remembered  that 
if  the  action  of  one  body  on  another  is  denoted  by  a  force  It  or  its  rectan¬ 
gular  components  X  and  Y,  then  according  to  the  4th  principle  the 
action  of  the  second  body  on  the  first  must  be  denoted  by  a  force  B'  equal 
to  B  in  magnitude  and  opposite  in  sense  or  by  its  rectangular  compo¬ 
nents  X'  and  Y'  respectively  equal  to  X  and  Y  in  magnitude  and 
opposite  in  sense. 

Beware  of  the  following  two  mistakes  which  are  often  made  in 
solving  problems  by  this  method:  (1)  the  student  fails  to  draw  forces 
A"  and  F'  in  the  opposite  direction  of  X  and  Y,  which  makes  for  a 
wrong  answer;  (2)  having  drawn  the  forces  X'  and  Y'  correctly,  the 
student  assumes  in  solving  the  equations  that  X'  =  — X  and  F'  = 
=  — F,  obtaining  a  wrong  answer;  actually,  the  same  error  is  made 
as  in  the  first  case. 

To  preclude  the  possibility  of  such  mistakes,  it  is  suggested  that, 
as  a  rule,  the  method  of  solution  of  Problem  26  be  adopted.  Further¬ 
more,  it  usually  gives  simpler  systems  of  equations,  as  the  internal 
forces  do  not  enter  the  equations  for  the  structure  as  a  whole  (see 
the  solution  of  Problem  26). 

Problem  28.  A  horizontal  force  F  acts  on  the  three-pin  arch  in 
Fig.  71.  Show  that  in  determining  the  reactions  of  supports  A  and 
B  force  P  cannot  be  transferred  along  its  line  of  action  to  E. 

Solution.  Isolating  the  arch  from  its  external  supports  A  and  B, 
we  obtain  a  deformable  structure  which  cannot  be  treated  as  rigid. 
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Consequently,  the  point  where  the  force  acts  on  the  structure  cannot 
be  transferred  along  DE  even  to  determine  the  conditions  for  the 
equilibrium  of  the  structure  (see  §  3,  corollary  of  the  1st  and  2nd 
principles). 

Let  us  demonstrate  this  by  solving  the  problem  (the  weight  of  the 
arch  is  neglected).  Consider  first  the  right-hand  member  of  the  arch 
as  a  free  body.  Acting  on  it  are  only  two  forces,  the  reactions 
and  Be  of  the  pins  B  and  C  (force  Be  is  not  shown  in  the  diagram). 


Fig.  71 


To  be  in  equilibrium,  these  two  forces  must  be  directed  along  the 
same  line,  i.e.,  along  BC,  and  consequently  the  reaction  B^  is 
directed  along  BC. 

Investigating  now  the  equilibrium  of  the  arch  as  a  whole,  we  find 
that  acting  on  it  are  three  forces,  the  given  force  F  and  the  reactions 
of  the  supports  Bb  (whose  direction  we  have  established)  and  B^- 
From  the  theorem  of  three  forces  we  know  that  if  the  system  is  in 
equilibrium  the  forces  must  be  concurrent.  Thus  we  obtain  the  di¬ 
rection  of  Ba-  The  magnitudes  of  B^  and  Bs  can  be  found  by  the 
triangle  rule. 

If  we  apply  force  P  at  £  and,  reasoning  in  the  same  way,  make  the 
necessary  constructions  (Fig.  71b),  we  shall  find  that  the  reactions 
of  the  supports  B^^  and  Bb  are  different  both  in  magnitude  and  in 
direction. 


§  2V.  Determination  of  Internal  Forces  (Stresses) 

The  forces  with  which  the  parts  of  a  body  or  structure  (beam,  arch, 
etc.)  act  on  each  other  are  called  the  internal  forces,  or  stresses.  They 
can  be  determined  by  the  method  used  in  studying  the  equilibrium 
of  systems  of  bodies.  First  the  equilibrium  of  the  body  (structure)  as 
a  whole  is  considered  and  the  reactions  of  the  external  constraints  are 
determined.  Then  a  section  is  taken  in  the  body  at  the  point  where 
the  internal  forces  have  to  be  determined,  dividing  it  into  two  parts, 
and  the  equilibrium  of  one  of  them  is  considered.  If  the  system 
of  external  forces  acting  on  the  body  is  coplanar,  the  action  of  the 
discarded  section  can,  in  the  most  general  case,  be  replaced  by  a 
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coplanar  system  of  forces  distributed  across  the  cut;  as  in  the  case 
of  a  rigid  clamp  or  embedding  (see  Fig.  62),  these  forces  can  be  repre¬ 
sented  by  a  single  force  applied  at  the  centre  of  the  section,  with  two 
unknown  components  X,  Y,  and  a  couple  with  an  unknown  moment 
M.  An  example  of  the  calculation  is  presented  in  Problem  29. 

Problem  29.  Assuming  the  length  of  the  beam  AB  in  Problem  27 
(Fig.  70)  to  be  1  m,  determine  the  forces  acting  on  a  section  through 
the  beam  at  a  distance  AE  = 

=  0.6  m  from  point  A. 

Solution.  The  beam’s  exter¬ 
nal  constraints  are  the  support 
C  and  the  pins  at  A  and  B. 

Their  reactions  were  determi¬ 
ned  in  Problem  27..  Make  a  cut 
ab  through  the  beam  and  con¬ 
sider  the  equilibrium  of  the 
part  of  the  beam  to  the  left 
(Fig.  72).  As  said  before,  the 
action  of  the  discarded  portion  can  be  replaced  by  two  forces  Xe 
and  Fjg.  applied  at  the  centre  E  of  the  section,  and  by  a  couple  with 
a  moment  Me-  Writing  the  equilibrium  conditions  (36)  for  the  forces 
Ya,  Q,Xe,  Ye  and  the  couple  with  a  moment  Mej  we  obtain: 

+  =  ^F^y^YA-hYE~Q  =  0, 

S  (F^)  ^Me  +  0.67^ -  0.5^  =  0. 

From  Problem  27,  (?  =  20  kgf,  =  15  kgf,  =  -7.5  kgf.  Sub¬ 
stituting  these  values,  the  equations  yield: 

Xe  =  —15  kgf.  Ye  =  27.5  kgf.  Me  =  —6.5  kgf-m. 

Thus,  acting  on  the  left-hand  part  of  the  beam  at  section  ab  are:  (1) 
a  longitudinal  force  Xe,  which  in  the  problem  exerts  a  compressive 
stress;  (2)  a  lateral  force  Ye,  which  strives  to  displace  the  portion  of 
the  beam  adjoining  the  section  along  the  line  ab;  (3)  a  couple  with 
a  moment  Me,  called  the  bending  moment,  which  in  our  case  causes 
tensile  stress  in  the  upper  part  of  the  beam  and  compressive  stress 
in  the  lower  part. 


Fig.  72 


§  28“^.  Distributed  Forces 

In  engineering  problems  we  often  have  to  deal  with  loads  distri¬ 
buted  over  an  area  according  to  a  known  mathematical  law.  Let  us 
examine  some  simple  cases  of  distributed  coplanar  forces. 

A  plane  system  of  distributed  forces  is  characterised  by  the  load 
per  unit  length  of  the  line  of  application,  which  is  called  the  mfera- 


90  STATICS  OF  RIGID  BODIES  [Part  1 

sity  q.  The  dimension  of  intensity  is  newtons  per  metre  (N/m)  or  ki¬ 
lograms  per  metre  (kgf/m). 

(1)  Forces  Uniformly  Distributed  Along  a  Straight  Line 
^Fig.  73a).  The  intensity  q  of  such  a  system  is  a  constant  quantity. 
In  solving  problems  of  statics  such  a  force  sjrstem  can  be  replaced 
by  its  resultant  Q  of  magnitude 

Q  =  aq  (39) 

applied  at  the  middle  of  AB. 

(2)  Forces  Distributed  Along  a  Straight  Line  According  to  a 
Linear  Law  (Fig.  73b).  An  example  of  such  a  load  is  the  pressure  of 
water  against  a  dam,  which  drops  from  a  maximum  at  the  bottom 


to  zero  at  the  surface.  For  such  forces  the  intensity  q  varies  from 
zero  to  qm-  The  resultant  Q  is  determined  in  the  same  manner  as  the 
resultant  of  the  gravity  forces  acting  on  a  homogeneous  triangular 
lamina  ABC.  As  the  weight  of  a  homogeneous  lamina  is  proportional 
to  its  area,  the  magnitude  of  Q  is 

and  is  applied  at  a  point  at  a  distance  of  from  side  BC  of  triangle 
ABC  [see  §  57  item  (2)J. 

(3)  Forces  Distributed  Along  a  Straight  Line  According  to  an 
Arbitrary  Law  (Fig.  73c).  The  magnitude  of  the  resultant  Q  of  such 
forces  is,  by  analogy  with  the  force  of  gravity,  equal  to  the  area  of 
the  figure  ABDE  drawn  to  scale,  and  Q  passes  through  the  centre 
•of  gravity  of  that  area  (determination  of  centre  of  gravity  will  be 
examined  in  §  55). 

(4)  Forces  Unirformly  Distributed  Along  the  Arc  of  a  Circle 
(Fig.  74).  An  example  of  such  forces  is  the  hydrostatic  pressure  on 
the  sides  of  a  cylindrical  vessel.  It  is  apparent  from  the  laws  of 
symmetry  that  the  sum  of  the  projections  on  the  Oy-&xis,  which  is 
perpendicular  to  the  axis  of  symmetry  <9a:,  is  zero  and,  consequently, 
their  resultant  Q  is  directed  along  Ox.  In  magnitude  Q  =  Qx  = 
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=  S  (gA^h)  cos  9h,  where  gA/fe  is  the  pressure  on  an  arc  element  of 
length  Aift  and  9^  is  the  angle  between  the  force  and  axis  x.  But 
from  the  diagram  it  is  apparent  that 
hh  cos  9ft  =  Ayft.  Taking  the  common  mul¬ 
tiplier  q  outside  of  the  summation  sign,  we 
obtain  Q  =  2gApft  =  gSApft  =  q-AB, 
whence 

Q  =  qh,  (41) 

where  h  is  the  length  of  the  chord  intersec¬ 
ting  arc  AB. 

ftoblem  30.  An  evenly  distributed  force 
of  intensity  g©  kgf/m  acts  on  a  cantilever 
beam  whose  dimensions  are  shown  in  Fig.  75. 

Neglecting  the  weight  of  the  beam  and 
assuming  the  forces  acting  on  the  embe4ded 
portion  to  be  distributed  according  |;o  a 
linear  law,  determine  the  magnitude  of 
the  maximum  intensities  g^  and  g^  of  the 
given  forces  if  b  =  2a  (compare  with  the 
diagram  for  Problem  14,  §  17). 

Solution.  Replace  the  distributed  forces  by  their  resultants  Q ,  B, 
and  B'.  By  Eqs.  (39)  and  (40), 


Fig.  74 


Q — 3o^*  — ^qm^t  B  — - 


■  qm^’ 


Now  write  the  equilibrium  conditions  (37)  for  the  parallel  forces 
acting  on  the  beam: 

2  (Pft)  ^  R  T-^  (t+T ) 


Substituting  the  values  of  B,  and  R'  and  solving  the  equations, 
we  obtain: 


«”*=(3^  +  2  4)7o5  7«=(3-§-  +  4  4-)7o- 

At  b  —  2a  we  have  g™  =  16go  and  g™  =  20go. 

Problem  31.  A  gas  cylinder  of  height  H  with  an  internal  diame¬ 
ter  d  contains  gas  compressed  to  p  k^/m®.  The  walls  of  the  cylinder 
are  of  thickness  a.  Determine:  (1)  the  longitudinal  and  (2)  the  lateral 
stresses  in  the  walls  (stress  is  the  ratio  of  the  expanding  force  to  the 
area  of  the  cross  section). 

Solution.  (1)  Let  us  cut  the  cylinder  with  a  plane  perpendicular 
to  its  axis  and  investigate  the  equilibrium  of  one  por- 
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tion  of  the  cylinder  (Fig.  76a).  Acting  on  it  parallel 
to  the  cylinder  axis  are  two  forces:  the  pressure  on  the 

bottom  F  —  p  and  the  resultant  Q  of  the  set  of  distributed  forces 

acting  on  the  cross  section  (the  action  of  the  removed  portion).  For 

equilibrium  we  have  Q  =  F  —  ^  p.  Assuming  the  area  of  the  cross 

section  to  be  approximately  nda,  we  obtain  the  following  expansion 
stress  oTj: 


(2)  Now  cut  the  cylinder  with  a  plane  passing  through  the  axis 
of  the  cylinder  and  examine  the  equilibrium  of  one  half  of  it,  assu- 


Fig.  75  Fig.  76 

ming  all  the  forces  to  be  acting  on  it  in  the  plane  of  the  median  sec¬ 
tion  (Fig.  766).  Acting  on  this  half  of  the  cylinder  are:  (a)  the  pres¬ 
sure  of  the  gas  of  intensity  q  =  pH  distributed  uniformly  along  a 
semicircle  (from  Eq.  (41)  its  resultant  is  R  =  qd  —  pHd]  and  (b) 
the  forces  distributed  along  sections  A  and  B  (the  action  of  the  remo¬ 
ved  half)  whose  resultants  are  8i  and  by  virtue  of  ssrmmetry. 
Si  =  S2  =  S.  From  the  conditions  of  equilibrium  we  have  Si  -\r 
-\r  S2  =  R,  whence  S  =  1/2  pdH.  As  the  area  of  the  section,  along 
which  force  S  is  distributed  is  aH  (neglecting  the  area  of  the  section 
of  the  cylinder  bottom),  we  find  the  expansion  stress 

It  will  be  noticed  that  the  lateral  stress  is  twice  as  large  as  the 
longitudinal  stress. 


Chapter  5 

Elements  of  Graphical  Statics 


§  29.  Force  and  String  Polygons. 

Reduction  of  a  Goplanar  Force  System  to  Two  Forces 

In  engineering  problems  graphical  methods  are  often  used  which, 
though  less  accurate  than  analytical  methods,  produce  faster  and 
more  easily  visualised  results. 

The  graphical  method  of  solving  problems  of  statics  for  coplanar 
force  systems  is  based  on  the  construction  of  force  and  string  (or  fu¬ 
nicular)  polygons. 

Consider  a  ssrstem  of  three  forces  Fi,  F^,  P3  acting  on  a  rigid  body 
(Fig.  77a).  In  Fig.  77b  is  constructed  a  force  polygon  abed  with  the 


given  forces  as  its  sides*).  It  will  be  recalled  that  when  the  end  of 
the  last  force  coincides  with  the  beginning  of  the  first  force  the  poly¬ 
gon  is  said  to  be  closed;  otherwise  it  is  said  to  be  open. 

From  an  arbitrary  point  O  (the  pole)  in  the  plane  of  the  force  poly¬ 
gon  and  not  collinear  with  the  sides  of  the  polygon  draw  to  the  ver¬ 
tices  of  the  polygon  rays  Oa,  Ob,  Oc,  Od,  which  we  shall  number  01, 
12,  23,  and  30  (reading  them  “zero-one”,  “one-two”,  etc.,  as  they 


•>  Wo  shall  denote  the  forces  of  a  force  polygon  by  numbers,  e.g.,  1  for 
2  for  F^,  etc. 
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denote  the  numbers  of  the  forces  coincident  at  the  respective  ver¬ 
tices). 

Now  take  in  Fig.  77a  an  arbitrary  point  A  and  draw  through  it  a 
line  parallel  to  ray  01  till  its  intersection  with  the  action  line  of 
force  at  point  B.  From  B  draw  a  line  parallel  to  ray  12  till  its 
intersection  with  the  action  line  of  force  jPj  at  C,  etc.  The  resulting 
figure  ABODE  is  called  a  string  (funicular)  polygon.  (If  we  take  a 
string,  pin  it  down  at  A  and  .Eand  apply  forces  F^,  F^,  and  F^  to  it 
at  points  B,  C,  and  D,  then,  when  equilibrium  is  maintained,  it 
will  take  the  shape  of  the  broken  line  ABODE.  Hence  the  name  of 
the  polygon.) 

A  string  polygon  is  closed  if  its  first  and  last  strings  (AB  and  DE 
in  our  example)  coincide,  i.e.,  if  they  are  collinear;  otherwise  the 
string  polygon  is  said  to  be  open. 

By  such  a  construction  it  is  possible  to  replace  any  coplanar  force 
system  with  two  forces  directed  along  the  first  and  the  last  strings 
(AB  and  DE)  of  the  polygon. 

To  prove  this,  consider  first  one  of  the  forces  acting  on  the  body, 
e.g.,  force  F^  (Fig.  11  a).  By  representing  this  force  separately  as 
vector"^  (Fig.  11b)  and  then  joining  points  a  and  b  with  an  arbi- 
trary  point  0,  we  thereby  resolve  force  IFi  into  two  forces  aO  and  Ob, 
since,  from  the  force  triangle  aOb,  Fi  =  ab  =  aO  +  Ob  (Fig.  11b). 
But  from  the  parallelogram  rule,  if  F^  =  aO  Ob,  forcejf’j  acting 
on  the  body  can  be  replaced  by  forces  equal  to  aO  and  Ob  and  applied 
at  any  point  along  the  line  of  action  of  Fi,  notably  at  point  B  in 
Fig.  11a.  And,  as  side  AB  of  the  string  polygon  was  drawn  parallel 
to  aO,  and  BO  parallel  to  bO,  force  aO  will  be  directed  along  string 
AB  ot  the  polygon,  and  force  Ob  along  string  BO.  A  similar  result 
obtains  for  the  other  forces. 

Thus,  by  drawing  rays  Oa,  Ob,  etc.  in  Fig.  11b,  each  of  the  forces 
Fi,  Fi,  Fi  is  resolved  into  two  forces,  as 

i^j  =  afe  =  aO  -f  Ob,  F2  =  bc  =  bO  Oc,  F3  =  cd  —  cO  +  Od. 

But  the  forces  equal  to  aO  and  Ob  replace  force  Fi  when  applied 
at  point  B  which  was  obtained  by  the  construction  of  the  string  poly¬ 
gon  (Fig.  77a).  Similarly,  let  us  replace  forces  F^  and  F3  by  forces 
bO  and  Oc,  and  cO  and  Od,  applying  them  at  points  0  and  D  respe¬ 
ctively.  Note  that  forces  Ob,  bO  and  Oc,  cO  directed  along  lines  BO 
and  CD  cancel  out,  as  (from  Fig.  11b)  Ob  =  —bO  and  Oc  =  —cO. 
Thus  the  system  of  forces  Fi,  Fg,  and  Fg  is  replaced  by  two  forces 
aO  and  Od  directed  along  the  first  and  last  strings  AB  and  DE  of 
the  string  polygon. 

Analogous  results  are  obtainable  for  any  number  of  forces. 
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§  30.  Graphical  Determination  of  a  Resultant 

If  a  force  polygon  constructed  for  a  given  coplanar  system  is  not 
closed  (the  principal  vector  JB  ^  0)  the  system,  by  §  23,  can  be  redu¬ 
ced  to  a  single  resultant. 


m 


Fig.  78 


Graphically  the  resultant  can  be  determined  by  successively  app¬ 
lying  the  parallelogram  rule.  With  many  forces,  however,  this  beco¬ 
mes  too  cumbersome.  G)nstruction  of  force  and  string  polygons 
simplifies  the  problem. 

Let  a  set  of  forces  Fi,  Fj,  F3,  F4  be  acting  on  a  rigid  body 
(Fig.  78a)  and  let  abcde  in  Fig.  78b  be  a  force  polygon  drawn  to 


Fig.  79 


scale.  Its  closing  side  ae  represents  the  magnitude  and  direction  of 
the  resultant  R.  To  determine  its  point  of  application,  connect  the 
vertices  a,  b,  c,  d,  e  with  an  arbitrary  pole  O  and  construct  a  string 
polygon  ABCDEF,  where  AB\\aO,  BC\\bO,  etc.(Fig.  78a).  The  given 
forces,  we  know,  can  be  replaced  by  two  forces  directed  along  AB 
and  EF.  Hence,  their  resultant  (and  consequently  the  resultant  of 
the  forces  Fj,  Fj,  F3,  F4)  passes  through  the  point  of  intersection  of 
AB  and  EF.  Thus,  by  constructing  a  string  polygon  and  continuing 
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the  first  and  the  last  strings  till  their  intersection,  we  obtain  a  point 
K  through  which  the  resultant  of  the  force  system  passes.  By  dra¬ 
wing  through  K  a  line  parallel  to  ae  and  applying  force  B  at  any 
point  on  it  we  obtain  the  resultant. 

A  similar  construction  for  parallel  forces  is  shown  in  Fig.  79.  The 
force  polygon  in  this  case  is  a  line  segment  and  the  resultant  K  =  ae. 

§  31.  Graphical  Determination  of  a  Resultant  Couple 

If  a  force  polygon  constructed  for  a  given  co planar  force  system 
closes  while  the  string  pblygon  remains  open,  the  system  can  be 
reduced  to  a  resultant  cofiple. 


For,  if  a  force  polygon  abode  constructed  with  the  given  forces 
F^,  Fi,  Fj,  Fi  is  closed  (Fig.  80),  rays  aO  and  Oe  coincide*).  Then 
the  first  and  the  last  strings  AB  and  EF  of  the  string  polygon,  if 
it  is  not  closed,  are  parallel. 

It  follows  from  §  29  that  the  given  forces  may  be  replaced  by  two 
forces  equal,  in  the  present  case,  to  aO  and  Oa  (as  Oe  —  Oa)  and 
directed  along  AB  and  EF.  Thus,  the  force  system  Fi,  Fj,  Fs,  F4 
is  replaced  by  the  couple  {aO,  Oa)  with  a  moment  arm  d.  The  moment 
of  this  couple  is  Ou-d, where  Oa  is  measured  to  the  scale  of  the  forces 
in  the  force  polygon  and  d  is  measured  to  the  scale  of  the  original 
diagram. 


§  32.  Graphical  Conditions  of  Equilibrium 
of  a  Coplanar  Force  System 

The  results  obtained  in  the  foregoing  sections  show  that  for  any 
coplanar  system  of  forces  acting  on  a  rigid  body  to  be  in  equilibrium 
it  is  necessary  and  sufficient  for  the  force  and  string  polygons  constructed 

*)  In  this  case  we  denote  the  rays  Oa,  Oh,  etc.,  by  numbers  12,  23,  34,  and 
41,  as  in  a  closed  polygon  we  have  two  forces  at  every  vertex. 
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with  the  given  forces  to  be  closed  (the  graphical  conditions  of  eqnili- 
brium). 

For,  if  any  of  the  two  polygons  is  not  closed,  a  system  can  be  redu¬ 
ced  either  to  a  resultant  force  or  to  a  resultant  couple,  hence  it  will 
not  be  in  equilibrium.  If  on  the  other  hand  both  polygons  are  closed, 
the  forces  acting  on  the  body  may,  apparently,  be  reduced  to  two 
equal  collinear  forces  of  opposite  sense  (Fig.  when  d  =  0),  and 
the  body  is  in  equilibrium. 


§  33.  Determination  of  the  Reactions  of  Constraints 

Let  us  determine  graphically  the  reactions  of  the  supports  A  and 
K  of  the  truss  in  Fig.  81a.  First  draw  the  truss  to  a  suitable  scale 
(e.g.,  0.4  m  in  1  cm)  and  denote  the  given  forces  Fi,  F^,  Ft  acting 
on  it  and  the  reactions  of  the  supports  B4  and  B».  The  direction  of 


B4  is  known,  and  of  B5  unknown.  Now  choose  a  scale  for  the  forces 
(e.g.,  0.5  tonf  to  1  cm)  and  construct  a  force  polygon  (Fig.  816), 
starting  with  forces  1,  2,  and  3  (Ft  =  a6.  Ft  ==  6c,  F3  =  cd).  The 
construction  ends  with  laying  off  the  direction  of  force  B4,  as  we 
do  not  know  its  magnitude  (i.e.,  the  location  of  point  e).  We  do  know 
however,  that  the  end  of  force  Bs  must  be  at  point  a  because,  with 
the  system  in  equilibrium,  the  force  polygon  must  be  closed. 

To  continue  our  solution,  take  a  pole  O  and  draw  rays  12,  23,  34, 
51.  The  direction  of  ray  45  is  unknown  because  we  do  not  Imow  the 
location  of  vertex  e  of  the  force  polygon.  To  find  this  ray,  construct 
a  string  polygon  next  to  the  diagram  in  Fig.  81a,  starting  with  point 
A  where  the  force  B*  of  unknown  direction  is  appZicd  (otherwise  you 
will  be  unable  to  close  the  polygon,  as  A  is  the  only  known  point  on 
the  action  line  of  Bs).  From  point  A,  where  the  force  Bs  is  applied, 
draw  string  51  to  its  intersection  with  the  action  line  of  F^  at  B, 
from  there  string  12  till  its  intersection  with  the  action  line  of  F^ 
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at  C,  string  23  till  its  intersection  with  the  action  line  of  at  D, 
and  string  34  till  its  intersection  with  the  action  line  of  K4  at  E. 
The  closing  line  EA  of  the  string  polygon  gives,  hy  virtue  of  the 
conditions  of  equilihrium,  the  direction  of  string  45. 

In  Fig.  816  we  can  now  draw  ray  45  from  O  parallel  to  EA.  Its 
point  of  intersection  with  the  direction  of  force  4  gives  us  the  requi¬ 


red  vertex  e  of  the  force  polygon.  Vector  de  denotes  the  required 
force  B4,  and  vector  ea  the  required  force  Bj  to  scale,  which  solves 
the  problem. 

An  example  of  the  graphical  determination  of  the  reactions  of 
supports  when  the  given  forces  are  parallel  is  shown  in  Fig.  82. 
In  this  case  the  construction  of  the  string  polygon  can  start  at  any 
point,  as  the  direction  of  both  reactions  is  immediately  known.  The 
required  ray  45  is  shown  in  both  diagrams  by  a  double  line. 


Chapter  6 
Solution  of  Trusses 


§  34.  Trusses.  Analytical  Analysis  of  Plane  Trusses 

A  truss  is  a  rigid  structure  composed  of  straight  members  connected  at 
their  ends  by  pins.  If  the  members  of  a  truss  are  coplanar,  it  is  called 
a  plane  truss.  The  points  of  intersection  of  the  members  are  called 
joints.  All  external  loads  on  the  truss  act  only  at  the  joints.  In  sol¬ 
ving  trusses,  the  friction  at  the  joints  and  the  weight  of  the  mem¬ 
bers  are  assumed  to  be  negligible  in  comparison  with  the  external 
forces  and  are  neglected  (or  the  weight  of  the  members  is  distributed 
to  the  joints).  Hence,  acting  on  every  truss  member  are  two  forces 
applied  at  its  ends;  being  in  equilibrium,  the  forces  are  directed 
only  along  the  members.  It  follows  that  the  members  of  a  truss  work 
only  in  tension  or  in  compression.  We  shall  restrict  ourselves  to  the 
consideration  of  rigid  plane  trusses  composed  of  triangles.  In  such 
trusses  the  relation  between  the  number  of  members  k  and  the  num¬ 
ber  of  joints  n  is  expressed  by  the  equation; 

'  k  =  2n  —  Z.  (42) 

In  fact,  any  rigid  triangle  composed  of  three  members  has  three 
joints  (see,  for  example,  the  triangle  ABD  in  Fig.  84  formed  by 
members  1,2,3).  Each  new  joint  requires  only  two  new  members 
(e.g,  joint  C  in  Fig.  84  is  attached  by  members  4  and  5,  joint  E,  by 
members  6  and  7,  etc.).  Hence,  for  the  remaining  (re  —  3)  joints 
2  (re  —  3)  members  are  required.  The  total  number  of  members  of 
a  truss  is  thus  A:  =  3  -1-  2  (re  —  3)  =  2re  —  3.  A  truss  with  fewer 
members  will  not  be  rigid,  one  with  more  members  will  be  statically 
indeterminate. 

By  the  solution  of  a  truss  is  meant  the  determination  of  the  reac¬ 
tions  of  the  constraints  and  the  stresses  in  the  members. 

The  reactions  of  the  constraints  can  be  determined  by  the  conven¬ 
tional  methods  of  statics  (§  25),  treating  the  truss  as  a  rigid  body. 
Let  us  examine  how  the  stresses  in  the  members  are  determined. 
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Method  of  Isolation  of  Joints.  This  is  convenient  when  the  stres¬ 
ses  in  all  members  of  the  truss  have  to  be  determined.  It  involves 
consecutive  examination  of  the  equilibrium  conditions  of  the  forces 
intersecting  at  each  joint.  The  calculations  are  best  explained  on  a 
concrete  example. 

Consider  the  truss  in  Fig.  83fl,  which  is  made  up  of  equal  isosce¬ 
les  right  triangles.  The  forces  acting  on  it  are  parallel  to  the  a:-axis 

and  equal:  F-,—F~  =  F.= 
(/I  —  F  —  2  tonf. 


The  number  of  joints 
n  =  6,  the  number  of  mem¬ 
bers  A:  =  9.  As  this  satisfies 
Eq.  (42),  the  truss  is  rigid 
and  there  are  no  superfluous 
members. 

Writing  the  equilibrium 
equation  (33)  for  the  truss 
as  a  whole,  we  find  that  the 
reactions  of  the  supports 
are  directed  as  shown  in  the 
figure  and  are  equal  to: 

X^  =  3F  =  6  tonf, 

Ya  =  N  =  -yF=:B  tonf. 


pjg  33  Now  determine  the  stre¬ 

sses  in  the  members.  Num¬ 
ber  the  joints  with  Roman 
numerals  and  the  members  with  Arabic.  Denote  the  required 
stresses  Si  (in  member  i),  S2  (in  member  2),  etc.  Mentally  isolate 
all  the  joints  with  the  intersecting  members  from  the  rest  of  the 
truss.  Replace  the  action  of  the  discarded  sections  of  the  members 
with  forces  directed  along  the  corresponding  members  and  nume¬ 
rically  equal  to  the  required  stresses  Si,  5^,  .  .  .  .  Denote  all  these 
forces  in  the  diagram,  directing  them  away  from  the  joints,  i.e., 
regarding  all  the  members  as  being  in  tension  (Fig.  83a;  each  joint 
visualised  separately,  as  joint  III  in  Fig.  83b).  If  a  calculation  yields 
a  negative  stress,  it  means  the  member  concerned  is  in  compression. 
We  do  not  introduce  any  special  notation  for  the  forces  acting  along 
the  members  in  Fig.  83  as  it  is  obvious  that  the  forces  acting  along 
member  1  are  numerically  equal  to  Si,  those  along  member  2  are 
equal  to  S^,  etc. 


♦>  Which  is  why,  regardless  of  the  methods  employed,  tensile  stress  is  con¬ 
ventionally  denoted  by  a  “-1-”  sign,  and  compressive  stress  by  a  “ — ”  sign. 
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Now  write  the  equilibrium  equations  (12)  for  the  forces  intersecting 
at  each  joint: 

starting  with  joint  /,  where  tw  omembers  meet,  since  two  equati¬ 
ons  are  sufficient  to  determine  only  two  unknown  stresses. 

Writing  the  equilibrium  equations  for  joint  /,  we  obtain: 

Fi  -1-52  cos  45°  —  0,  iV  -f-  5i  -fr  52'sin  45°  =  0, 

whence 

52== -2.82  tonf,  = 

=  — Y—  ~  1 

Now,  knowing  S^,  we  can  consider  joint  II,  for  which  the  equili¬ 
brium  equations  give: 

<^3  +  =  0,  S^  —  =  0, 

whence 

S3  =  — F  =  —2  tonf,  S^  =  5i  =  — 1  tonf. 

Having  determined  54,  we  can  write  the  equilibrium  equations, 
first  for  joint  III  and  then  for  joint  IV,  which  yield: 

S3  =  —St  Y2=  1.41  tonf,  5*  =  ^8  =  —3  tonf,  Sj  =  0. 

Finally,  to  determine  S3  write  the  equilibrium  equation  for  the 
forces  intersecting  at  joint  V,  projecting  them  on  axis  By. 
This  yields  Hr  S3  cos  45°  =  0,  whence  S3  —  — 3]/^ 2  = 

=  — 4.23  tonf. 

For  verification  we  can  write  the  second  equilibrium  equation  for 
joint  V  and  two  equations  for  joint  VI.  These  equations  were  not 
needed  to  determine  the  stresses  in  the  members,  as  the  three  equili¬ 
brium  equations  for  the  truss  as  a  whole  were  used  in  determining 
N,  Xa  and  (see  §  26). 

The  final  results  of  the  computation  can  be  tabulated: 


Member  No. 

fl 

2 

3 

4 

5 

6 

B 

8 

9 

Stress,  tonf 

B 

—2.82 

—2 

B 

■+1.41 

—3 

0 

—3 

—4.23 

As  the  signs  indicate,  member  5  is  in  tension,  the  others,  with  the 
exception  of  No.  7,  are  in  compression,  and  member  7  carries  no  load 
(a  zero  member). 
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The  existence  of  zero  members  in  a  truss  can  be  spotted  immedia¬ 
tely,  since  if  two  members  of  a  three-member  joint  are  collinear,  the 
stress  in  the  third  member  is  zero.  The  result  is  obtained  from  the 
equilibrium  equations  for  the  projections  on  the  axis  perpendicular 
to  the  stated  two  members.  For  example,  in  the  truss  in  Fig.  84, 
in  the  absence  of  force  P^,  member  15  is  a  zero  member  and,  hence, 
also  member  13.  When  force  P^  is  acting,  neither  one  is  a  zero  member. 

If  in  the  calculations  a  joint  occurs  with  more  than  two  unknown 
quantities,  the  method  of  cuts  can  be  employed. 


Fig.  84 


Method  of  Cuts  (Ritter’s  method).  This  method  is  convenient  in 
determining  the  stresses  in  individual  members,  notably  for  veri¬ 
fying  results.  The  truss  is  divided  into  two  by  a  cut  through  three 
members  for  which  (or  for  one  of  which)  the  stresses  have  to  be  deter¬ 
mined,  and  the  equilibrium  of  one  of  the  parts  is  examined.  The 
action  of  the  discarded  part  is  replaced  by  the  corresponding  forces 
directed  away  from  the  Joints  along  the  cut  members,  i.e.,  treating 
them  as  being  in  tension  (as  in  the  previous  method).  Then  the  equa¬ 
tions  (35)  or  (34)  are  written,  taking  the  centres  of  the  moments  (or 
the  projection  axis)  so  that  there  would  be  only  one  unknown  stress 
in  each  equation. 

Example.  Determine  the  stress  in  member  6  of  the  truss  in 
Fig.  84.  The  acting  vertical  forces  P^  =  P^  —  P^  =  P^  =  2  tonf, 
the  reactions  of  the  supports  =  \  tonf.  Draw  a  cut  ab 

through  members  4,  5  and  6  and  consider  the  equilibrium  of  the 
left-hand  section  of  the  truss,  replacing  the  action  of  the  right-hand 
section  on  it  with  forces  directed  along  the  cut  members.  To  find 
iSg,  write  the  moments  equation  about  point  C,  where  members  4 
and  5  intersect.  Assuming  AD  =  DC  =  a  and  BC  J_  BE,  we  obtain, 

-Ni‘2a  +  P^a  +  S,,CB  =  0, 

whence  we  calculate  S^. 
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The  arm  CB  can  be  calculated  from  the  data  defining  the  geometri¬ 
cal  dimensions  of  the  truss  [if  the  method  is  employed  for  an  appro¬ 
ximate  verification  of  a  graphical  analysis  (§  35)  and  the  truss  is 
drawn  to  scale,  CB  can  be  taken  from  the  figure).  In  our  example 
/_ABC  =  90°  and  CB  =  dY 2.  Hence,  —  3V^2  =  4.23  tonf,  and 
the  member  is  in  tension. 

The  stresses  in  members  4  and  5  can  be  determined  by  writing  the 
moment  equations  about  centres  B  (where  members  5  and  6  inter¬ 
sect)  and  A  (where  members  4  and  6  intersect). 

To  determine  the  stress  in  member  9  of  the  truss,  draw  a  cut  dc 
through  members  8,  9  and  10  and,  considering  the  equilibrium  of 
the  right-hand  part,  write  the  equations  for  the  projections  on  an 
axis  perpendicular  to  members  8  and  10.  We  obtain: 

Sg  cos  a  —  P3  —  P4  Hr  iVj  =  0, 
whence  we  determine  ^g. 

The  stresses  in  members  8  and  10  can  be  determined  by  writing  the 
moments  equations  about  centres  K  and  C. 

§  35’^  Graphical  Analysis  of  Plane  Trusses 

The  method  of  isolation  of  joints  can  also  be  used  for  graphical 
analysis  of  trusses.  For  this  the  reactions  of  the  constraints  are  deter¬ 
mined  as  described  in  §  33.  Then  each  joint  is  successively  isolated 
and  the  stresses  in  the  mem¬ 
bers  attached  to  it  are  deter¬ 
mined  by  constructing  closed 
force  polygons.  The  construc¬ 
tion  is  carried  out  to  scale, 
which  must  be  chosen  be¬ 
forehand  (§  33),  starting  with 
a  two-member  joint  (otherwise 
it  would  be  impossible  to  de¬ 
termine  the  unknown  stresses.) 

As  an  example  let  us  consi¬ 
der  the  truss  in  Fig.  85a.  It 
has  ft  =  6  joints  and  A:  =  9 
members.  It  satisfies  Eq.  (42) 
and  therefore  is  rigid  and  has 
no  redundant  members.  The 
reactions  of  the  supports  B4  and 
Bg  were  determined  in  §  33, 
and  forces Fi,  Fg,  Fgare  known. 

Now  consider  the  equilibrium  of  the  members  attached  to  joint  / 
(we  shall  denote  the  joints  by  Roman  and  the  members  by  Arabic 
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numerals).  Assume  the  members  to  be  severed  from  the  truss*).  The 
action  of  the  removed  portion  of  the  truss  is  shown  by  forces  and 
iSj  directed  along  members  1  and  2.  We  construct  a  closed  triangle 
with  forces  Bs.  Rn  and  8^,  which  intersect  at  joint  /  (Fig.  85&). 
For  this,  first  lay  off  the  known  force  Bs  to  scale  and  then  draw 
through  its  head  and  tail  lines  parallel  to  members  1  and  2.  This 

gives  us  ^forces  8^  and  S*  acting  on 
members  1  and  2.  Now  consider  the 
equilibrium  of  the  members  attached 
to  joint  II.  The  action  of  the  removed 
portion  of  the  truss  on  them  is  denoted 
by  forces  8\,  8^,  and  8^  directed  along 
the  respective  members.  Force  8'i  is 
known_  from  the  principle  of  action 
and  reaction,  for  8[  =  — 8i.  Constru¬ 
cting  a  closed  triangle  with  the  forces 
intersecting  at  joint  II  (starting  with 
8t),  we  find  the  magnitudes  of  (Sg  and 
0).  Similarly  we  determine  the  stresses  in  all 
the  other  members.  The  force  polygons  for  all  the  joints  are  shown 
in  Fig.  856.  The  last  polygon  (for  joint  VI)  is  constructed  only  to 
check  the  solution,  as  all  the  forces  in  it  are  already  known. 

The  type  of  stress  in  each  member  may  be  determined  as  follows. 
“Cut  out”  a  joint  with  portions  of  the  members  attached  to  it  (for 
example,  joint  III)  and  apply  the  found  forces  to  the  sections  of  the 
members  (Fig.  86).  The  force  directed  away  from  the  joint  {8^  in 
Fig.  86)  causes  tension  in  the  member;  the  force  directed  towards  the 
joint  {83  and  in  Fig.  86)  causes  compression.  Conventionally 
tension  is  denoted  by  a  “-fr”  sign  and  compression  by  a  “ — ”  sign. 
Thus,  in  the  present  case  5^  =  -|r0.2  tonf  and  S3  —  —0.3  tonf.  In  the 
example  in  Fig.  85  members  1,  2,  3,  6,  7,  and  9  are  in  compression 
and  members  5  and  8  are  in  tension. 


83  (in  this  case  83 


§  36*.  The  Maxwell-Cremona  Diagram 

Trusses  can  be  solved  graphically  much  quicker  and  the  results 
represented  in  more  compact  form  if  the  force  polygons  for  all  the 
joints  are  constructed  in  a  single  diagram  of  forces  called  the  Max¬ 
well-Cremona  diagram. 

Very  important  in  solving  trusses  by  this  method  is  a  strict  order 
of  approach.  The  following  steps  are  suggested: 


*>  Fig.  86  shows  the  members  of  joint  III  severed  for  investigation  of  its 
equilibrium.  All  the  other  joints  should  be  considered  as  cut  out  in  the  same 
way. 
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(1)  Determine  the  reactions  of  the  constraints  of  the  truss. 

(2)  Draw  the  given  forces  and  the  reactions  of  the  constraints 
acting  on  the  truss,  placing  all  the  vectors  outside  the  periphery 
of  the  truss  (Fig.  87a).  Denote  the  regions  on  either  side  of  the  for¬ 
ces  and  between  the  members  of  the  truss  hy  A,  B,  C,  .  .  .,  K. 

(3)  Construct  a  closed  force  polygon  with  the  external  forces 
(i.e.,  the  loads  and  the  reactions  of  the  constraints)  to  scale,  laying 
them  oS  in  the  order  in  which  they  occur  clockwise  around  the  perip¬ 
hery  of  the  truss  (the  heavy  lines  in  Fig.  876).  It  will  be  found  con¬ 
venient  to  denote  the  head  and  tail  of  each  force  vector  by  lower-case 


letters  corresponding  to  the  labels  of  the  regions  on  either  side  of  it 
taken  in  clockwise  direction  (thus  force  Fi  is  denoted  by  ab,  force 
F2  by  6c,  etc.).  We  thus  obtain  the  polygon  abcdea  of  the  external 
forces  acting  on  the  truss  (arrowheads  are  conventionally  not  drawn 
in  the  diagram). 

(4)  Now  successively  attach  to  this  polygon  the  force  polygons  for 
all  the  joints  of  the  truss,  starting  from  a  two-member  joint.  Con¬ 
struction  of  each  polygon  should  start  with  a  known  force,  and  the 
forces  should  be  laid  off  in  the  order  in  which  they  occur  passing 
clockwise  round  the  joint.  (The  stresses  in  the  members  are  denoted 
like  the  external  forces:  the  stress  in  member  1  by  a/,  in  member  2 
by  fe,  etc.) 

For  joint  VI  in  Fig.  87a,  for  instance,  the  given  forces  F 3  and  B4 
are  already  denoted  in  the  diagram  as  cd  and  de  (Fig.  876).  From 
point  e  draw  a  line  parallel  to  member  S,  and  from  point  c  a  line 
parallel  to  member  9.  The  intersection  of  the  lines  gives  us  the  ver¬ 
tex  k  of  the  closed  force  polygon  cdekc  for  joint  VI.  The  force  poly¬ 
gons  for  the  other  joints  are  constructed  similarly. 

The  diagram  of  forces  for  the  whole  truss  is  shown  in  Fig.  876. 
In  order  to  determine  the  stress,  say,  in  member  1,  we  “cut  out”  joint 
I  and,  reading  clockwise,  find  the  name  of  the  required  force:  a/. 
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In  the  diagram  we  find  the  vector  af  and  determine  its  magnitude. 
Appl3dng  now  the  vector  to  the  section  of  member  1  (see  Fig.  86), 
we  find  that  the  member  is  in  compression.  We  get  the  same  result 
if  joint  II  is  cut — only,  reading  clockwise,  we  find  that  the  required 
vector  is  denoted  by  fa.  This  notation  of  forces  thus  automatically 
takes  account  of  the  law  of  action  and  reaction. 

Note  the  following  special  cases; 

(1)  If  attached  to  a  joint  not  subjected  to  external  loads  are  three 
members,  two  of  which  are  collinear  (joint  II  in  Fig.  87a),  then. 


Fig.  88 

as  was  shown  in  §  34,  the  stress  in  the  third  member  (member  4  in 
Fig.  87a)  is  zero  (zero  member).  That  is  why  in  the  diagram  in 
Fig.  876  points  g  ^nd  /  coincide  {gf  =  0). 

(2)  If  a  truss  has  intersecting  members  (members  1  and  5  in 
Fig.  88a),  the  force  diagram  for  them  can  be  constructed  in  the  ordi¬ 
nary  way,  their  point  of  intersection  being  considered  as  a  joint. 
The  stresses  in  members  1  and  5  are  equal  in  magnitude  and  sign 
and  will  appear  twice  in  the  diagram,  as  shown  in  Fig.  886. 
Lines  de  and  fg  denote  the  stress  in  member  1,  and  lines  ef  and  gd, 
in  member  5. 

(3)  If  in  constructing  a  diagram  you  come  upon  a  joint  with  more 
than  two  unknown  quantities,  try  and  construct  tjie  diagram  simul¬ 
taneously  from  two  ends  of  the  truss  (if  the  truss  is  not  symmetrical) 
or  determine  the  stress  in  some  members  by'  the  method  of  cuts.  This 
method  can  be  used  to  verify  the  correctness  or  accuracy  of  the 
graphical  solution  of  a  truss. 


Chapter  7 
Friction 


§  37.  Laws  of  Static  Friction 

We  know  from  experience  that  when  two  bodies  tend  to  slide  on 
each  other,  a  resisting  force  appears  at  their  surface  of  contact 
which  opposes  their  relative  motion.  This  force  is  called  sliding 
friction. 

Friction  is  due  primarily  to  minute  irregularities  on  the  contacting 
surfaces,  which  resist  their  relative  motion,  and  to  forces  of  adhe¬ 
sion  between  contacting  surfaces.  A  detailed  examination  of  the 
nature  of  friction  is  a  complex  physi co-mechanical  problem  lying 
beyond  the  scope  of  theoretical  mechanics. 

Engineering  calculations  are  based  on  several  general  laws  deduced 
from  experimental  evidence,  which  reflect  the  principal  features  of 
friction  with  an  accuracy  sufficient  for  practical  purposes.  These 
laws,  the  laws  of  sliding  friction,  can  be  formulated  as  follows: 

(1)  When  two  bodies  tend  to  slide  on  each  other,  a  frictional  force 
is  developed  at  the  surface  of  contact,  the  magnitude  of  which  can 
have  any  value  from  zero  to  a  maximum  value  Fi  which  is  called 
limiting  friction,  or  friction  of  impending  motion. 

Frictional  force  is  opposite  in  direction  to  the  force  which  tends  to 
move  a  body. 

(2)  Limiting  friction  is  equal  in  magnitude  to  the  product  of  the 
coefficient  of  static  friction  (or  friction  of  rest)  /o  and  the  normal 
pressure  or  normal  reaction  N: 


Fi  =  hN,  (43) 

The  coefficient  of  static  friction  /o  is  a  dimensionless  quantity 
which  is  determined  experimentally  and  depends  on  the  material 
of  the  contacting  bodies  and  the  conditions  of  the  surfaces  (their 
finish,  temperature,  humidity,  lubrication,  etc.). 

(3)  Within  fairly  broad  limits,  the  value  of  limiting  friction  does 
not  depend  on  the  area  of  the  surface  of  contact. 
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Taken  together,  the  first  and  second  laws  state  that  for  conditions 
of  equilibrium  the  static  friction  (adhesive  force)  F  ^  Fi,  or 

F  <  (44) 

The  coefficient  of  friction  can  be  determined  experimentally  by 
means  of  a  simple  device  shown  schematically  in  Fig.  89.  The  hori¬ 
zontal  plate  AB  and  rectangular  block  D  are  made  of  materials  for 
which  the  coefficient  of  friction  is  to  be  determined.  Acting  on  block 
D  is  the  force  of  gravity  P,  which  is  balanced  by  the  normal  reaction 
of  the  plate  AT,  and  the  applied  force  Q,  which  when  the  system  is  at 
rest,  is  balanced  by  the  frictional  force  F  (the  magnitude  of  Q  is 
equal  to  the  weight  of  the  pan  E  with  the  weights).  By  gradually 

loading  the  pan  we  determine  the 
load  Q*  at  which  the  block  starts 
moving.  Obviously,  the  limiting 
friction  Fi  =  Q*.  Hence,  as  in  this 
case  N  =  P,  vfe  find  from  Eq.  (43): 

i  -II- 
To—  n  —  P  ' 

A  series  of  such  experiments 
demonstrates  that,  within  certain 
limits  of  the  weight  P  of  the  block,  Q*  is  proportional  to  P  and 
is  constant.  The  coefficient  of  static  friction  /o  is  also  independent 
of  the  magnitude  of  the  area  of  contact,  within  certain  limits.  This 
confirms  the  validity  of  the  second  and  third  laws  of  friction.  The 
validity  of  the  first  law  follows  from  the  fact  that  at  any  value  of  Q 
less  than  Q*  the  block  remains  at  rest.  Hence,  the  frictional  force  F, 
which  balances  force  Q,  can  actually  assume  any  value  from  zero 
(at  <?  =  0)  to  Fi  (at  Q  >  Q*). 

Attention  should  be  called  to  the  fact  that,  as  long  as  the  block 
remains  at  rest,  the  frictional  force  is  equal  to  the  applied  for.ce  Qy 
and  not  to  Fi  =  The  force  of  friction  becomes  equal  to  f^N 
only  when  slipping  is  impending.  / 

The  following  table  offers  an  idea  of  the  values  of  the  coefficient 
of  static  friction  for  various  materials: 

Wood  on  wood . 0.4  to  0.7 

Metal  on  metal . 0.15  to  0.25 

Steel  on  ice  . 0.027 

For  more  detailed  information  the  student  is  invited  to  consult 
engineering  handbooks. 

The  foregoing  refers  to  sliding  friction  ofj  rest.  When  motion 
occurs,  the  frictional  force  is  directed  opposite  to  the  motion  and 
equals  the  product  of  the  coefficient  of  kinetic,  or  sliding,  friction 
and  the  normal  pressure: 


F  =  fN. 


Friction 


109 


Ch.  7] 

The  coefficient  of  kinetic  friction  /  is  also  a  dimensionless  quan¬ 
tity  which  is  determined  experimentally.  The  value  of  /  depends  not 
only  on  the  material  and  conditions  of  the  contacting  surfaces  but 
also,  to  some  degree,  on  the  relative  velocity  of  the  bodies.  In  most 
cases  the  value  of  /  at  first  decreases  with  velocity  and  then  attains 
a  practically  constant  value. 

§  38.  Reactions  of  Rough  Constraints.  Angle  of  Friction 

Up  till  now,  in  solving  problems  of  statics,  we  neglected  friction 
and  regarded  the  surfaces  of  constraints  as  smooth  and  their  reactions 
as  normal  to  the  surface.  The  reactions  of  real  (rough)  constraints 
consist  of  two  components:  the  normal  reaction  JV  and  the  frictional 


Fig.  90  Fig.  91 


force  F  perpendicular  to  it.  Consequently,  the  total  reaction  B 
forms  an  angle  with  the  normal  to  the  surface.  As  the  friction  in¬ 
creases  from  zero  to  F i,  force  B  changes  from  JV  to  B^,  its  angle 
with  the  normal  increasing  from  zero  to  a  maximum  value  q)o  (Fig.  90). 
The  maximum  angle  (po  which  the  total  reaction  of  a  rough  support 
makes  with  the  normal  to  the  surface  is  called  the  angle  of  static 
friction,  or  angle  of  repose. 

From  the  diagram  we  have: 

tan<po  =  -j^. 

Since  Fi  =  foN,  we  have  the  following  relation  between  the  angle 
of  friction  and  the  coefficient  of  friction: 

tan  (po  =  /o.  (45) 

When  a  system  is  in  equilibrium  the  total  reaction  B  can  pass  any¬ 
where  within  the  angle  of  friction,  depending  on  the  applied  forces. 
When  motion  impends,  the  angle  between  the  reaction  and  the  nor¬ 
mal  is  q)o. 

If  to  a  body  lying  on  a  rough  surface  is  applied  a  force  P  making 
an  angle  a  with  the  normal  (Fig.  91),  the  body  will  move  only  if  the 
shearing  force  P  sin  a  is  greater  than  Fi  =  f^P  cos  a  (neglecting 
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the  weight  of  the  body  and  considering  N  =  P  cos  a).  But  the  ine¬ 
quality  P  sin  a  >  /oP  cos  a,  where  /o  =  tan  qpo,  is  satisfied  only  if 
tan  a  >  tan  (po,  i.e.,  if  a  >  <Po.  Consequently,  if  angle  a  is  less 
than  (po  the  body  will  remain  at  rest  no  matter  how  great  the  applied 
force.  This  explains  the  well-known  phenomena  of  wedging  and 
self-locking. 


§  39.  Equilibrium  With  Friction 

Examination  of  the  conditions  for  the  equilibrium  of  a  body  ta¬ 
king  friction  into  account  is  usually  limited  to  a  consideration  of 
the  conditions  when  motion  is  impending  and  the  frictional  force 
acquires  its  maximum  value  P/.  For  the  analytical  solution  of  pro¬ 
blems  the  reaction  of  a  rough  constraint  is  denoted  by  its  two  com¬ 
ponents  N  and  Fi,  where  P/  =fo^-  The  known  equations  of  static 
equilibrium  are  then  written,  substituting  fgN  for  Pj,  and  solved 
for  the  required  values. 

If  the  problem  requires  that  all  possible  positions  of  equilibrium 
be  determined,  it  is  sufficient  to  solve  only  for  the  position  of  impen¬ 
ding  motion.  Other  positions  of  equilibrium  can  then  be  found  by 
reducing  the  coefficient  of  friction  /o  in  the  obtained  solution  to 
zero  ""h 

It  is  important  to  note  that  in  positions  of  equilibrium  when  motion 
does  not  impend  the  force  of  friction  P  is  not  equal  to  Pj,  and 
its  magnitude,  if  it  is  required,  should  be  determined  from  the  con¬ 
ditions  of  equilibrium  as  a  new  unknown  quantity  (see  second  part 
of  Problem  32). 

In  graphical  solutions  it  is  more  convenient  to  denote  the  reaction 
of  a  rough  constraint  by  a  single  force  B,  which  in  the  position  of 
impending  motion  will  be  inclined  at  an  angle  (po  to  the  normal  to 
the  surface. 

Problem  32.  A  load  of  weight  P  =  10  kgf  rests  on  a  horizontal 
surface  (Fig.  92).  Determine  the  force  Q  that  should  be  applied  at 
an  angle  a  —  30°  to  the  horizontal  to  move  the  load  from  its  place, 
if  the  coefficient  of  static  friction  for  the  surfaces  of  contact  is  =■ 
=  0.6. 

Solution.  According  to  the  conditions  of  the  problem  we  have  to 
consider  the  position  of  impending  motion  of  the  load.  In  this  posi¬ 
tion  acting  on  it  are  forces  F,Q,N,  and  F i.  Writing  the  equilibrium 
equations  in  terms  of  the  projections  on  the  coordinate  axes,  we 
obtain; 

^  cos  a  —  P^  =  0,  iV  -Ir  ^  sin  a  —  P  =  0. 

*>  For,  when  motion  is  impending,  the  force  of  friction  F  =  Fi  =  ftN . 
In  other  positions  of  equilibrium  F  <  fnN\  hence  these  positions  can  be  found 
by  reducing  the  value  of  /o  in  the  equation  F  =  foN.  At  /o  —  0  equilibrium 
is  for  the  case  of  an  absolutely  smooth  constraint. 
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From  the  second  equation  N  =  P  —  ^  sin  a,  whence: 

=  /o^  =  fo(P  —  Q  sin  «)• 

Substituting  this  value  of  Fi  in  the  first  equation,  we  finally  obtain: 

foP  C  O  I._f 


If  a  smaller  force  is  applied  to  th^load,  say  Q'  =  4  kgf,  the 
shearing  force  will  equal  Q'  cos  30°  =  2Y 3  =  3.46  kgf.  The  maximum 
force  of  friction  which  can  develop  in  this  case  is  Fi  = 
=  fg  (P  —  Q'  sin  30°)  =  4.8  kgf,  and  the  load  will  remain  at  rest; 


Fig.  92 


the  friction  which  keeps  it  in  equilibrium  can  be  found  from  the 
equilibrium  equations  in  terms  of  the  x  projections,  and  will  be 
equal  to  the  shearing  force  (F'  =  Q'  cos  30°  =  3.46  kgf)  and  not 
to  Fi. 

Attention  is  drawn  to  the  fact  that  in  all  the  computations  Fi 
should  be  determined  from  the  formula  Fi  =  N  being  found 
from  the  conditions  of  equilibrium.  A  frequent  mistake  in  solving 
problems  of  this  type  is  made  in  assuming  Fi  =  f^P,  though  actually 
the  pressure  on  the  surface  is  not  equal  to  the  weight  of  the  load  P. 

Problem  33.  Determine  the  angle  a  to  the  horizontal  at  which 
the  load  on  the  inclined  plane  in  Fig.  93  remains  in  equilibrium  if 
the  coefficient  of  friction  is  f^. 

Solution.  The  problem  requires  that  all  possible  positions  for  the 
equilibrium  of  the  load  be  determined.  For  this,  let  us  first  establish 
the  position  of  impending  motion  at  which  a  =  a^.  In  that  position 
acting  on  the  load  are  its  weight  P,  the  normal  reaction  IV  and  the 
limiting  friction  Pi.  Constructing  a  closed  triangle  with  these  for¬ 
ces,  we  find  that  Fi  =  N  tan  a^.  But,  on  the  other  hand,  Fi  =  foN. 
Consequently, 

tan  a;  =  /o.  (a) 

In  this  equation  decreases  as  /(,  decreases.  We  conclude,  there¬ 
fore,  that  equilibrium  is  also  possible  at  «•<«;.  Finally,  all  the 
values  of  a  at  which  the  load  remains  in  equilibrium  are  determi- 
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ned  by  the  inequality 

tan  a  <  /o.  (b) 

If  there  is  no  friction  (/o  =  0),  equilibrium  is  possible  only  at 
a  =  0.  Consequently,  with  friction  equilibrium  is  possible  at  all 
values  of  the  angle  of  inclination  of  the  plane  between  zero  and  a|, 
whereas  without  friction  equilibrium  is  possible  at  only  one  value 
of  the  angle  a,  which  is  zero.  This  is  the  difference  between  equili¬ 
brium  with  friction  and  the  equilibrium  of  systems  with  absolutely 
smooth  (frictionless)  constraints. 

The  result  expressed  in  equation  (a)  can  be  used  for  the  determi¬ 
nation  of  the  coefficient  of  friction  by  experimentally  finding 
angle  aj. 

Note  also  that,  from  /o  =  tan  q)o,  where  qp#  is  the  angle  of  fric¬ 
tion,  it  follows  that  aj  =  q)©,  i.e.,  the  largest  angle  a  at  which  a 
load  resting  on  an  inclined  plane  remains  in  equilibrium  (the  angle 
of  repose)  is  equal  to  the  angle  of  friction. 


Problem  34.  A  bent  bar  whose  members  are  at  right  angles  is 
constrained  at  A  and  B  as  shown  in  Fig.  94.  The  vertical  distance 
between  A  and  B  is  h.  Neglecting  the  weight  of  the  bar,  determine 
the  thickness  d  at  which  the  bar  with  a  load  lying  on  its  horizontal 
member  will  remain  in  equilibrium  regardless  of  the  location  of  the 
load.  The  coefficient  of  static  friction  of  the  bar  on  the  constraints 
is  /o. 

Solution.  Let  us  denote  the  weight  of  the  load  hy  P  and  its  distan¬ 
ce  from  the  vertical  member  of  the  bar  by  1.  Now  consider  the  posi¬ 
tion  of  impending  slip  of  the  har,  when  d  =  di.  In  this  position 
acting  on  it  are  the  forces  P,  If,  F,  N' ,  and  F',  where  F  and  F' 
are  the  forces  of  limiting  friction.  Writing  the  equilibrium  equa¬ 
tions  (33)  and  taking  the  moments  about  A ,  we  obtain; 

AT  _  A'  =  0,  F  +  F'  —  P  =  0,  Nh  —  Fdi  -  PI  =  0, 
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where  F  =  fo^  and  F'  =  .  From  the  first  two  equations  we 

find; 

N  =  N',  P  =  2/oA. 


Substituting  these  values  in  the  third  equation  and  eliminating  N, 
we  have: 

h  —  fodi  —  2fol  =  0, 


whence 


h 


Fig.  95 


If  in  this  equation  we  reduce  /o  to  zero,  the  right-hand  side  will 
tend  to  infinity.  Hence,  equilibrium  is  possible  at  any  value  of 
d  >  di.  The  maximum  value  of  di  is  at  1  =  0. 

Thus,  the  bar  will  remain  in  equilibrium  wherev¬ 
er  the  load  is  placed  (at  1^0)  if  the  inequality 

is  satisfied.  The  less  the  friction,  the  greater 
must  d  be.  If  there  is  no  friction  (/o  =  0),  equi¬ 
librium  is  obviously  impossible,  as  d  =  oo. 

Here  now  is  a  graphical  solution  of  thf  prob¬ 
lem.  Instead  of  the  normal  reactions  and  the 
frictional  forces  we  denote  at  points  A  and  ]B 
the  total  reactions  and  Bjg  whose  angles  with 
the  normals  in  the  condition  of  impending  slip 
will  be  equal  to  the  angle  of  friction  qpo  (Fig-  946).  Thus,  acting 
on  the  bar  are  three  forces  B^,  Bb,  and  P.  For  equilibrium  they 
must  all  intersect  at  K,  where  forces  B^  and  Bg  intersect.  We 
obtain  the  equation  h  —  (l-}r  di)  tan  (po  +  ^  <Pot  orh  —  {21  -f  di)  /o, 
as  tan  q)o  =  /o-  Thus  we  obtain  the  same  result  for  di  as  in  the 
analytical  solution. 

The  problem  offers  an  example  of  a  self-locking  device  which  is 
often  used  in  practice. 

Problem  35.  Neglecting  the  weight  of  the  ladder  AB  in  Fig.  95, 
determine  the  values  of  angle  a  at  which  a  man  can  climb  to  the 
top  of  the  ladder  at  B  if  the  angle  of  friction  for  the  contacts  at  the 
floor  and  the  wall  is  (po. 

Solution.  Let  us  examine  the  position  of  impending  slip  of  the 
ladder  by  the  graphical  method.  For  impending  motion  the  forces 
acting  on  the  ladder  are  the  reactions  of  the  floor  and  wall  B^  and 
Bb  which  are  inclined  at  the  angle  of  friction  (po  to  the  normals  to 
the  surfaces.  The  action  lines  of  the  reactions  intersect  at  K. 
Thus,  for  the  system  to  be  in  equilibrium  the  third  force  P  (the 
weight  of  the  man)  acting  on  the  ladder  must  also  pass  through  K. 
Hence,  in  the  position  shown  in  the  diagram  the  man  cannot  climb 
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higher  than  D.  For  him  to  reach  B  the  action  lines  of  and  Bg 
must  intersect  somewhere  along  BO,  which  is  possible  only  if  force 
Ba  is  directed  along  AB,  i.e.,  when  a  ^  (p,. 

Thus  a  man  can  climb  to  the  top  of  a  ladder  only  if  its  angle  with 
the  wall  does  not  exceed  the  angle  of  friction  with  the  floor.  The 
friction  on  the  wall  is  irrelevant,  i.e.,  the  wall  may  be  smooth. 


§  40*.  Belt  Friction 

A  force  P  is  applied  at  the  end  of  a  string  passing  over  a  cylindri¬ 
cal  shaft  (Fig.  96).  Let  us  determine  the  least  force  Q  that  must  be 

applied  at  the  other  end  of  the  string 
to  maintain  equilibrium  at  a  given 
angle  AOB  =  a. 

Consider  the  equilibrium  of  an  ele¬ 
ment  DE  of  the  string  of  length  dl  = 
—  R  dO,  where  R  is  the  radius  of  the 
shaft.  The  difference  dT  between  the 
tensions  in  the  string  at  D  and  E  is 
balanced  by  the  frictional  force  dF  = 
=  /o  dN  (c&T  is  the  normal  reaction), 
since  at  the  lowest  value  of  Q  motion 
is  impending.  Consequently, 

•Fig.  96  dT=fodN. 

The  value  of  dN  is  determined  from  the  equilibrium  equation 
derived  for  the  force  components  parallel  to  axis  Oy.  The  sine  of  a 
very  small  angle  approximately  equals  the  angle  itself,  and,  negle¬ 
cting  small  quantities  of  higher  order,  we  have; 

dN  =  Tsin^  +  iT  +  dT)  sm-^  =  2T ■^=TdQ. 

Substituting  this  value  of  dN  in  the  preceding  equation  we  obtain: 

dT  =  foT  dQ. 

Dividing  both  members  of  the  equation  by  T  and  integrating  the 
right-hand  member  in  the  interval  from  0  to  a  and  the  left-hand  mem¬ 
ber  from  ^  to  P  (as  the  tension  in  the  string  is  Q  at  the  point  where 
0=0  and  P  at  the  point  where  0  =  a),  we  obtain; 

j  -^  =  /o  j  dQ  or  ln-|-  =  /oa, 

Q  0 

from  which  it  follows  that  P/Q  =  or 

(>=Pe-tocc. 


(46) 
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We  see  that  the  required  force  Q  depends  only  on  the  coefficient 
of  friction  /o  and  the  angle  a;  it  does  not  depend  on  the  radius  of 
the  shaft.  If  there  is  no  friction  (/o  =  0),  we  have,  as  could  be  expec¬ 
ted,  Q  =  P.Oi  great  practical  importance 
is  the  fact  that  by  increasing  angle  a 
(wrapping  the  string  around  the  shaft) 
it  is  possible  substantially  to  reduce  the 
force  Q  required  to  balance  force  P. 

Table  1  shows,  for  example,  that  a  ten¬ 
sion  of  one  ton  can  be  supported  by  only 
2  kgf  by  wrapping  a  hemp  rope  twice 
about  a  wooden  post. 

Eq.  (46)  also  gives  the  relation  between 
the  tensions  in  the  driving  part  (P)  and 
the  driven  part  {Q)  of  a  belt  uniformly 
rotating  a  pulley  without  slippage.  Assu¬ 
ming,  for  instance,  a  =  Ji  and,  for  a  leather  belt  on  a  cast-iron 
pulley,  /o  =  0.3  the  ratio  of  the  tensions  QIP  =  «  0.4. 


Table  1 


Values  for  Q/P  at  /o  =  0.5 
(Hemp  Rope  on  Wood) 


Number  of  turns 

a 

Q/P  =  e-ioa 

1 

2 

n 

0.208 

1 

2ji 

0.043 

i 

3n 

0.009 

2 

471 

0.002 

Problem  36.  A  force  F  is  applied  to  the  lever  DE  of  the  band- 
brake  in  Fig.  97.  Determine  the  braking  torque  Afj.  exerted  on  the 
drum  of  radius  R,  if  CD  —  2CE  and  the  coefficient  of  friction  of  the 
band  on  the  drum  is  /(,  =  0.6. 

Solution.  Acting  on  the  drum  and  band  AB  wrapped  around  it  is 
a  force  P  (evidently  P  =  2F)  applied  at  A  and  a  force  Q  applied  at 
B  which  is  determined  by  Eq.  (46).  We  also  have  /o  =  0.5  and  a  = 

=  3T  =  3.93  radians.  Hence, 

Q=2Fe  8"«0.28F. 
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The  required  torque  is 

Mr  =  {P  -Q)  R  =  i.l2FR  kgf-m. 

The  less  the  value  of  i.e.,  the  greater  the  coefficient  of  friction 
/o  and  the  angle  a,  the  greater  the  torque. 

§  41"'.  Rolling  Friction  and  Pivot  Friction 

Rolling  friction  is  defined  as  the  resistance  ofiered  by  a  surface  to 
a  body  rolling  on  it. 

Consider  a  roller  of  radius  R  and  weight  P  resting  on  a  rough  hori¬ 
zontal  surface  (Fig.  98a).  If  we  apply  to  the  axle  of  the  roller  a  force 


Fig.  98 


Q  <.  F i,  there  will  be  developed  at  .4  a  frictional  force  F,  equal  in 
magnitude  to  Q,  which  prevents  the  roller  from  slipping  on  the  sur¬ 
face.  If  the  normal  reaction  N  is  also  assumed  to  be  applied  at  .4,  it 
will  balance  force  P,  with  forces  Q  and  F  making  a  couple  which 
turns  the  roller.  If  these  assumptions  were  correct,  we  could  expect 
the  roller  to  move,  howsoever  small  the  force  Q. 

Experience  tells  us  however,  that  this  is  not  the  case;  for,  due  to 
deformation,  the  bodies  contact  over  a  certain  surface  AB  (Fig.  98&). 
When  force  Q  acts,  the  pressure  at  A  decreases  and  at  B  increases. 
As  a  result,  the  reaction  N  is  shifted  in  the  direction  of  the  action  of 
force  Q.  As  Q  increases,  this  displacement  grows  till  it  reaches  a 
certain  limit  k.  Thus,  in  the  position  of  impending  motion,  acting 
on  the  roller  will  be  a  couple  {Q  i,  F)  with  a  moment  QiR  balan¬ 
ced  by  a  couple  (2V,  P)  of  moment  Nk.  As  the  moments  are  equal, 
we  have  QiR  =  JVk,  or 

As  long  as  Q  dQi  the  roller  remains  at  rest;  when  Q>  Qi  it 
starts  to  roll. 

The  linear  quantity  k  in  Eq.  (47)  is  called  the  coefficient  of  rolling 
friction,  or  resistance,  and  is  generally  measured  in  centimetres.  The 
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value  of  k  depends  on  the  material  of  the  bodies  and  is  determined 
experimentally.  The  following  list  offers  an  idea  of  some  typical 
values  of  k: 


Wood  on  wood .  0.05  to  0.08  cm 

Mild  steel  on  steel  (wheel  on  rail) .  0.005  cm 

Hardened  steel  on  steel  (ball  bearing)  .  .  .  0.001  cm 


The  ratio  kIR  for  most  materials  is  much  less  than  the  coefficient 
of  static  friction  /o.  That  is  why  in  mechanisms  rolling  parts  (wheels, 
rollers,  ball  bearings,  etc.)  are  preferred  to  sliding  parts. 

Problem  37.  Determine  the  values  of  the  angle  a  at  which  a  cylin¬ 
der  of  radius  R  will  remain  at  rest  on  an  inclined  plane  if  the  coef¬ 
ficient  of  rolling  friction  is  k  (Fig.  99). 

Solution.  Consider  the  position  of  impending 
motion,  when  a  =  aj.  Resolving  force  P  into 
components  Pj  and  Pg  (see  Fig.  99),  we  find 
that  the  moving  force  Qi  —  =  P  sin 

and  the  normal  reaction  N  =  P^  —  P  cos  aj. 

From  Eq.  (47)  we  have; 

k 

P  sin  a,  =  P  cos  a,, 

or 

tan  Oj  =  -^ . 

If  k  tends  to  zero  the  value  of  also  tends  to  zero.  We  conclude 
from  this  that  equilibrium  is  maintained  at  any  angle  aCai- 
This  result  may  be  used  for  determining  coefficient  k  by  experimen¬ 
tally  finding  angle  ai. 

Concept  of  Pivot  Friction.  Consider  a  sphere  at  rest  on  a  hori¬ 
zontal  plane.  If  a  horizontal  couple  with  a  moment  M  is  applied  to 
the  sphere  it  will  tend  to  rotate  the  sphere  about  its  vertical  axis. 
We  know  from  experience  that  the  sphere  will  start  turning  only 
when  M  exceeds  some  specific  value  Mi  which  is  determined  by  the 
equation 

Ml  =  IN,  (48) 

where  N  is  the  normal  pressure  of  the  sphere  on  the  surface — in  this 
case  equal  to  the  sphere’s  weight.  This  result  is  explained  by  the 
development  of  so-called  pivot’friction,  i.e.,  resistance  to  rotation 
due  to  the  friction  of  the  sphere  on  the  surface.  This  is  the  type  of 
friction  developed  in  step  bearings  (pivots).  The  factor  X  in  Eq.  (48) 
is  a  linear  quantity  called  the  coefficient  of  pivot  friction.  The  value 
of  X  is  very  small  (one-fifth  to  one-tenth  of  the  coefficient  of  rolling 
friction  k). 


Chapter  8 
Couples  and  Forces 
in  Space*^ 


§  42.  Moment  of  a  Force  About  a  Point  as  a  Vector 

Before  proceeding  with  the  solution  of  problems  of  statics  for 
force  systems  in  space,  we  should  elaborate  some  of  the  concepts 
introduced  in  the  preceding  chapters.  Let  us  begin  with  the  concept 
of  moment  of  a  force. 

1.  Vector  Expression  of  a  Moment.  The  moment  of  a  force  F  about 
a  centre  0  (see  Fig.  100),  as  a  measure  of  the  tendency  of  that  force 
to  turn  a  body,  is  characterised  by  the  following  three  elements; 
(1)  magnitude  of  the  moment,  which  is  equal  to  the  product  of  the 
force  and  the  moment  arm,  i.e.,  Fh;  (2)  the  plane  of  rotation  OAB 

through  the  line  of  action  of  the  force 
F  and  the  centre  O;  and  (3)  the  sense 
of  the  rotation  in  that  plane.  When 
all  the  given  forces  and  the  centre  0 
are  coplanar  there  is  no  need  to  specify 
the  plane  of  rotation  OAB,  and  the 
moment  can  be  defined  as  a  scalar 
algebraic  quantity  equal  to  ±Fh, 
where  the  sign  indicates  the  sense  of 
rotation  (see  §  14). 

If,  however,  the  given  forces  are  not 
coplanar,  the' planes  of  rotation  have 
Fig.  100  different  aspects  for  different  forces 

and  have  to  be  specified  additionally. 
The  position  of  a  plane  in  space  (its  aspect)  can  be  specified  by 
specifying  a  line  (vector)  normal  to  it.  If,  furthermore,  the  modulus 
of  this  vector  is  taken  as  representing  the  magnitude  of  the  force 
moment,  and  the  direction  of  the  vector  is  made  to  denote  the 

•>  The  student  who  is  interested  only  in  the  methods  of  solving  problems 
involving  the  equilibrium  of  bodies  subjected  to  non-coplanar  force  systems 
may  leave  out  45-48,  which  deal  with  the  reduction  of  couples  and  forces 
in  space. 
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sense  of  rotation,  such  a  vector  completely  specifies  the  three  ele¬ 
ments  which  characterise  the  moment  of  a  force  with  respect  to  a 
given  centre  O. 

Thus,  in  the  general  case  we  shall  denote  the  moment  Mo  (F)  of 
a  force  F  about  a  point  O  (Fig.  100)  by  a  vector  Mq  applied  at  O,  equal 
in  magnitude  (to  some  scale)  to  the  product  of  the  force  F  and  the  mo¬ 
ment  arm  h,  and  normal  to  the  plane  OAB  through  O  and  F.  We  shall 
direct  vector  Mo  so  that  the  rotation  viewed  from  the  arrowhead  is  obser¬ 
ved  as  counterclockwise.  Vector  Mo  will  thus  specify  the  magnitude 
of  the  moment,  the  plane  of  rotation  OAB,  which  may  be  different 
for  different  forces,  and  the  sense  of  rotation  in  that  plane.  The  point 
at  which  vector  Mq  is  applied  defines  the  position  of  the  moment 
centre. 

2*.  Expression  of  Moment  of  a  Force  in  Terms  of  a  Vector 
(Cross)  Product.  Consider  the  cross  product  of  vectors  OA  and  F 
(Fig.  100).  From  the  definition**, 

I  OA  X  JF  I  =  2  areas  of  A  OAB  —  Mo, 

as  vector  Mo  is  equal  in  magnitude  to  twice  the  area  of  triangle 
OAB.  Vector  (OA  X  F)  is  perpendicular  to  plane  OAB  in  the  direc¬ 
tion  from  which  a  counterclockwise  rotation  would  be  seen  to  carry 
OA  into  F  through  the  smaller  angle  between  them  (when  the  two 
forces  are  laid  off  from  the  same  point),  i.e.,  it  is  in  the  same  direc¬ 
tion  as  vector  Mo-  Hence,  vectors  (OA  X  F)  and  Mo  are  equal  in 
magnitude  and  direction  and,  as  can  be  readily  verified,  in  dimen¬ 
sion  also,  i.e.,  they  both  denote  the  same  quantity.  Therefore, 

J/o  =  ^  X  JF  or  Mo=r  XF,  (49) 

where  vector  r  =  OA  is  the  radius  vector  from  0  to  A. 

Thus,  the  moment  of  a  force  F  about  a  centre  O  is  equal  to  the  cross 
product  of  the  radius  vector  r  ='OA,  from  O  to  the  point  of  application 
A  of  the  force,  and  the  force  itself.  This  expression  of  moment  of  a 
force  will  be  found  convenient  in  proving  some  theorems. 

Equation  (49)  can  also  be  used  to  compute  the  moment  M  o  analy¬ 
tically.  Suppose  coordinate  axes  Oxyz  are  drawn  through  origin  O 
(see  Fig.  100)  and  the  projections  F*,  Fy,  F^  of  force  F  on  the  axes 
and  the  x,  y,  z  coordinates  of  its  point  of  application  A  are  known. 
Then,  as  Vx  —  x,  Vy  =  y,  and  =  z,  from  the  known  formula  in 


*>  The  cross  product  a  X  6  of  vectors  a  and  6  is  itself  a  vector  c  equal 
in  magnitude  to  the  area  of  a  parallelogram  constructed  with  vectors  a  and  ft 
as  its  sides.  Vector  c  is  perpendicular  to  the  plane  through  the  two  vectors  in 
the  direction  from  which  a  counterclockwise  rotation  would  be  seen  to  carry  a 
into  6  through  the  smaller  of  the  angles  between  them. 
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vector  algebra, 


i  J  k 


Mo  =  r  X  F  = 


X  y  z 

Fx  Fy  F, 


(49') 


where  i,  J  and  k  are  the  unit  vectors  on  the  coordinate  axes.  If  the 
determinant  in  the  right-hand  part  of  the  equation  is  expanded 
according  to  the  first  row,  the  factors  of  i,  j  and  k  will  be  equal  to 
the  projections  Af*,  My,  of  vector  Mq  on  the  coordinate  axes  (as 
M  o  —  Mxl  +  Myj  -fr  Mzk).  Consequently, 

Mx  =  yPz  —  zFy,  My  =  zF^  —  xF^,  M^  =  xFy  —  yFx.  (50) 

Eqs.  (50)  make  it  possible,  after  analytically  calculating  the  pro¬ 
jections  Mx,  My,  M2,  to  determine  the  vector  Mq  from  them  and, 
in  particular,  its  magnitude. 

Example.  Let  F  be  a  force  applied  at  a  point  with  coordinates 
X  —  0.3  m,  y  =  —0.6  m,  z  —  0.2  m,  and  let  the  projections  of  F 
on  the  coordinate  axes  be  Fx  —  — 20  kgf,  Fy  =  10  kgf,  F 2  =  0. 
Determine  the  moment  of  the  force  about  the  origin  O.  From  Eqs. 
(50)  we  have: 

Mx  =  —0.2-10  =  —2,  My  =  -0.2-20  =  —4, 

M2  =  0.3-10  —  0.6-20  =  —9. 

Hence, 

Mo  =  V MJ-f  iV/*  +  M,^  =  l/T0l  »  10  kgf-m. 


§  43.  Moment  of  a  Force  With  Respect  to  an  Axis 

Before  proceeding  with  the  solution  of  problems  of  statics  for  any 
force  system  in  space  we  must  introduce  the  concept  of  moment 

of  a  force  about  an  axis. 

The  moment  of  a  force  about 
an  axis  is  the  measure  of  the  ten¬ 
dency  of  the  force  to  produce 
rotation  about  that  axis.  Consi¬ 
der  a  rigid  body  free  to  rotate 
about  an  axis  z  (Fig.  101).  Let 
a  force  F  applied  at  A  be  acting 
on  the  body.  Let  us  now  pa.ss 
a  plane  xy  through  point  A  nor¬ 
mal  to  the  axis  z  and  let  ns 
resolve  the  force into  rectangu¬ 
lar  components  F2  parallel  to 
the  z-axis  and  Fxy  in  the  plane  xy  (F*,,  is  in  fact  the  projection  of 
force  F  on  the  plane  xy).  Obviously,  force  Fz,  being  parallel  to 
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axis  z,  cannot  turn  the  body  about  that  axis  (it  only  tends  to  trans¬ 
late  the  body  along  it).  Thus  we  find  that  the  total  tendency  of 
force  F  to  rotate  the  body  is  the  same  as  that  of  its  component 
Fxy  conclude,  then,  that 

(F)  =  {Fxy),  (50) 

where  (F)  denotes  the  moment  of  force  F  with  respect  to  axis  z. 
But  the  rotational  effect  of  force  F^y,  which  lies  in  a  plane  perpendi¬ 
cular  to  axis  z,  is  the  product  of  the  magnitude  of  this  force  and  its 
distance  h  from  the  axis.  The  moment  of  force  F^y  with  respect  to 
point  O,  where  the  axis  pierces  the  plane 
xy,  is  the  same.  Hence,  (Fxy)  = 

=  mo  (Fxy)  or,  by  Eq.  (50)*), 

niz  (F)  =  nio  (Fxy)  =  ±Fxyh.  (51) 

From  this  we  deduce  the  following  de¬ 
finition;  The  moment  of  a  force  about  an  axis  Fig.  102 

is  an  algebraic  quantity  equal  to  the  moment 

of  the  projection  of  that  force  on  a  plane  normal  to  the  axis  with  res¬ 
pect  to  the  point  of  intersection  of  the  axis  and  the  plane. 

We  shall  call  a  moment  positive  if  the  rotation  induced  by  a  force 
F xy  is  seen  as  counterclockwise  when  viewed  from  the  positive  end 
of  the  axis,  and  negative  if  it  is  seen  as  clockwise. 

It  is  evident  from  Fig.  101  that  in  computing  a  moment  according 
to  Eq.  (51)  plane  xy  may  pass  through  any  point  on  axis  z.  Thus,  in 
order  to  determine  the  moment  of  a  force  about  axis  z  in  Fig.  102 
we  have  to:  (1)  pass  an  arbitrary  plane  xy  normal  to  the  axis;  (2) 
project  force  F  on  the  plane  and  compute  the  magnitude  of  Fxy', 
(3)  erect  a  perpendicular  from  point  O,  where  the  plane  and  axis 
intersect,  to  the  action  line  of  Fxy  and  determine  its  length  h;  (4) 
compute  the  product  Fxyh;  (5)  determine  the  sense  of  the  moment. 

In  determining  moments  the  following  special  cases  should  be 
borne  in  mind; 

(1)  If  a  force  is  parallel  to  an  axis,  its  moment  about  that  axis  is 
zero  (since  Fxy  =  0). 

(2)  If  the  line  of  action  of  a  force  intersects  with  the  axis,  its 
moment  with  respect  to  that  axis  is  zero  (since  h  =  0). 

Combining  the  two  cases,  we  conclude  that  the  moment  of  a  force 
with  respect  to  an  axis  is  zero  if  the  force  and  the  axis  are  coplanar. 

(3)  If  a  force  is  perpendicular  to  an  axis,  its  moment  about  that 
axis  is  equal  to  the  product  of  the  force  magnitude  and  the  perpen¬ 
dicular  distance  from  the  force  to  the  axis. 

*>  The  symbol  niQ  (F),  which  we  used  for  coplanar  force  systems  and  which 
we  shall  continue  to  use,  denotes  the  (algebraic)  magnitude  of  the  moment. 
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Problem  38.  Determine  the  moments  with  respect  to  the  coordi¬ 
nate  axes  of  forces  P  and  Q  acting  on  a  horizontal  plate  as  shown 
in  Fig.  103. 

Solution.  (1)  Force  P  is  parallel  to  axis  z  perpendicular  to  the  x 
and  y  axes,  and  passes  at  a  distance  of  b/2  and  a/2  from  them  respe¬ 
ctively.  Hence,  taking  into  account  the  signs, 

m*(P)=-p|-,  my{P)  =  P-^,  m,(P)  =  0. 

(2)  To  determine  mx{Q),  project  force  Q  on  the  plane  yz.  We  obtain; 

Qyz  =  Q  sina. 

The  moment  arm  of  force  Qy^  with  respect  to  O  is  6  and  the  rota¬ 
tion  induced  by  it,  when  observed  from  the  end  of  axis  x,  is  counter¬ 
clockwise.  Consequently, 

(Q)  —  bQ  sin  a. 

Now  let  us  determine  niy  (Q).  Force  Q  lies  in  plane  ABD,  which  is 
normal  to  axis  y  and  intersects  it  at  B.  Consequently,  Qxi  =  Q- 


Erecting  a  perpendicular  from  B  to  the  line  of  action  of  Q  (see  supple¬ 
mentary  diagram  in  Fig.  103),  we  find  that  it  is  of  length  h  =  a  sin  a. 
Finally,  taking  into  account  the  sense  of  rotation,  we  obtain 

iQ)  —  —Qa  sin  a. 

To  determine  {Q)  we  project  force  Q  on  the  plane  xy  and  find 
that  Qxy  =  Q  cos  a  and  that  the  moment  arm  of  Qxy  with  respect 
to  0  is  b.  Hence,  taking  into  account  the  sign, 

(0)  =  cos  a. 

Analytical  Expression  of  the  Moment  of  a  Force  About  the  Coor¬ 
dinate  Axes.  Consider  a  rectangular  coordinate  system  with  an  arbi- 


Ch.  S] 


Couples  and  Forces,  in  Space 


128 


trary  origin  O  (Fig.  104)  and  a  force  F  applied  at  a  point  A  whose 
coordinates  are  x,  y,  z.  Let  us  compute  analytically  the  moment  of 
force  F  with  respect  to  axis  z.  For  this  we  project  force  F  on  the  plane 
xy  and  resolve  the  projection  F xy 
into  rectangular  components  Fx  and 
Fy.  These  components  are,  obviously, 
equal  in  magnitude  to  the  projections 
of  the  force  F  on  the  x  and  y  axes.  But, 
from  the  definition, 

mz  (F)  =  Too  (Fxy)  =  mo  (F*)  + 

+  mo{Fy), 

Fig.  104 

which  also  follows  from  Varignon’s 

theorem.  Also,  from  the  diagram,  mo  (F*)  ——yFx  and  mo  (Fy)  = 


=  xFy.  Hence, 


m 


;  (F)  =  xFg  —  yFx. 


We  obtain  the  moments  about  the  other  two  axes  in  the  same  way, 
and  finally, 

mx(F)  =  yFz  —  zFy,  1 

my  (F)  =  zFx  —  xFz,  >  (52) 

mz{F)  =  xFy  —  yFx.  J 


Eqs.  (52)  give  the  analytical  expression  of  the  moments  of  a  force 
about  the  axes  of  a  Cartesian  coordinate  system.  Using  these  equ¬ 
ations,  we  can  determine  the  moments  if  we  know  the  projections  of 
a  force  on  the  coordinate  axes  and  the  coordinates  of  its  point  of 
application. 

Problem  39.  Compute  analytically  the  moments  of  force  Q  in 
Fig.  103  with  respect  to  the  coordinate  axes. 

Solution.  Force  Q  is  applied  at  a  point  A  whose  coordinates  are 
X  =  a,  y  =  b,  z  —  0.  Its  projections  on  the  coordinate  axes  are 

Qx  =  —Q  cos  a,  Qy  =  Qz  =  Q  sin  a. 

Substituting  these  expressions  in  Eqs.  (52),  we  have: 

(Q)  =  bQ  sin  a,  my  {Q)  =  — aQ  sin  a,  (Q)  =  bQ  cos  a. 


§  44.  Relation  Between  the  Moments  of  a  Force 
About  a  Point  and  an  Axis 

Consider  a  force  F  acting  on  a  body  at  a  point  A  (Fig.  105).  Let 
us  draw  an  axis  z  and  take  an  arbitrary  point  0  on  it.  The  moment 
of  F  about  O  is  denoted  by  a  vector  Moi  normal  to  plane  OAB,  of 
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magnitude 

Mo  =  Fh  —  2  areas  A  OAB. 

Drawing  now  a  plane  xy  through  a  point  Oi  normal  to  axis  z;  pro¬ 
jecting  force  F  on  it,  we  find  from  Eq.  (51)  that 

TOz  (F)=moi  {Fxy)  =  2  areas  a  OlA^B^. 

But  triangle  O^AiBj^  is  the  projection  of  triangle  OAB  on  the  plane 
xy.  The  angle  between  the  planes  of  the  two  triangles  is  equal  to  the 
angle  between  the  normals  to  the  two  planes,  i.e.,  7.  Then,  from  the 

well-known  geometrical  formula,  area 
A  OiAiBi  ==  area  A  OAB  cos  y. 

Doubling  both  sides  of  the  equation 
and  observing  that  twice  the  areas  of 
triangles  O^AiBi  and  OAB  are  respecti¬ 
vely  equal  to  (F)  and  Mq,  we  obtain 
finally: 

(F)  =  Mq  cos  7.  (53) 

As  the  product  Af  o  cos  7  gives  the 
projection  of  vector  Mq  =  Mq  (F)  on 
also  be  written  in  the  form: 

TOj  (F)  =  A/j  or  TKj  (F)  =  [mo  (^^)l2-  (54) 

Changing  the  position  of  O  on  the  z-axis  will,  as  is  apparent  from 
Fig.  105,  affect  the  magnitude  and  direction  of  vector  Mo  (because 
triangle  OAB  changes);  however,  the  projection  of  Af  o  on  the  z-axis, 
measured  by  the  area  of  triangle  O-i^A^B^,  remains  the  same. 

We  have  thus  proved  the  following  relation  between  the  moment  of 
a  force  about  an  axis  and  its  moment  about  a  point  on  that  axis: 
The  moment  of  a  force  F  with  respect  to  an  axis  is  equal  to  the  projection 
on  that  axis  of  the  vector  denoting  the  moment  of  that  force  with  respect 
to  any  point  on  the  given  axis. 

It  follows  that  the  equations  (50)  in  |  42  at  the  same  time  yield 
the  analytical  expressions  of  the  force  moments  about  the  coordinate 
axes,  i.e.,  Eqs.  (52),  as  by  this  theorem  to*  (F)  ==  Af*,  etc. 


axis  z,  Eq.  (53)  may 


§  45.  Vector  Expression  of  the  Moment  of  a  Couple 

The  action  of  a  couple  on  a  body  is  characterised  by:  (1)  the  mag¬ 
nitude  of  the  moment  of  the  couple,  (2)  the  aspect  of  the  plane  of 
action,  and  (3)  the  sense  of  rotation  in  that  plane.  In  conside¬ 
ring  couples  in  space  all  three  characteristics  must  be  specified  in 
order  to  define  any  couple.  This  can  be  done  if,  by  analogy  with  the 
moment  of  a  force,  the  moment  of  a  couple  is  denoted  by  a  vector  m  or 
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jhl  whose  modulus  (to  some  scale)  is  equal  to  the  magnitude  of  the  mo¬ 
ment  of  that  couple,  i.e.,  the  product  of  one  of  its  forces  and  the  moment 
arm.  The  vector  is  normal  to  the  plane  of  action  of  the  couple  in  the 
direction  from  which  the  rotation  induced  by  the  couple  would  he  obser¬ 
ved  as  counterclockwise  (Fig. 

106). 

Since  a  couple  may  be 
located  anywhere  in  its 
plane  of  action  or  in  a  pa¬ 
rallel  plane  (see  §  19),  it 
follows  that  vector  m  can 
be  attached  to  any  point  of 
the  body  (such  a  vector  is 
known  as  a  free  vector). 

It  is  evident  that  vector  m  does,  in  fact,  define  the  given  couple 
as,  if  we  know  m,  by  passing  an  arbitrary  plane  normal  to  »} ,  we 
obtain  the  plane  of  action  of  the  couple;  hy  measuring  the  length  of 
m  we  obtain  the  magnitude  of  the  couple  moment;  and  the  direction 
of  m  shows  the  sense  of  rotation  of  the  couple. 

In  magnitude  the  moment  of  a  couple  is  equal  to  the  moment  of 
one  of  its  forces  with  respect  to  the  point  of  application  of  the  other 
force  (see  §  18),  i.e.,  m  =  m^  (F);  the  two  vectors  have  the  same 
direction  (compare  Figs.  106  and  100).  Consequently, 

m  =  ntg  (F)  =  mA  (F')- 


Fig.  106 


§  46’^  Composition  of  Couples  in  Space. 
Conditions  of  Equilibrium  of  Couples 

Couples  in  space  are  compounded  according  to  the  following  theo¬ 
rem;  Any  system  of  couples  acting  on  a  rigid  body  is  equivalent  to  a 
single  couple  with  a  moment  equal  to  the  geometrical  sum  of  the  moments 
of  the  component  couples. 

Let  us  first  prove  the  theorem  for  two  couples  with  moments  Wi 
and  acting  on  a  body  in  planes  (/)  and  (//)  (Fig.  107).  Take  on 
the  line  of  intersection  of  the  two  planes  a  segment  AB  =  d.  By 
virtue  of  the  properties  of  couples  proved  in  §  19,  we  can  represent 
the  couple  with  a  moment  in  terms  of  forces  Fj  and  Fj,  and  the 
couple  with  a  moment  in  terms  of  forces  Fg  and  Fj,  applied  at 
points  A  and  B  respectively.  Evidently,  F^d  —  mi  and  F^d  =  mj. 

By  compounding  the  forces  applied  at  points  A  and  B  we  ascertain 
that  couples  (F^,  F,)  and  (Fj,  Fj)  are  really  replaced  by  (R,  Ri). 
Let  us  determine  the  moment  M  of  this  couple.  As  R  =  Fi  +  F^, 
and  the  moment  of  a  couple  is  equal  to  the  moment  of  one  of  its 
forces  with  respect  to  the  point  of  application  of  the  other  force,  we 
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obtain  from  Eq.  (49): 

M  =72?  X  B=TB  X  (Fi  +  Fe)  =  (AB  XFi)  +  (AB  X  /«%). 

But  AB  X  Fi  =  mi  and  AB  x  =  Wa-  Hence, 

M  —m  1  +  Wa,  (55) 

i.e.,  vector  M  is  represented  by  the  diagonal  of  a  parallelogram  with 
vectors  mi  and  jWa  as  its  sides,  which  proves  the  theorem  for  two 
couples. 

If  there  are  n  couples  with  moments  /Mj,  m^,  .  .  .,  acting  on  a 
body,  we  can  apply  Eq.  (55)  successively  with  the  result  that  we 


shall  have  replaced  a  system  of  couples  by  a  single  couple  with  a 
moment 

M  =Wi4-»W2+  ...  +  m„  =  (56) 

Vector  Jtf  can  be  determined  as  the  closing  side  of  a  polygon  con¬ 
structed  with  the  component  vectors  as  its  sides. 

If  the  component  vectors  are  non-coplanar,  the  problem  is  best 
solved  by  the  analytical  method.  For  this  draw  a  coordinate  system. 
From  the  theorem  of  the  projection  of  a  vector  sum  on  an  axis,  and 
from  Eq.  (56),  we  have: 

A/jf  =  2  wtfcjc,  =  2  —  (57) 

With  these  projections  we  can  construct  vector  M.  Its  magnitude 
is  given  by  the  expression 

M  =  yM%  +  Ml+Ml 

The  above  results  readily  give  the  conditions  for  the  equilibrium  of 
a  system  of  couples  acting  on  a  rigid  body.  Any  system  of  couples  can 
be  reduced  to  a  single  couple  with  a  moment  determined  by  Eq.  (56), 
but  for  equilibrium  we  must  have  M  =  0,  or 

Swift  =  0, 
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i.e.,  the  polygon  constructed  with  the  moment  vectors  of  the  com¬ 
ponent  couples  acting  on  a  body  must  be  closed. 

The  analytical  conditions  of  equilibrium  can  be  found  if  we  take 
into  account  that  M  —  0  only  if  =  0,  My  —  0,  and  =  0. 
This,  by  virtue  of  Eqs.  (57),  is  possible  if 

'Zmky  =  0,  =  (58) 

In  conclusion  it  should  be  noted  that  if  all  the  couples  lie  in  the 
same  or  in  parallel  planes,  the  vectors  of  their  moments  will  be  col- 


linear  and  their  composition  is  reduced  to  an  algebraic  operation. 
This  result  was  obtained  in  §  20. 

Problem  40.  Acting  on  a  rigid  body  are  two  couples  in  mutually 
perpendicular  planes  (Fig.  108).  The  moment  of  each  is  3  kgf-m. 
Determine  the  resultant  couple. 

Solution.  Denote  the  moments  of  the  two  couples  by  vectors  Wj 
and  ni2  applied  at  an  arbitrary  point  A;  the  moment  of  the  resultant 
couple  is  denoted  by  the  vector  m.  The  resultant  couple  is  located 
in  plane  ABCD  normal  to  m  and  the  magnitude  of  the  resultant 
moment  is  3Y 2  kgf-m. 

If  the  sense  of  rotation  of  one  of  the  given  couples  is  reversed,  the 
resultant  couple  will  occupy  a  plane  normal  to  ABCD. 

Problem  41.  The  cube  in  Fig.  109  hangs  from  two  vertical  rods 
AA^  and  BB^  so  that  its  diagonal  AB  is  horizontal.  Applied  to  the 
cube  are  couples  (P,  P')  and  (Q,  Q').  Neglecting  the  weight  of  the 
cube,  determine  the  relation  between  forces  P  and  Q  at  which  it 
will  be  in  equilibrium  and  the  reactions  of  the  rods. 

Solution.  The  system  of  couples  (P,  P')  and  (Q,  Q')  is  equivalent 
to  a  couple  and  can  be  balanced  only  by  a  couple.  Hence,  the  requi- 
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red  reactions  N  and  If'  must  form  a  couple.  Let  us  denote  its  mo¬ 
ment  m  normal  to  diagonal  AB  as  shown  in  the  diagram.  In  magni¬ 
tude  m  —  NaY 2,  where  a  is  the  length  of  the  edge  of  the  cube.  Deno¬ 
te  the  moments  of  the  given  couples  by  the  symbols  tHi  and 
their  magnitudes  are  my  =  Pa  and  =  Qa  and  their  directions 
are  as  shown. 

Now  draw  a  coordinate  system  and  write  the  equilibrium  equ¬ 
ations  (58): 

2  m^x^  fUz — mcos45°  =  0,  2  m,uy  =  my  —  m  cos 45°  =  0. 

The  third  condition  is  satisfied  similarly. 

It  follows  from  the  obtained  equations  that  we  must  have  lUy  = 
=  niz,  i.e.,  Q  =  P.  We  find,  further,  that 

m  =  —^!^r=myY2  =  PaY2. 

But  m  =  NoY 2,  hence  N  =  P. 

Thus,  equilibrium  is  possible  when  Q  =  P.  The  reactions  of  the 
rods  are  equal  to  P  in  magnitude  and  are  directed  as  shown. 

§  47.  Reduction  of  a  Force  System  in  Space 
to  a  Given  Centre 

The  results  obtained  above  make  it  possible  to  solve  the  problem 
of  reducing  an  arbitrary  force  system  to  a  given  centre.  This  problem, 
which  is  analogous  to  the  one  examined  in  §  22,  is  solved  by  apply¬ 
ing  the  theorem  of  the  translation  of  a  force  to  a  parallel  position. 


Fig.  110 

In  order  to  transfer  a  force  F  acting  on  a  rigid  body  from  a  point  A 
(Fig.  110a)  to  a  point  O,  we  apply  at  O  forces  F'  =  F  and  F"  =  — F. 
Force  F'  =  F  will  be  applied  at  O  together  with  the  couple  (F,  F") 
with  a  moment  m,  which  can  also  be  shown  as  in  Fig.  1106.  We  have; 

m=mo{F).  (59) 

Consider  now  a  rigid  body  on  which  an  arbitrary  system  of  forces 
Fi,  Fa,  .  .  .,  F„  is  acting  (Fig.  111a).  Take  any  point  O  as  the  centre 
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of  reduction  and  transfer  all  the  forces  of  the  system  to  it,  adding 
the  corresponding  couples.  We  have  then  acting  on  the  body  a  sy¬ 
stem  of  forces 

F[  =  Fi,  F',  =  F2,  Fn^Fn  (60) 

applied  at  0  and  a  system  |of  couples  whose  moments,  by  Eq.  (59), 
are: 

mi  =  mo  (Fi),  mg  =  mo  (Fg),  .  .  .,  m„  =  m©  (F„).  (61) 

The  forces  applied  at  O  ckn  be  replaced  by  a  single  force  R  applied 
at  the  same  point.  Its  magnitude  is  R  =  ^F  ft,  or,  by  Eqs.  (60), 

B  =  SFft.  (62) 

We  can  compound  all  the  obtained  couples  by  geometrically  adding 
the  vectors  of  their  moments.  The  system  of  couples  will  be  replaced 
by  a  couple  of  moment  Mq  —  or,  by  Eqs.  (61), 

Mo  —  "^  mo  (Fft).  (63) 

As  in  the  case  of  a  coplanar  system,  the  quantity  R  (the  geometri¬ 
cal  sum  of  all  the  forces)  is  called  the  principal  vector  of  the  system: 


vector  Mq  (the  geometrical  sum  of  the  moments  of  all  the  forces 
with  respect  to  0)  is  called  the  principal  moment  of  the  system  with 
respect  to  O. 

We  have  thus  proved  the  following  theorem:  Any  system  of  forces 
acting  on  a  rigid  body  can  be  reduced  to  an  arbitrary  centre  0  and  repla¬ 
ced  by  a  single  force  R,  equal  to  the  principal  vector  of  the  system  app¬ 
lied  at  the  centre  of  reduction,  and  a  couple  with  a  moment  M o.  equal 
to  the  principal  moment  of  the  system  with  respect  to  0  (Fig.  1116). 

Vectors  22  and  Mq  are  usually  determined  analytically,  i.e.,  accor¬ 
ding  to  their  projections  on  the  coordinate  axes. 

We  know  the  expressions  of  Ry  and  R^  from  §  10.  We  shall 
denote  the  projections  of  M  o  on  the  coordinate  axes  by  the  symbols 
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Mx,  My,  Mz-  From  the  theorem  of  the  projection  of  a  vector  sum 
on  an  axis  we  have  Mx  =  or,  from  Eq.  (54),  Mx  = 

=  (Fft).  Similarly  we  obtain  My  and  Mz- 
Thus  the  formulas  for  determining  the  projections  of  the  principal 
vector  B  and  the  principal  moment  Mo  are; 

=  =  =  (64) 

Mx^l^mxiFy),  My=r^my{t\),  M,=  Sm,(F,).  (65) 

It  follows  from  this  theorem  that  two  systems  of  forces,  for  which 
12  and  M  o  are  the  same,  are  statically  equivalent.  Hence,  to  define  a 
force  system  acting  on  a  rigid  body  it  is  sufficient  to  define  its  prin¬ 
cipal  vector  and  its  principal  moment  with  respect  to  a  given 
centre,  i.e.,  to  specify  the  six  quantities  in  Eqs.  (64)  and  (65). 


§  48*.  Reduction  of  a  Force  System  in  Space 
to  the  Simplest  Possible  Form 

The  theorem  proved  in  §  47  makes  it  possible  to  establisli  the 
simplest  form  to  which  a  given  force  system  in  space  can  be  reduced. 
For  this  it  is  necessary  to  determine  the  principal  vector  and  the 
principal  moment  of  the  system  with  respect  to  an  arbitrary  point 
and  investigate  the  result. 

The  following  cases  are  possible: 

(1)  If  22  =  0  and  M  o  =  0,  the  system  is  in  equilibrium.  This 
case  will  be  examined  in  §  49. 

(2)  If  22=  0  and  Mo¥=  0,  the  system  can  be  reduced  to  a  couple 
of  moment  computed  according  to  Eqs.  (65).  In  this  case,  as  in  the 
case  of  a  co planar  force  system  (§  23),  Mq  does  not  depend  upon 
the  choice  of  point  O.  A  free  body  subjected  to  the  action  of  such  a 
force  system  can  be  (though  not  always)  in  pure  rotational  motion. 

(3)  If  22  7^=0  and  if  o  =  0,  the  system  can  be  reduced  to  a  resul¬ 
tant  22  passing  through  point  0.  The  magnitude  of  22  is  computed 
according  to  Eqs.  (64). 

A  free  body  subjected  to  the  action  of  such  a  force  system  can  be 
in  pure  translatory  motion  (if  the  resultant  22  passes  through  the 
centre  of  gravity  of  the  body). 

(4)  If  22^  0  and  M o¥^0  and  Jf  o  -L22,  the  system  can  be  reduced 
to  a  single  resultant  22  not  passing  through  point  O. 

For,  if  Mo  1-Fi,  the  couple  denoted  by  vector  Mo  and  the  force 
22  are  coplanar  (Fig.  112).  If  we  take  the  couple  forces  B'  and  B" 
equal  in  magnitude  to  R  and  place  them  as  shown  in  Fig.  112,  we 
obtain  forces  B  and  B"  which  cancel  each  other,  and  the  system  is 
replaced  by  a  resultant  B'  =  B  through  point  O'  [see  §  23,  case 
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(3b)l.  The  distance  00'  {00'  J_  B)  is  determined  from  Eq.  (31), 
where  d  =  00' . 

It  will  be  readily  noticed  that  this  case  applies,  in  particular,  to 
any  system  of  parallel  or  coplanar  forces  whose  principal  vector 
B  =7^  0- 

(5)  If  B=7^0  and  Mo¥=0  and  vector  Mq  is  parallel  toB  (Fig.llSa), 
the  system  can  be  reduced  to  a  resultant  force  B  and  a  couple  (P,  P') 
in  a  plane  normal  to  the  resultant 
force  (Fig.  113b).  Such  a  force-and- 
couple  system  is  called  a  wrench',  the 
line  of  action  of  force  B  is  the  axis  ^ 

of  the  wrench.  No  further  reduction  of 
the  system  is  possible.  For,  though 
the  system  will  not  change  if  the  cou¬ 
ple  is  transferred,  if  force B  is  transfer¬ 
red  from  centred  to  any  point  C  (Fig. 

113a),  there  will  be  added  to  the  mo- 
ment  Mq  a  moment  M'c  =  mc  (B), 

perpendicular  to  B  and,  hence,  toJIf  o.  The  moment  Mc  =  Mq  -\r 
-(r  Me  of  the  resulting  couple  will  increase.  Thus,  this  type  of  force 
system  cannot  be  reduced  to  a  single  resultant  or  to  a  single  couple. 


a  b  P'  - 

Fig.  H3  Fig.  114 

A  free  rigid  body  subjected  to  the  action  of  such  a  force  system  can 
perform  only  a  compound  (screw)  motion. 

If  one  of  the  forces  of  the  couple,  say  P',  is  added  to  force  B,  the 
given  system  can  be  replaced  by  two  non-coplanar  forces  Q  and  P 
(Fig.  114).  As  the  new  force  system  is  equivalent  to  a  wrench,  it  also 
has  no  resultant. 

(6)  IfBsjt  0  andJI/oT^rO  and  vectors  Mq  and  B  are  neither  per¬ 
pendicular  nor  parallel,  the  system  can  be  reduced  to  a  wrench  whose 
axis  does  not  pass  through  point  O. 

To  prove  this,  let  us  resolve  vector  Mq  into  two  components, 
along  B  and  perpendicular  to  B  (Fig.  115).  We  have  — 

9* 
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=  Mq  cos  a  and  —  Mq  sin  a.  where  a  is  the  angle  between 
vectors  M o  and  ZJ.The  couple  denoted '  by  the  vector  M  2  {M 2  -L  B) 
and  force  B  can  be  replaced,  as  in  the  case  shown  in  Fig.  112,  with 


a  single  resultant  B'  applied  at  point  O'.  As  a  result,  the  given  sy¬ 
stem  is  replaced  by  a  force  B'  =B  and  a  couple  of  moment  Mi 
parallel  to  B',  i.e.,  a  wrench  whose  axis  passes  through  point  O'. 

Problem  42.  Determine  the  form  to  which  the  force  system  Fj,  Ei 
in  Fig.  6  can  be  reduced,  if  Fi  ==  F2  —  F  and  AB  =  2a. 

Solution.  Reduce  the  forces  Fi,  with  respect  to  point  0  in  the 
middle  of  segment  AB  (Fig.  116).  The  principal  vector  of  the  sy¬ 
stem  Jt  =Fi-[r  F2  is  directed  along  the  bisector  of  angle  y'Oz', 
and  its  magnitude  R  =  FV^2.  The  principal  moment  of  the  system 
Mo—tno  (Fi)  nto  (Fi).  Vector  mo  (Pj)  is  directed  along  axis  y', 
and  vector  itioiF^  along  axis  z';  in  magnitude  both  are  equal  to 
Fa.  (Consequently,  in  magnitude  Mq  =  FaY 2,  and  vector  Jfaf  o  is 
also  directed  along  the  bisector  of  angle  y'Oz' .  Thus,  the  system  of 
forces  Pi  and  i^2  is  reduced  to  a  wrench  and,  as  mentioned  in  §  3, 
has  no  resultant. 


§  49.  Conditions  of  Equilibrium  of  an  Arbitrary 
Force  System  in  Space. 

The  Case  of  Parallel  Forces 

Like  a  coplanar  force  system,  any  force  system  in  space  can  be 
reduced  to  a  point  O  and  replaced  by  a  resultant  force  B  and  couple 
of  moment  Mq  [the  values  of  B  and  Mq  are  determined  from  Eqs.  (62) 
and  (63)1.  Reasoning  as  in  the  beginning  of  §  24,  we  come  to  the 
conclusion  that  the  necessary  and  sufficient  conditions  for  the  given 
system  of  forces  to  be  in  equilibrium  are  that  B  =  0  and  M  q  — 
But  vectors  B  and  M  o  can  be  zero  only  if  all  their  projections  on  the 
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coordinate  axes  are  zero,  i.e.,  when  —  Ry  —  Rz  —  ^  and  M*  = 
=  My  =  Mz  —  0,  or,  by  Eqs.  (64)  and  (65),  when  the  acting  for¬ 
ces  satisfy  the  conditions 

S'«x(l'\)  =  0,  S  m„(Fft)  =  0,  S/7i,(JP’ft)  =  0.  J 

Thus,  the  necessary  and  sufficient  conditions  for  the  equilibrium  of 
any  force  system  in  space  are  that  the  sums  of  the  projections  of  all  the 
forces  on  each  of  the  three  coordinate  axes 
and  the  sums  of  the  moments  of  all  the 
forces  about  those  axes  must  separately 
vanish*^ . 

Eqs.  (66)  express  the  simultaneously 
necessary  conditions  for  the  equilibrium 
of  any  rigid  body  subjected  to  the  ac¬ 
tion  of  any  force  system  in  space.  The 
first  three  of  the  equations  express  the 
conditions  necessary  for  the  body  to 
have  no  translatory  motion  parallel  to 
the  coordinate  axes;  the  latter  three  equ¬ 
ations  express  the  conditions  of  no  rotation  about  the  axes. 

If,  besides  forces,  there  is  also  a  couple  defined  by  its  moment  M 
acting  on  a  body,  the  form  of  the  first  three  of  Eqs.  (66)  will  remain 
the  same  (the  sum  of  the  projections  of  the  forces  of  a  couple  on  any 
axis  is  zero),  but  the  last  three  equations  will  take  the  following 
form: 

S'Wx(n)  +  ^*  =  0.  S«»»(n)  +  M„  =  0,  ^mz{F^)  +  Mz  =  0. 

(67) 

The  Case  of  Parallel  Forces.  If  all  the  forces  acting  on  a  body  are 
parallel,  the  coordinate  axes  can  be  chosen  so  that  the  axis  z  is 
parallel  to  the  forces  (Fig.  117).  Then  the  x  and  y  projections  of  all 
the  forces  will  be  zero,  their  moments  about  axis  z  will  be  zero,  and 
the  Eqs.'  (66)  will  be  reduced  to  three  conditions  of  equilibrium: 

S7^hz  =  0,  S'n*(^’ft)  =  0,  ^my{F\)  =  0.  (68) 

The  other  equations  will  turn  into  identities  0  =  0. 

Thus,  the  necessary  and  sufficient  conditions  for  the  equilibrium  of  a 
system  of  parallel  forces  in  space  are  that  the  sum  of  the  projections  of 
all  the  forces  on  the  coordinate  axis  parallel  to  the  forces  and  the  sums 
of  the  moments  of  all  the  forces  about  the  other  two  coordinate  axes  must 
separately  vanish. 

*)  In  writing  conditions  (66)  you  may  take,  if  you  find  it  expedient,  one 
coordinate  system  to  compute  the  force  projections  and  another  to  compute 
the  moments. 
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§  50.  Varignon’s  Theorem  of  the  Moment  of  a  Resultant 
With  Respect  to  an  Axis 

Let  there  be  acting  on  a  rigid  body  a  force  system  F JP„ 
which  can  be  reduced  to  a  resultant  B  whose  action  line  passes 
through  any  point  C  (Fig.ll8).Let  us  apply  at  the  same  point  a  force 

B'  =  — B.  The  system  JPi,  Fg,  .  ,  F„, 

B  will  now  be  in  equilibrium  and  will  sa¬ 
tisfy  all  the  conditions  (66).  In  particular, 
for  any  coordinate  axis  Ox  we  shall  have: 

2  TO*  (Bft)  +  TO*  (B')  =  0. 

But  as  B'  ~  — B  and  both  forces  are 
collinear,  it  follows  that  to*  (B')= — to*  (B). 
Substituting  this  expression  of  to*  (B')  in 
the  previous  equation,  we  find  that 

TO*(B)  =  STO*(Fft).  (69) 

Thus,  if  a  given  force  system  has  a  resultant,  the  moment  of  that 
resultant  with  respect  to  any  axis  is  equal  to  the  algebraic  sum  of  the 
moments  of  the  component  forces  with  respect  to  the  same  axis  (Varig¬ 
non’s  Theorem). 


z 


§  51.  Problems  on  Equilibrium  of  Bodies  Subjected  to 
Action  of  Force  Systems  in  Space 

The  principle  of  solving  the  problems  of  this  section  is  the  same 
as  for  coplanar  force  systems.  After  isolating  the  body  whose  equili¬ 
brium  has  to  be  considered,  the  constraints  attached  to  it  are  repla¬ 
ced  by  their  reactions,  the  equilibrium  equations  are  written  as  for 
a  free  body,  and  the  required  quantities  are  obtained. 

In  order  to  obtain  simpler  sets  of  equations,  the  student  is  advised 
to  draw  the  coordinate  axes  so  that  they  would  intersect  with,  or  be 
perpendicular,  to,  as  many  unknown  forces  as  possible  (if  this  does 
not  complicate  the  computation  of  the  projections  and  moments  of 
other  forces). 

A  new  feature  in  writing  equations  is  the  computation  of  the 
moments  of  the  forces  with  respect  to  the  coordinate  axes. 

If,  while  examining  the  general  diagram,  the  student  finds  dif¬ 
ficulty  in  determining  the  moment  of  some  force  with  respect  to  an 
axis,  he  is  advised  to  draw  an  auxiliary  diagram  showing  the  pro¬ 
jections  of  the  given  body  and  the  required  force  on  a  plane  normal 
to  the  axis  under  consideration. 
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If,  in  computing  a  moment,  there  is  difficulty  in  determining  the 
projection  of  a  force  on  any  plane,  or  the  moment  arm  of  the  pro¬ 
jection,  resolve  the  force  into  two  rectangular  components  (one  of 
them  parallel  to  a  coordinate  axis)  and  then  apply  Varignon’s  theo¬ 
rem.  The  moments  can  also  be  computed  analytically  from  Eqs.  (52). 

Problem  43.  Three  workers  lift  a  homogeneous  rectangular  plate 
whose  dimensions  are  a  by  6  (Fig.  119).  If  one  worker  is  at  4,  deter¬ 
mine  the  points  B  and  D  where  the  other  two  workers  should  stand 
so  that  they  would  all  exert  the  same  force. 

Solution.  The  plate  is  a  free  body  acted  upon  by  four  parallel 
forces  Oi,  Q^,,  Qa,  and  P,  where  P  is  the  weight  of  the  plate.  Assu¬ 
ming  that  the  plate  is  horizontal  and  drawing  the  coordinate  axes 


Fig.  119  Fig.  120 

as  shown  in  the  figure,  we  obtain  from  the  equilibrium  conditions  (68): 


—  ^  ~2  — 

Ql  ~l~Q2~h(?3~ 

According  to  the  conditions  of  the  problem,  (^i  ~  Qa  —  Qa  —  (?> 
hence,  from  the  last  equation,  P  =  3Q.  Substituting  this  expres¬ 
sion  in  the  first  two  equations  and  eliminating  Q,  we  have: 

3  3 

b  +  y  =  fl4-a:  =  -ya, 

whence 


Problem  44.  A  horizontal  shaft  supported  in  bearings  A  and  B 
(Fig.  120)  has  attached  at  right  angles  to  it  a  pulley  of  radius  = 
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=  20  cm  and  a  drum  of  radius  =  15  cm.  The  shaft  is  driven  by 
a  belt  passing  over  the  pulley;  attached  to  a  cable  wound  on  the 
drum  is  a  load  of  weight  P  =  180  kgf,  which  is  lifted  with  uniform 
motion  when  the  shaft  turns.  Neglecting  the  weight  of  the  constru¬ 
ction,  determine  the  reactions  of  the  bearings  and  the  tension  T-^ 
in  the  driving  portion  of  the  belt,  if  it  is  known  that  it  is  double  the 
tension  in  the  driven  portion  and  if  a  =  40  cm,  ft  =  60  cm,  and 
a  =  30“. 

Solution.  As  the  shaft  rotates  uniformly,  the  forces  acting  on  it 
are  in  equilibrium  and  the  equations  of  equilibrium  can  be  applied. 
Let  us  write  the  equilibrium  equations  for  these  forces.  Drawing  the 
coordinate  axes  as  shown  and  regarding  the  shaft  as  a  free  body, 
denote  the  forces  acting  on  it:  the  tension  F  of  the  cable,  which  is 
equal  to  P  in  magnitude,  the  tensions  and  in  the  belt,  and  the 
reactions  Ya,  Za,  Yg,  and  of  the  bearings  (each  of  the  reactions 
Ra  and  R^  can  have  any  direction  in  planes  normal  to  axis  x  and 
they  are  therefore  denoted  by  their  rectangular  components). 

To  write  the  equilibrium  equations  (66),  calculate  the  projections 
of  all  the  forces  on,  and  their  moments  about,  the  coordinate  axes 
(see  table);  as  the  x  projections  of  all  the  forces  are  zero,  they  have 
been  omitted  *>. 


Fk 

F 

Ti 

Tz 

Rb 

^hy 

F  cos  a 

Ti 

Tz 

Ya 

—F  sin  a 

0 

0 

m 

—Frz 

T’i'-i 

—Tzri 

0 

0 

my  (Fh) 

F  sin  a-b 

0 

0 

0 

— ^B  (“4"^) 

mz  (Fft) 

Fcosa-b 

7 

— T  fU 

— Tzu 

0 

Yb  (“"b^) 

*)  Tables  will  be  found  especially  convenient  in  solving  the  problems  of 
this  chapter.  The  table  is  filled  column  by  column,  i.e.,  first  the  projections 
and  moments  of  force  F  are  computed,  then  of  force  T^,  etc.  In  this  way  atten¬ 
tion  is  focused  on  every  force  in  succession.  If  we  were  to  write  the  equilibrium 
equations  (66)  at  once,  we  should  have  to  return  to  each  force  six  times  with 
a  correspondingly  greater  chance  of  making  a  mistake— especially  of  omitting 
some  force  in  this  or  that  equation. 
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From  the  equilibrium  equations,  and  noting  that  F  =  P,  we 
obtain: 

P  cos  a  +  T\  T 2  Yj,  -tr  Yb  =  0,  (I) 

—P  sin  a  +  Za  +  Zb  =  0.  (II) 

-r*P  +  riPi  -  riT2  =  0,  (III) 

bP  sin  a  -  (a  +  6)  Zb  =  0,  (IV) 

bP  cos  a  —  all  —  aT2  {a  +  b)  Y ^  —  0.  (V) 


Remembering  that  Ti  = 
tions  (III)  and  (IV)  that 


2T2,  we  find  immediately  from  equa- 


r2=-^=i35  kgf, 


bP 


sin  a  =  54  kgf. 


the 


tf  69  kgf. 

other  equations  we.  find; 


a+6 

From  equation  (V)  we  obtain 

SaTa—bP  cos  a 
- JIfl 

Substituting  these  values  in 
Ya  =  —P  cos  a  —  3T2  — 

—  Yb  fti  — 630  kgf, 

Za  =  P  sin  a  —  Zb  —  36  kgf, 
and  finally, 

Pi  =270  kgf, 

Ya  ^  —  630  kgf, 

Za  =  36  kgf,  Yb  «  69  kgf, 

Zb  =  54  kgf. 

Problem  45.  A  rectangular 
plate  of  weight  P  =  12  kgf 
making  an  angle  a  —  60°  with 
the  vertical  is  supported  by 
a  journal  bearing  at  B  and 

a  step  bearing  at  A  (Fig.  121).  The  plate  is  kept  in  equili¬ 
brium  by  the  action  of  a  string  DE;  acting  on  the  plate  is  a  load 
^  =  20  kgf  suspended  by  a  string  passing  over  pulley  O  and  atta¬ 
ched  at  K  so  that  KO  is  parallel  to  AB.  Determine  the  tension  in 
string  DE  and  the  reactions  of  the  bearings  A  and  B,  if  BD  —  BE, 
AK  =  a  =  0.4  m,  and  AB  =  b  =  1  m. 

Solution.  Consider  the  equilibrium  of  the  plate  as  a  free  body. 
Draw  the  coordinate  axes  with  the  origin  at  B  (in  which  case  force 
T  intersects  with  the  y  and  z  axes,  which  simplifies  the  moment 
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equations)  and  the  acting  forces  and  the  reactions  of  the  constraints 
as  shown  (the  dashed  vector  M  belongs  to  a  different  problem).  For 
the  equilibrium  equations,  calculate  the  projections  and  moments 


Fig.  122 

of  all  the  forces;  for  this  we  introduce  angle  p  and  denote  d  =  BD  — 
=  BE  (see  table).  Computation  of  some  of  the  moments  is  explained 
in  the  auxiliary  diagrams  (Fig.  122a  and  b). 


Fk 

P 

Q 

T 

Fa 

Rb 

0 

-Q' 

0 

Xa 

0 

^hy 

0 

0 

—T  sin  p 

Yb 

Fkz 

—P 

0 

T  cos  P , 

iTx  {Fh) 

n  ^  ■ 

— P  Y  *1“  “ 

0 

Td  sin  P 

■■ 

0 

my  (Fh) 

-4 

Q' a  cos  a 

0 

0 

mz  (Fy) 

0 

Q'a  sin  a 

0 

0 

Fig.  122a  shows  the  projection  on  plane  Byz  from  the  positive 
end  of  axis  x.  This  diagram  is  useful  in  computing  the  moments  of 
forces  P  and  T  about  axis  x.  It  can  be  seen  from  the  diagram  that 
the  projections  of  these  forces  on  the  yz  plane  are  equal  to  the  forces, 
and  that  the  moment  arm  of  force  P  with  respect  to  point  B  is 

BCi  sin  a  =-|-  sin  a;  the  moment  arm  of  force  T  with  respect  to 
point  B  is  BE  sin  p  =  d  sin  p. 

Fig.  122&  shows  the  projection  on  plane  Bxz  from  the  positive  end 
of  axis  y.  This  diagram,  together  with  Fig.  122a,  helps  to  compute 
the  moments  of  forces  P  and  Q'  about  axis  y.  It  can  be  seen  that  the 
projections  of  these  forces  on  the  xz  plane  are  equal  to  the  forces 
themselves  and  that  the  moment  arm  of  force  P  with  respect  to  point 
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B  is  1/2  AB  =  ;  the  arm  of  force  Q'  with  respect  to  B  is  AK^,  i.e., 

AK  cos  a,  or  a  cos  a,  as  is  evident  from  Fig.  422a. 

Writing  the  equilibrium  equations  and  assuming  Q*  =  Q,  we 


obtain: 

-^  +  Xa  =  0,  (I) 

-7’sinp4-yA  +  ya  =  0,  (II) 

—  P  -{-T  cos  P  +  .^A  “i"  (III) 

— P-^sina  +  7’dsinp  =  0,  (IV) 

—  P  +  <?a  cos  a  4  ZjJ)  —  0,  (V) 

(?asina-r^6  =  0.  (VI) 


Taking  into  account  that  p  =  y  =  30°,  we  find  from  equa¬ 
tions  (I),  (IV),  (V),  and  (VI)  that 

Xa  =  ^  =  20  kgf,  T  =  P  »10.4  kgf , 

Za  =  -| - ^cosa  =  2  kgf,  yA  =  -^sina»6.9  kgf. 

Substituting  these  values  into  equations  (II)  and  (III),  we  obtain: 

Yb  =  r  sin  p  -  Fa  =  -1-7  kgf,  Zb  =  P  -  T  cos  p  -  Za  =  1  kgf, 

and  finally, 

T  »  10.4  kgf,  Xa  =  20  kgf.  Fa  «  6.9  kgf, 
kgf,  Fb  =  —1.7  kgf,  Zb  =  1  kgf. 

Problem  46.  Solve  Problem  45  for  the  case  when  the  plate  is  addi¬ 
tionally  subjected  to  a  couple  of  moment  M  =  i2  kgf-m  acting  in 
the  plane  of  the  plate;  the  sense  of  rotation  (viewed  from  the  top  of 
the  plate)  is  counterclockwise. 

Solution.  Add  to  the  forces  in  Fig.  121  the  moment  vector  M  of 
the  couple  applied  at  any  point  perpendicular  to  the  plate,  e.g., 
point  A.  Its  projections  are:  M*  =  0,  My  =  M  cos  a,  and  M*  = 
=  M  sin  a.  Applying  the  equilibrium  equations  (67),  we  find  that 
equations  (I)  to  (IV)  remain  the  same  as  for  Problem  45  while  the 
last  two  equations  will  be: 

—  P  Z/p  -f-  Qa  cos  a-\-M  cos  a  =  0,  (V') 

—  FAb4-C^®sina-i- M  sina  =  0.  (VI') 

Note  that  the  same  result  can  be  obtained  without  writing  Eqs. 
(67),  by  denoting  the  couple  as  two  forces  directed,  for  example, 
along  AB  and  KO  (their  magnitudes  will,  apparently,  be  Mia)  and 
applying  the  usual  equilibrium  equations. 
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Solving  equations  (I)-(IV),  (V'),  and  (VI'),  we  obtain  results 
similar  to  those  in  Problem  45,  the  only  difference  being  that  in  all 
equations  Qa  will  be  replaced  by  Qa  +  M.  The  answer  is: 

T  «  10.4  kgf,  Xa  =  20  kgf,  »  17.3  kgf, 

Za  =  -4  kgf,  Yb  =  -12.1  kgf,  Zb  =  7  kgf. 

Problem  47.  A  horizontal  rod  AB  is  attached  to  a  wall  by  a  ball- 
and-socket  joint  and  is  kept  perpendicular  to  the  wall  by  wires  KE 
and  CD  as  shown  in  Fig.  123a.  Hanging  from  end  5  is  a  load  of 


weight  P  =  36  kgf.  Determine  the  reaction  of  the  ball-and-socket 
joint  A  and  the  tensions  in  the  wires  if  AB  =  a  —  0.8  m,  AC  = 

=  ADi  =  fe  =  0.6  m,  AK  =  ^  ^  a  =  30°,  and  p  =  60°.  Neglect 
the  weight  of  the  rod. 

Solution.  Consider  the  equilibrium  of  the  rod  as  a  free  body. 
Acting  on  it  are  force P  and  reactions  Tjj,  Tc,  Xa,  Ya^  and  Z^. 
Draw  the  coordinate  axes  and  calculate  the  projections  and  moments 
of  all  the  forces  (see  table). 

As  all  the  forces  pass  through  axis  y,  their  moments  with  respect 
to  it  are  zero.  To  compute  the  moments  of  force  Tc  with  respect  to 
the  coordinate  axes,  resolve  it  into  components  and  Tg  {T^  = 
=  Tc  cos  a,  T^  =  Tc  sin  a)  and  apply  Varignon’s  theorem*).  We 
have  nix  (^c)  =  (T’l).  as  (T  J  =  0,  and  {Tc)  =  {T 

as  nil  {Ti)  —  0.  The  computation  of  the  moments  of  the  forces  with 
respect  to  axis  z  is  explained  in  the  auxiliary  diagram  (Fig.  123b) 
showing  the  projection  on  plane  Axy. 


*)  Attention  is  drawn  to  the  fact  that  the  angle  betv/een  force  Tc  and  plane 
Ayz  is  not  45°,  as  is  sometimes  erroneously  assumed  in  such  cases.  Therefore, 
for  example,  in  computing  (Tc)  in  the  usual  way,  it  is  first  necessary  to 
determine  the  angle,  which  complicates  the  computations.  With  the  aid  of 
Varignon’s  theorem,  however,  we  find  immediately  that  {Tc)  =  rrix  (Tj)  = 
=  TfAC. 
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Pk 

P 

Tk 

Tc 

Ra 

Fhx 

0 

Tic  cos  P 

— T2  sin  45° 

Xa 

^hy 

0 

— Tjc  sin  p 

— Tz  cos  45° 

Ya 

Fhz 

— p 

0 

Ti 

Za 

nix  (Ph) 

—Pa 

0 

Tib 

0 

"‘z  (Ph) 

0 

— PKyCosP 

Tjb  sin  45° 

0 

Substituting  the  values  of  and  we  obtain  the  following 


equations: 

r^cosp  — jrcSinasin45°+X^  =  0,  (I) 

—  r^sinp  —  Tc  sin  a  cos  45®  + Fa  =  0,  (II) 

“■  P  +  T Q  cos  CL  +  Z —  0»  (II^) 

—  Pa-\-  Tcb  cos  a  =  0,  (IV) 

—  7’K^cosp  +  rc6sinasin45®=0,  (V) 


solving  which  we  find  that  Tc  ^  55.4  kgf,  T, 


58.8  kgf,  Xa  « 
Components 


-9.8  kgf,  Ya  ^  70.5  kgf,  and  Za  =  —12  kgf. 
andZA  thus  actually  act  in  the  opposite 
direction  to  than  shown  in  the  diag¬ 
ram. 

Problem  48.  An  equilateral  triangular 
plate  with  sides  of  length  a  is  supported 
in  a  horizontal  plane  by  six  bars  as 
shown  in  Fig.  124.  Each  inclined  bar 
makes  an  angle  of  a  =  30°  with  the  ho¬ 
rizontal.  Acting  on  the  plate  is  a 
couple  with  a  moment  M.  Neglecting 
the  weight  of  the  plate,  determine 
the  stresses  produced  in  the  bars. 

Solution.  Regarding  the  plate  as  a  free 
body,  draw,  as  shown  in  the  figure,  the 
vector  of  moment  JIfof  the  couple  and  the 
reactions  of  the  bars  Si,  S2,  •  ■  -  ,  S^.  Direct  the  reactions  as  if  all 
the  bars  were  in  tension  (i.e.,  we  assume  that  the  plate  is  being 
separated  from  the  bars).  As  the  body  is  in  equilibrium,  the  sums 


Fig.  124 
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of  the  moments  of  all  the  forces  and  couples  acting  on  it  with  res¬ 
pect  to  any  axis  must  be  zero  [see  Eqs.  (67)]. 

Drawing  axis  z  along  bar  1  and  writing  the  equations  of  the  mo¬ 
ment  with  respect  to  that  axis,  we  obtain,  as  =  M, 

cos  a)  A  -|r  Af  =  0, 

where  h  =  -  is  the  altitude  of  the  triangle.  From  this  we  find: 

S  =  2V^3  M 

®  3  a  cos  a 


Writing  the  equations  of  the  moments  with  respect  to  the  axes  along 
bars  2  and  3,  we  obtain  similar  results  for  forces  ^4  and  S^. 

Now  write  the  equations  of  the  moments  about  axis  x,  which  is 
directed  along  side  AB  of  the  triangle.  Taking  into  account  that 
Mx  =  0,  we  obtain 

S^  -fr  (54  sin  a)  h  =  0, 


whence,  as  S^  =  S^,  we  find 

c.  e  .  2]/"3  M  . 

^3  =  —  04  sin  a  —  — ^ - tan  a. 

O  (Z 

Writing  the  moment  equations  with  respect  to  axes  AC  and  BC, 
we  obtain  similar  results  for  S^  and  iSg. 

Finally,  for  a  =  30°,  we  have: 


c  c  c  _  2 
<>1  — <>2  — <>3  — -jf — 


54  =  iS’5==iS’gS 


4  M 
3  a  • 


The  answer  shows  that  the  given  couple  creates  tensions  in  the 
vertical  bars  and  compressions  in  the  inclined  ones. 

This  solution  suggests  that  it  is  not  always  necessary  to  apply 
equilibrium  equations  (66).  There  are  several  forms  of  equilibrium 
equations  for  non-coplanar  force  systems,  just  as  for  coplanar  sys¬ 
tems,  of  which  Eqs.  (66)  are  the  principal  form. 

In  particular,  it  can  be  proved  that  the  necessary  and  sufficient 
conditions  for  the  equilibrium  of  a  force  system  in  space  are  that  the 
sun^s  of  the  moments  of  all  the  forces  with  respect  to  each  of  six 
axes  directed  along  the  edges  of  any  triangular  pyramid  or  along 
the  side  and  base  edges  of  a  triangular  prism  are  each  zero. 

The  latter  conditions  were  applied  in  solving  Problem  48. 

Problem  49.  Determine  the  stresses  in  section  AAi  of  the  multiple- 
loaded  beam  in  Fig.  125a,  where  force  Q  is  through  the  centre  of  the 
right-hand  portion  of  the  beam,  force  F  is  in  plane  Oxz,  and  force  P 
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i'-  parallel  to  axis  Oy.  The  length  of  the  right-hand  portion  of  the 
beam  is  b,  and  the  height  h. 

Solution.  The  required  stresses  are  determined  as  in  Problem  29 
(§  27).  Draw  a  section  AAi  and  consider  the  equilibrium  of  the 
right-hand  portion  of  the  beam  (Fig.  1256);  since  there  are  no  exter¬ 
nal  constraints  acting  on  it  there  is  no  need  to  consider  the  equilib¬ 
rium  of  the  beam  as  a  whole  to  determine  their  reactions,  as  was  the 
case  in  Problem  29.  Draw  the  coordinate  axes  x,  y,  z  through  the 


Fig.  125 


centre  0  of  the  section.  The  action  of  the  discarded  portion  of  the 
beam  can  be  replaced  by  an  unknown  spatial  system  of  distributed 
forces  in  turn  equivalent,  as  follows  from  §  47,  to  a  force  B  applied 
at  O,  with  unknown  projections  i?*,  i?y,  i?z,  and  a  momenPM q  whose 
projections  Mx,  My,  Mi  are  also  unknown.  Drawing  these  forces 
and  moments  (Fig.  1256)  and  writing  the  first  three  equations  (66) 
and  Eqs.  (67)  for  all  the  forces  and  couples  acting  on  the  right-hand 
portion  of  the  beam,  we  obtain: 

Rx — Fsina-{-^  =  0,  Ry  —  P  =  0,  Rz  —  F cosa=0’, 

M,-6P  =  0,  Mj,-f6/’sina-^(?  =  0,  Mz--^P  =  0. 

Solving  these  equations  yields: 

Rx  —  Fsina  —  Q,  Ry  =  P,  Rz  =  Fcosa; 

Mx  =  bP,  My  =  -^Q-bF sin  a,  Mz  =  ^P. 

Thus,  acting  on  cut  AA^  are:  two  lateral  forces  of  magnitude  Rx 
and  Ry,  a  longitudinal  tensile  force  of  magnitude  i?^,  and  three 
couples  with  moments  Mx,  My,  and  Mz,  the  first  two  bending  the 
beam  about  the  x  and  y  axes,  respectively,  and  the  third  creating  a 
torque  about  axis  z. 
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§  52"'.  Conditions  of  Equilibrium  of  a  Constrained 
Rigid  Body. 

Concept  of  Stability  of  Equilibrium 

In  §§  11,  24,  49  and  others  we  obtained  equations  specifying  the 
necessary  conditions  for  the  equilibrium  of  free  rigid  bodies.  With 
regard  to  constrained  bodies,  these  equations  are  applied  on  the 
basis  of  the  axiom  of  constraints.  The  resulting  equations  define  the 
reactions  of  the  constraints. 

The  question  of  the  conditions  for  the  equilibrium  of  a  constrained 
rigid  body  arises  when  its  supports  do  not  constrain  it  rigidly  (see 
Problems  6  and  7  in  §  13  and  others).  In  this  case  only  some  of  the 


z 


b 

Fig.  126 

equations  based  on  the  axiom  of  constraints  contain  the  reactions  of 
the  constraints  and  can  define  those  reactions.  The  other  equations 
show  the  relations  between  the  given  forces  (Problem  6)  or  the  spe¬ 
cific  position  (Problem  7)  in  which  equilibrium  is  possible,  i.e.,  they 
specify  the  conditions  of  equilibrium  for  the  given  body.  Thus,  for 
the  case  of  a  constrained  solid  body,  the  conditions  of  equilibrium  are 
specified  only  by  those  equations  based  on  the  axiom  of  constraints  which 
do  not  include  the  reactions  of  the  constraints. 

For  instance,  applying  the  axiom  of  constraints  to  a  body  with  a 
fixed  axis  of  rotation  (Fig.  126)  and  writing  Eqs.  (66),  we  find  that 
the  reactions  of  bearings  A  and  B  are  present  in  all  the  equations 
except  the  last  one  (see  Problem  44).  The  reactions  are  absent  from 
the  equation  (F^)  =0  as  they  intersect  with  axis  z. 

Hence,  the  condition  for  the  equilibrium  of  a  body  with  a  fixed  axis 
of  rotation  is  that  the  sum  of  the  moments  of  all  the  acting  forces  with 
respect  to  that  axis  is  zero: 

(Fh)  =  0. 

For  a  body  whose  supports  do  not  constrain  it  rigidly,  the  impor¬ 
tant  question  of  stability  of  equilibrium  arises.  If  the  acting  forces 
tend  to  return  a  body  to  its  configuration  of  equilibrium  (when  it 
has  been  displaced  from  that  configuration),  the  equilibrium  is  said 
to  be  stable;  otherwise  it  is  unstable.  In  real  conditions  a  body  can  be 
in  equilibrium  only  if  it  is  in  stable  equilibrium. 
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Consider,  for  example,  a  body  mounted  on  a  horizontal  axis.  It 
will  be  in  equilibrium  under  the  action  of  the  force  of  gravity  P 
when  niz  (P)  =  0,  i.e.,  when  the  centre  of  gravity  C  of  the  body  is 
in  its  lowest  (Fig.  126a)  or  highest  (Fig.  1266)  configuration.  In  the 
first  case,  if  the  body  is  displaced,  the  moment  of  force  P  tends  to 
return  it  to  its  position  of  equilibrium.  In  the  second  case,  the  sligh¬ 
test  displacement  of  C  will  cause  the  moment  of  P  to  increase  that 
displacement.  Consequently,  equilibrium  is  stable  if  the  centre  of 
gravity  of  a  body  occupies  the  lowest  possible  configuration,  and  unstab¬ 
le  when  it  occupies  the  highest  configuration.  This  applies  to  all  cases 
of  equilibrium  of  bodies  in  gravity  conditions.  If  the  centre  of  gra¬ 
vity  lies  on  the  axis  of  rotation,  the  equilibrium  is  said  to  be  indiffe¬ 
rent  or  neutral. 

Let  us  consider  also  the  equilibrium  of  the  rod  examined  in  Prob¬ 
lem  7  (or  in  Problem  12).  The  equilibrium  equation  for  the  rod  is 
S/Ua  (^fi)  =  0.  In  this  case  (see  Fig.  38): 

{T)  =  Qa  cos  ,  I  TOji  (P)  I  =  Pa  sin  a. 

If  angle  a  is  increased,  ]  (P)  |  increases  and  (T)  decreases, 

and  under  the  action  of  force  P  angle  a  will  continue  to  increase. 
If  angle  a  is  decreased,  m^iT)  increases  and  (P)  decreases,  and 
under  the  action  of  force  T  =  Q  angle  a  will  continue  to  decrease. 

Hence,  the  equilibrium  of  the  rod  as  defined  by  the  equation  sin  y  = 

=  ^  is  unstable.  At  a  =  180°  the  equilibrium  is  stable  if  Q  <i2P, 

and  unstable  if  Q  >2P,  which  can  be  verified  by  introducing 
p  =  180°  -  a. 

This  method  of  analysis  is  applicable  only  in  the  simplest  cases. 
More  complex  cases  are  analysed  by  methods  of  dynamics. 
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§  53.  Centre  of  Parallel  Forces 

The  concept  of  the  centre  of  parallel  forces  comes  in  handy  when 
we  have  to  deal  with  solving  certain  problems  of  mechanics,  in  par¬ 
ticular,  when  the  centre  of  gravity  of  bodies  has  to  be  determined. 

Consider  a  system  of  parallel  forces  Fj,  f’g,  .  .  .,  Fn  of  same  sense 
applied  to  a  rigid  body  at  points  Ai,  Az,  .  .  A^  (Fig.  127).  The 

resultant  R  of  this  system  is, 
evidently,  parallel  to  the  com¬ 
ponent  forces  in  the  same  di¬ 
rection  and  its  magnitude  is 

B  -  SF^.  (70) 

If,  now,  the  given  forces  are 
rotated  in  the  same  direction 
through  the  same  angle  about 
their  points  of  applica¬ 
tion,  we  obtain  new  systems 
of  parallel  forces  of  same 
sense,  whose  magnitudes  and 
points  of  application  are  the 
same  as  for  the  original  sys¬ 
tem,  but  which  act  in  a  diffe¬ 
rent  direction  (e.g.,  as  shown 
by  the  dashed  lines  in  Fig. 
these  parallel-force  systems 
will,  evidently,  be  of  same  magnitude  i?,  but  differently  directed. 
To  determine  this  direction,  we  must  find  for  each  case  a  point  through 
which  the  resultant  passes.  Let  us  show  that  the  action  line  of 
the  resultant  of  parallel  forces  always  passes  through  a  certain  point  C, 
regardless  of  the  direction  of  the  forces.  Thus,  resultant  Kj  (not  shown 
in  the  diagram)  of  forces  F^  and  Fg  will  pass  through  a  point  Cj  on 
line  1.4 2  such  that  Fi'A^c^  —Fz’AzC^,  regardless  of  the  direction 


127).  The  resultant  of  each  of 
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of  the  forces,  since  the  latter  does  not  affect  the  location  of  A1A2  or 
the  form  of  the  equation.  The  resultant  of  forces  andJ^g  (which 
is  the  resultant  of  forces  Fi,  F^,  andFg)  will  always  pass  through  a 
point  Cg  on  line  c^A^  determined  in  the  same  way  as  point  cj.  By 
successively  compounding  all  the  forces,  we  find  that  their  resul¬ 
tant  B  passes  through  a  point  C,  which  is  fixed  relative  to  points 
Ai,  A 2,  .  .  An,  and  consequently,  relative  to  the  body  as  a  whole. 

The  point  C,  through  which  the  action  line  of  the  resultant  of  a  system 
of  parallel  forces  passes,  no  matter  how  those  forces  are  rotated  about 
their  points  of  application  through  the  same  angle  in  the  same  direction, 
is  called  the  centre  of  parallel  forces. 

Let  us  find  the  coordinates  of  the  centre  of  parallel  forces.  The  posi¬ 
tion  of  point  C  with  regard  to  the  body  is  constant  and  does  not 
depend  on  the  coordinate  system.  Let  us,  therefore,  take  an  arbitrary 
coordinate  system  Oxyz  and  denote  the  coordinates  of  the  points  in 
this  system;  A^  (ajj,  y^,  z^),  A2  (aJg,  i/g.  ,  C  {xc,  yc,  Zc)-  As 

the  position  of  point  C  does  not  depend  on  the  direction  of  the  for¬ 
ces,  let  us  first  rotate  the  forces  about  their  points  of  application  to 
a  position  parallel  to  axis  z,  and  let  us  apply  to  the  turned  forces 
F\,  Fg,  .  .  .,  F^Varignon’s  theorem  (§  50).  As  the  resultant  of 
these  forces  is  B',  then,  taking  the  moments  of  the  forces  with  res¬ 
pect  to  axis  y,  we  obtain  from  Eq.  (69); 


my{B')  =  'Zm„{Fk).  (71) 

But  from  the  diagram  [or  from  Eqs.  (52)1  we  see  that  my  (B')  = 
=  Rxc,  as  R’  =  R;  my  (Fj)  =  F^x^,  as  F[  =  F^,  etc.  Consequen¬ 
tly,  Rxc  =  FiXi  -h-  F2X2  +  ...  A-  FnXn,  whence 

„  _  FiXi  +  FzX2+ •■■+FnXn  _  S 

- R - -—W~- 

We  obtain  a  similar  expression  for  coordinate  yc  by  taking  the 
moments  with  respect  to  axis  x.  In  order  to  determine  Zc,  we  again 
rotate  the  forces  to  a  position  parallel  to  axis  y  (as  indicated  by  dash- 
and-dot  lines)  and  apply  Varignon’s  theorem,  taking  the  moments 
with  respect  to  axis  x.  This  gives  us; 

— RZc  =  — FiZ^  -fr  ( — FgZg)  -Ir  .  .  .  -I"  ( — ^nZn)j 


whence  we  find  Zc- 

We  thus  obtain  the  following  equations  which  specify  the  coordi¬ 
nates  of  the  centre  of  parallel  forces; 


2  S 

Xc-  ^  ,  Uc-  Jf  . 


2  Fh^h 


(72) 


where  R  is  determined  from  Eq.  (70). 
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Note  that  Eqs.  (70)  and  (72)  are  valid  for  parallel  forces  acting  in 
opposite  directions,  if  Ft^  is  taken  as  an  algebraic  quantity  (i.e., 
plus  for  one  sense  and  minus  for  the  opposite  sense)  and  if  /?  0. 


§  54.  Centre  of  Gravity  of  a  Rigid  Body 


Every  particle  of  a  body  near  the  surface  of  the  earth  is  subjected 
to  the  action  of  a  vertical  downward  force  known  as  the  force  of  gra¬ 
vity  (this  will  be  discussed  in  detail  in  §  121). 

For  a  body  that  is  very  small  as  compared  with  the  earth’s  radius, 
the  gravity  forces  acting  on  its  particles  may  be  regarded  as  parallel 

to  each  other  and  constant  in  value  how¬ 
ever  the  body  is  turned.  A  field  in  which 
these  conditions  are  satisfied  is  called  a 
uniform  gravitational  field. 

We  shall  denote  the  resultant  of  gravity 
forces  .  .  .,  pn  acting  on  the  par¬ 

ticles  of  a  given  body  by  the  symbol  P 
(Fig.  128).  This  force  is  equal  to  the 
weight  of  the  body  in  magnitude  and  is 
specified  by  the  equation*): 

P  =  2p,.  (73) 

The  forces  p^  continue  to  act  parallel  to 
each  other  and  are  applied  at  the  same  points 
of  the  body  regardless  of  how  it  is  rotated, 
but  their  direction  with  respect  to  the  body  changes.  It  follows,  then,  as 
proved  in  §53,  that  the  resultant  P  of  the  forces  passes  through 
one  and  only  one  point  C,  which  is  constant  for  the  given  body. 
This  point  is  the  centre  of  parallel  gravity  forces  p^  and  is  called 
the  centre  of  gravity  of  the  body.  Thus,  the  centre  of  gravity  of  a  body 
is  a  point,  constant  for  every  body,  through  which  the  resultant  of  the 
gravity  forces  acting  on  the  particles  of  that  body  passes,  regardless  of 
how  the  body  is  orientated  in  space.  That  such  a  point  must  always 
exist  follows  from  the  discussion  in  §  53. 

The  coordinates  of  the  centre  of  gravity,  as  the  centre  of  parallel 
forces,  are  specified  by  Eqs.  (72)  and  are 

=  =  — .  (74) 


where  x^,  y^,  2*  are  the  coordinates  of  the  points  of  application  of 
the  gravity  forces  acting  on  the  particles  of  the  body. 

*)  The  weight  of  a  body  is  defined  as  the  force  with  which  a  body  at  rest 
acts  under  the  force  of  gravity  on  a  constraint  preventing  its  vertical  fall  (e.g., 
the  tray  of  a  balance). 
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It  should  be  noted  in  conclusion  that  the  centre  of  gravity,  by 
definition,  is  a  geometric  point  which  is  not  necessarily  a  part  of 
the  body  (e.g.,  the  centre  of  gravity  of  a  ring). 


§  55.  Coordinates  of  Centres  of  Gravity  of 
Homogeneous  Bodies 


The  weight  pti  of  any  part  of  a  homogeneous  body  is  proportional 
to  the  volume  of  that  part,  i.e.  —  yv^;  the  weight  P  of  the 
whole  body  is  proportional  to  its  volume  V,  i.e.,  P  =  yV,  where  y 
is  the  weight  of  a  unit  volume. 

Substituting  the  values  of  P  and  p^  into  Eqs.  (74),  we  find  that 
the  factor  y  appears  in  both  the  numerator  and  the  denominator 
and  therefore  cancels  out.  Thus  we  obtain: 


Xc  = 


2 

V  ’ 


2 

yc=  y  , 


(75) 


We  see  that  the  centre  of  gravity  of  a  homogeneous  body  depends 
only  on  its  geometric  shape  and  does  not  depend  on  the  value  of  y. 
The  point  C,  whose  coordinates  are  specified  by  Eqs.  (75),  is  called 
the  centre  of  gravity  of  the  volume  V. 

Reasoning  in  the  same  way,  we  may  obtain  for  a  homogeneous 
lamina  the  equations 


2  5j 

xc=^ — ’  — » 


(76) 


where  S  is  the  area  of  the  lamina  and  the  areas  of  its  divisions. 

The  point  whose  coordinates  are  specified  by  Eqs.  (76)  is  called 
the  centre  of  gravity  of  the  area  S. 

The  equations  specifying  the  coordinates  of  the  centre  of  gravity 
of  a  line  are  deduced  similarly: 


Xc 


2 

z 


Uc 


2 

z 


2 

z 


(77) 


where  L  is  the  length  of  the  line  and  the  lengths  of  its  (divisions. 

Eqs.  (77)  are  convenient  for  determining  the  centre  of  gravity  of 
articles  made  of  thin  wire  of  uniform  cross  section. 

Thus,  the  centre  of  gravity  of  a  homogeneous  body  is  determined 
as  the  centre  of  gravity  of  the  respective  volume,  area  or  line. 
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§  56.  Methods  of  Determining  the  Coordinates 
of  the  Centre  of  Gravity  of  Bodies 

Proceeding  from  the  general  formulas  evolved  above,  the  follo¬ 
wing  methods  are  suggested  for  determining  the  coordinates  of  the 
centre  of  gravity  of  various  bodies; 

(1)  Method  of  Symmetry.  Let  us  prove  that  if  a  body  has  a  plane 
axis,  or  centre  of  symmetry,  its  centre  of  gravity  is  coincident  with 
the  plane,  axis  or  centre,  respectively. 

Consider  a  homogeneous  body  which  has  a  plane  of  symmetry. 
This  plane,  then,  divides  the  body  into  two  parts  of  equal  weight 

and  Pj,  the  centres  of  gravity  of 
which  lie  at  equal  distances  from  the 
plane  of  symmetry.  Consequently,  the 
centre  of  gravity  of  the  body,  as  a 
point  through  which  the  resultant  of 
the  two  equal  and  parallel  forces 
and  passes,  must  lie  in  the  plane  of 
symmetry.  The  proof  is  similar  for 
the  case  of  bodies  with  an  axis  or  cen¬ 
tre  of  symmetry. 

It  follows,  by  virtue  of  the  properti¬ 
es  of  symmetry,  that  the  centre  of  gra¬ 
vity  of  a  homogeneous  ring,  disc,  or 
rectangular  lamina,  rectangular  pa¬ 
rallelepiped,  sphere,  and  other  ho¬ 
mogeneous  bodies  having  a  centre  of  symmetry,  is  coincident 
with  their  geometrical  centre  (centre  of  symmetry). 

(2)  Method  of  Division.  If  a  body  can  be  divided  into  a  finite  num¬ 
ber  of  elements,  for  each  of  which  the  centre  of  gravity  is  known, 
the  coordinates  of  the  centre  of  gravity  of  the  body  as  a  whole  can 
be  directly  calculated  from  Eqs.  (74)-(77).  The  number  of  components 
in  the  numerators  will  be  equal  to  the  number  of  elements  into  which 
the  body  is  divided. 

Problem  50.  Locate  the  centre  of  gravity  of  the  homogeneous  thin 
plate  shown  in  Fig.  129  (the  dimensions  are  given  in  centimetres). 

Solution.  After  choosing  the  coordinate  axes  and  dividing  the 
plate  into  three  rectangles  as  shown,  we  compute  the  coordinates  of 
the  centre  of  gravity  and  the  area  of  each  rectangle: 


Fig.  129 


Nos 

1 

2 

3 

Xh 

—1 

1 

5 

Vh 

1 

5 

9 

Sft 

4 

20 

12 
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The  total  area  of  the  plate  is 

5  =  %  4-  *2  +  *3  =  36  cm*. 

Substituting  the  computed  values  in  Eqs.  (76),  we  have: 

3:iSl  + 12*2  + 3^3*3  _  — 4  +  20  +  60  D  1  „„ 

Xc - s - - - le - g-cm, 

_  J/i*i  +  y2*2+ 2/3*3  _  4+100+108  _ ^8 

y^_.  - - - - - - _t)_  cm. 


The  location  of  the  centre  of  gravity  C  is  shown  in  the  diagram, 
and  in  this  case  it  is  outside  the  plate.  This  example  shows  again 
that  the  centre  of  gravity  of  a  body  is  a  geometric  point  which  is 
not  necessarily  a  part  of  the  body. 

(3)  Method  of  Supplementation.  This  method  is  a  special  case  of 
the  method  of  division  and  is  used  to  locate  the  centres  of  gravity 
of  bodies  with  holes  or  cavities,  if  the 
centres  of  the  body  as  a  whole  without  the 
cavity,  and  of  the  cavity  itself,  are 
known. 

Problem  51.  Determine  the  centre  of 
gravity  of  a  thin  disc  of  radius  R  with 
a  circle  of  radius  r  cut  out  of  it  (Fig.  130). 

The  distance  =  a. 

Solution.  The  centre  of  gravity  of  the 
disc  lies  on  the  line  CiCj,  as  it  is  the 
axis  of  symmetry.  Draw  the  coordinate 
axes  as  shown.  To  find  the  coordinate 
Xc,  first  supplement  the  missing  part  of 
the  plate  to  make  a  uniform  disc  and 
reduce  the  whole  by  the  area  of  the  cut-out  circle,  taking  the  lat¬ 
ter  with  a  negative  sign.  V^e  have  =  ni?*,  Xi  =  0,  Sj  =  — 


Fig.  130 


X, 


a,  S  =  $1  -\t  =  n  (i?*  —  r*). 


Substituting  these  values  into  Eqs.  (76),  we  obtain: 

yc  =  o. 


Xc  - 


Zt*l  +  ^2*2 

S 


R2-r2  ’ 


The  centre  of  gravity,  we  find,  lies  to  the  left  of  Cj. 

(4)  Method  of  Int^ration.  If  a  body  cannot  be  divided  into  a 
finite  number  of  elements  with  known  centres  of  gravity,  it  is  first 
divided  into  infinitesimal  elements  of  volume  Avu,  for  which 
Eqs.  (75)  acquire  the  form 


=  - , 


etc., 


(78) 


where  x^,  y^,  Zh  are  the  coordinates  of  a  point  inside  the  volume  Av^. 
Passing  to  the  limit  in  Eqs.  (78),  with  Avj^  -^0,  i.e.,  reducing  the 


152 


STATICS  OF  RIGID  BODIES 


[Part  1 


elementary  volumes  to  points,  we  replace  the  summations  in  the 
numerators  by  integrals  over  the  volume  of  the  body.  In  the  limit, 
Eqs.  (78)  give 

xc  =  -Y^xdv,  yc  =  ^\ydv,  zc  =  -^^  zdv.  (79) 

(V)  (V)  (V) 

Similarly,  for  the  coordinates  of  the  centre  of  gravity  of  an  area 
or  curve  we  obtain  in  the  limit,  from  Eqs.  (76)  and  (77), 


If  If  If 

Xc  =  -^jxdl,  yc  =  -i]ydl,  zc  =  -j-\  zdl.  (81) 

<L)  (i)  (i) 

An  example  of  the  use  of  the  method  of  integration  is  given  in 
the  following  section. 

(5)  Experimental  Method.  The  centre  of  gravity  of  a  composite 
non-homogeneous  body,  say  an  aircraft  or  locomotive,  can  be  deter¬ 
mined  experimentally.  In  one  method  (the 
method  of  suspension),  the  body  is  suspen¬ 
ded  by  strings  or  ropes  attached  to  diffe¬ 
rent  points.  The  direction  of  the  string  sup¬ 
porting  the  body  will  each  time  give  the 
direction  of  the  force  of  gravity.  The 
point  of  intersection  of  these  directions 
locates  the  centre  of  gravity  of  the  body. 

Another  method  of  experimentally  loca¬ 
ting  the  centre  of  gravity  is  the  method 
of  weighing,  explained  by  the  following  example. 

Example.  Determine  the  centre  of  gravity  of  an  aircraft  (the 
distance  a  in  Fig.  131)  if  distance  A£  =  I  is  known. 

By  placing  wheel  B  on  the  platform  of  a  balance,  we  determine 
the  pressure  exerted  by  the  wheel,  and  hence  the  reaction  N^-  Simi¬ 
larly,  we  determine  the  reaction  N^.  Equating  to  zero  the  sums  of 
the  moments  of  all  the  forces  with  respect  to  the  centre  of  gravity 
C,  we  obtain  N^a  —  Niil  —  «)  =  0,  whence 


Fig.  131 


N.l 

“-JVi  +  iVz 


Obviously  -A-  =  P,  where  P  is  the  weight  of  the  aircraft. 

If  P  is  immediately  known,  a  single  weighing  is  sufficient  to  find  a. 
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§  57.  Centres  of  Gravity  of  Some  Homogeneous  Bodies 

(1)  Centre  of  Gravity  of  a  Circular  Arc.  Consider  an  arc  AB  of 
radius  R  subtending  a  central  angle  AOB  =  2a.  By  virtue  of  its 
symmetry,  the  centre  of  gravity  of  the  arc  lies  on  axis  x  (Fig.  132). 
Let  us  determine  the  coordinate  Xq  by  formulas  (81).  For  this  take 
an  element  MM'  of  length  dl  —  i?d(p  on  the  arc  AB.  Its  location  is 
defined  by  angle  q).  The  x  coordinate  of  the 
element  MM'  is  x  —  R  cos  qj.  Substituting 
these  values  of  x  and  dl  in  the  first  of 
Eqs.  (81),  and  remembering  that  the  integ¬ 
ral  must  he  over  the  whole  length  of  the 
arc,  we  obtain; 

B  a 

Xc  —  -j-  ^  xdl  =  —j—  J  COS  q)  dq)  = 

A  -a 

O  . 

=  2-j-sin  06, 

where  L  is  the  length  of  the  arc  AB,  which  Fig.  132 

is  equal  to  R  •2a.  Hence,  the  centre  of  gravity 

of  a  circular  arc  lies  on  its  axis  of  symmetry  at  a  distance  from  the  centre 

Xc^R^^^,  (82) 

where  angle  a  is  measured  in  radians. 

The  same  result  can  be  obtained  without  direct  integration.  If  we 
denote  the  length  of  an  arc  element  by  the  symbol  Al^,  Eq.  (77) 
gives 

where  x^  is  the  coordinate  of  element  Al^,  and  with  an  accuracy  to 
infinitesimals  of  higher  order  we  have  Xj,  =  R  cos  qj^  (substituting 
q)h  for  If).  Then  (see  Fig.  74,  §  28),  x^Ah  ^  RAlu  cos  qj^  =  RAy^, 
whence  ’Lx^Alt^  =  RZAy^  =  R  -AB.  And  finally,  noting  that  AB  — 
=  2R  sin  a  and  L  —  R  •2a,  we  arrive  at  Eq.  (82). 

(2)  Centre  of  Gravity  of  a  Triangular  Area.  Let  us  divide  tri¬ 
angle  ABD  (Fig.  133)  into  n  narrow  strips  parallel  to  side  AD.  The 
centres  of  gravity  of  these  strips  will,  evidently,  lie  on  median  BE 
of  the  triangle.  We  conclude,  then,  that  the  centre  of  gravity  of  the 
triangle  lies  on  this  median.  A  similar  result  is  obtained  for  the 
other  two  medians.  We  conclude  therefore  that  the  centre  of  gravity 
of  a  triangular  area  lies  at  the  intersection  of  its  medians.  And,  as  is 
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known, 

CE  =  ^BE. 

(3)  Centre  of  Gravity  of  a  Circular  Sector.  Consider  a  circular 
sector  OAB  of  radius  R  whose  central  angle  is  2a  (Fig.  134).  Let  us 

divide  the  area  of  the  sector  OAB  with  ra¬ 
dii  drawn  from  0  into  n  sectors.  In  the  li¬ 
mit,  when  we  increase  n  indefinitely,  we 
can  regard  the  sectors  as  triangular  areas 
the  centres  of  gravity  of  which  lie  on  arc 
2 

Z) £  of  radius  yi?.  Consequently,  the  centre 

of  gravity  of  the  sector  OAB  is  coincident 
with  the  centre  of  gravity  of  arc  DE,  the 
location  of  which  is  determined  by  Eq.  (82). 
Thus,  the  centre  of  gravity  of  a  circular  sector  lies  on  its  axis  of 
symmetry  at  a  distance  from  its  centre 

=  (83) 

(4)  Centre  of  Gravity  of  a  Pyramid.  Consider  the  triangular  py¬ 
ramid  (tetrahedron)  ABDE  in  Fig.  135.  To  locate  its  centre  of  gra¬ 
vity,  let  us  divide  it  with  planes  parallel  to  base  ABD  into  n  infini¬ 
tesimal  truncated  pyramids,  which  can  be  regarded  in  the  limit, 


B 


Fig.  135 


when  n  is  increased  indefinitely,  as  plane  triangles.  The  centres  of 
cavity  of  these  triangles  lie  on  linfe  ECi  joining  the  vertex  E  of  the 
pyramid  and  the  centre  of  gravity  of  its  base.  Consequently,  the 
centre  of  .gravity  of  the  p3n'amid  lies  on  line  ECy. 

Reasoning  in  the  same  way,  we  find  that  the  centre  of  gravity  also 
lies  on  line  BC.^  joining  vertex  B  with  the  centre  of  gravity  of  face 
ADE.  Hence,  the  required  centre  of  gravity  lies  at  point  C  where 
and  BC^  intersect. 
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Let  us  now  locate  point  C.  As  CjCj  and  BE  divide  the  sides  of 
angle  BKE  into  proportional  segments,  they  are  parallel,  and  tri¬ 
angle  CiCCi  is  similar  to  triangle  ECB.  Furthermore,  BE, 

as  KCi==^  KB.  We  thus  find; 

CCj  _  ^1^2  _  t 

~CE~~BE'~'Z  ' 

whence 

CC^  =  ^CE==\C^E.  (84) 

This  formula  is  valid  for  any  polyhedral  pyramid  and,  in  the  li¬ 
mit,  for  a  cone. 

Thus,  the  centre  of  gravity  of  a  pyramid  (or  cone)  lies  on  the  line 
joining  the  vertex  of  the  pyramid  (cone)  and  the  centre  of  gravity  of  the 
hose,  at  a  distance  from  the  base  equal  to  one  quarter  of  the  length  of  the 
whole  line.- 

Formulas  for  the  coordinates  of  the  centres  of  gravity  of  other 
homogeneous  bodies  can  be  found  in  various  technical  and  mathe¬ 
matical  handbooks. 
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Chapter  10 
Kinematics  of  a  Particle 


§  58.  Introduction  to  Kinematics 

Kinematics  is  the  section  of  mechanics  which  treats  of  the  geomet¬ 
ry  of  the  motion  of  bodies,  without  taking  into  account  their  iner¬ 
tia  (mass)  or  the  forces  acting  on  them. 

On  the  one  hand,  kinematics  is  an  introduction  to  dynamics,  in¬ 
sofar  as  the  fundamental  concepts  and  relationships  of  kinematics 
have  to  be  understood  before  studying  the  motion  of  bodies  taking 
into  account  the  action  of  forces.  On  the  other  hand,  the  methods  of 
kinematics  are  in  themselves  of  practical  importance,  for  example  in 
studying  the  transmission  of  motion  in  mechanisms.  That  is  why 
the  demands  of  the  developing  machine-building  industry  led  to 
the  emergence  of  kinematics  as  a  separate  division  of  mechanics  (in 
the  first  half  of  the  19th  century). 

By  motion  in  mechanics  is  meant  the  relative  displacement  with 
time  of  a  body  in  space  with  respect  to  other  bodies. 

In  order  to  locate  a  moving  body  (or  particle)  we  assume  a  coor¬ 
dinate  system,  which  we  call  the  frame  of  reference  or  reference  sys¬ 
tem,  to  be  fixed  relative  to  the  body  with  respect  to  which  the  motion 
is  being  considered.  If  the  coordinates  of  all  the  points  of  a  body  re¬ 
main  constant  within  a  given  frame  of  reference,  the  body  is  said 
to  be  at  rest  relative  to  that  reference  system.  If,  on  the  other  hand, 
the  coordinates  of  any  points  of  the  body  change  with  time,  the  body 
is  said  to  be  in  motion  relative  to  the  given  frame  of  reference  (and 
consequently,  relative  to  a  body  which  is  fixed  with  respect  to  the 
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frame  of  reference).  When  we  speak  of  the  motion  of  a  body  with  res¬ 
pect  to  a  given  frame  of  reference,  we  shall  mean  its  motion  relative 
to  a  body  fixed  with  respect  to  that  frame  of  reference. 

Any  motion  in  space  takes  place  with  time.  In  mechanics  we  deal 
vrith  three-dimensional  Euclidean  space  in  which  all  dimensions 
are  measured  hy  the  methods  of  Euclidean  geometry.  The  unit  of 
length,  by  which  distance  is  measured,  is  the  metre.  Time  in  mecha¬ 
nics  is  considered  as  universal,  i.e.,  as  passing  simultaneously  in  all 
our  frames  of  reference.  The  unit  of  time  is  one  second.** 

Euclidean  space  and  universal  time  reflect  only  approximately  the 
actual  properties  of  space  and  time.Our  daily  experience  shows,  how¬ 
ever,  that  for  the  motions  considered  in  mechanics  (at  velocities 
much  below  the  velocity  of  light)  the  approximation  is  sufficiently 
accurate  for  all  practical  purposes. 

Time  is  a  continuously  varying  quantity.  In  problems  of  kinema¬ 
tics,  time  t  is  taken  as  an  independent  variable  (the  argument). 
All  other  variables  (distance,  speed,  etc.)  are  regarded  as  changing 
with  time,  i.e.,  as  functions  of  time  t.  Time  is  measured  from  some 
initial  instant  (t  =  0)  which  is  specified  for  every  problem.  Any  given 
instant  of  time  t  is  specified  by  the  number  of  seconds  that  has  passed 
between  the  initial  and  the  given  time.  The  difference  between  suc¬ 
cessive  instants  of  time  is  called  the  time  interval. 

The  principles  of  kinematics,  evolved  from  and  confirmed  by  prac¬ 
tical  experience,  are  based  on  the  axioms  of  geometry.  No  other  laws 
or  axioms  are  necessary  for  the  kinematic  study  of  motion. 

For  the  solution  of  problems  of  kinematics,  the  specific  motion 
under  consideration  has  to  be  described. 

To  describe  the  motion,  or  the  law  of  motion,  of  a  given  body  (particle) 
kinematically  means  to  specify  the  position  of  that  body  (particle)  rela¬ 
tive  to  a  given  frame  of  reference  for  any  moment  of  time.  One  of  the 
main  problems  of  kinematics  is  that  of  describing  the  motion  of  par¬ 
ticles  or  bodies  in  terms  of  mathematical  expressions.  Hence,  we 
shall  commence  the  investigation  of  the  motion  of  any  object  with 
determining  the  ways  of  describing  that  motion. 

The  principal  problem  of  kinematics  is  that  of  determining  all 
the  kinematic  characteristics  of  the  motion  of  a  body  as  a  whole  or 
of  any  of  its  particles  (path,  velocity,  acceleration,  etc.) 
when  the  law  of  motion  for  the  given  body  is  known.  For  the  so¬ 
lution  of  this  problem  we  must  know  either  the  equations 
of  motion  for  the  given  body  or  for  another  body  kinematically  asso¬ 
ciated  with  it. 


*>  The  International  System  of  Units  (see  §  101)  defines  the  metre  as  the 
length  equal  to  1  650  763,73  wave  lengths  in  vacuo  of  the  radiation  correspond¬ 
ing  to  the  transition  between  the  levels  of  2pio  and  of  the  krypton-86  atom; 
the  second  is  defined  as  1/31  556  925.9747  of  the  tropical  year  for  1900  January  0 
at  12  hous  ephemeris  time. 
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We  shall  start  the  study  of  kinematics  with  an  investigation  of 
the  motion  of  the  simplest  body— a  particle  (kinematics  of  a  particle), 
proceeding  later  to  the  examination  of  the  kinematics  of  rigid  bodies. 

§  59.  Methods  of  Describing  Motion  of  a  Particle.  Path 

We  shall  begin  the  study  of  kinematics  with  examining  the  methods 
of  describing  motion.  To  describe  the  motion  of  a  particle,  it  is  ne¬ 
cessary  to  specify  its  position  in  a  chosen  frame  of  reference  at  any 
given  time.  There  are  three  methods  of  describing  motion;  (1)  the 
natural  method,  (2)  the  coordinate  method,  (3)  the  vector  method. 

(1)  Natural  Method  of  Describing  Motion.  The  continuous  curve 
described  by  a  particle  moving  with  respect  to  a  given  frame  of  re¬ 
ference  is  called  the  path  of  that  particle. 
If  the  path  is  a  straight  line,  the  motion 
is  said  to  be  rectilinear,  if  the  path  is  a 
curve,  the  motion  is  curvilinear. 

The  natural  method  of  describing  mo¬ 
tion  is  convenient  when  the  particle’s  path 
is  known  at  once.  Let  the  curve  AB  in 
Fig.  136  be  the  path  of  a  particle  M  mo¬ 
ving  with  respect  to  a  frame  of  reference 
OiXxHiZi.  Take  any  fixed  point  O  on  the 
path  as  the  origin  of  another  frame  of 
reference;  now,  taking  the  path  as  an  arc-coordinate  axis, 
assume  the  positive  and  negative  directions,  as  is  done  with  rectan¬ 
gular  axes.  The  position  of  the  particle  M  on  the  path  is  now  speci¬ 
fied  by  a  single  coordinate  s,  equal  to  the  distance  from  O  \o  M  mea¬ 
sured  along  the  arc  of  the  path  and  taken  with  the  appropriate  sign. 
The  displacement  of  particle  M  carries  it  through  positions 
M2,  .  .  .,  i.e.,  the  distance  s  changes  with  time.  In  order  to  know 
the  position  of  M  on  the  path  at  any  instant,  we  must  know  the  rela¬ 
tion 

s  =  /  it).  (1) 

Eq.  (1)  expresses  the  law  0/  motion  of  particle  M  along  its  path. 

Thus,  in  order  to  describe  the  motion  of  a  particle  by  the  natural 
method,  a  problem  must  state:  (1)  the  path  of  the  particle;  (2)  the  ori¬ 
gin  on  the  path,  showing  the  positive  and  negative  directions;  (3) 
the  equation  of  the  particle's  motion  along  the  path  in  the  form  s  — 
=  /  {t). 

For  example,  if  a  particle  is  moving  from  an  origin  0  along  a  curve 
so  that  its  distance  from  0  increases  in  proportion  to  the  square  of 
the  time,  the  equation  of  motion  will  be 

s  =  at^. 
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where  a  is  the  displacement  of  the  particle  in  the  first  second.  At  time 
=  2&  the  particle  will  be  at  distance  4a  from  0,  etc.  Consequently, 
knowing  Eq.  (1)  we  can  determine  the  position  of  a  moving  particle 
at  any  instant. 

Note  that  s  in  Eq.  (1)  denotes  the  moving  particle’s  position, 
not  the  distance  travelled  by  it.  For  example,  if  the  particle  in 


/;  M 


Fig.  137 


Fig.  136  travels  from  0  to  and  then  reverses  its  motion  to  point 
M,  its  coordinate  at  that  moment  is  s  =  OM,  but  the  distance  it 

travelled  is  OM^  +  M^M,  i.e.,  not  s. 

In  the  case  of  rectilinear  motion,  if  axis  Ox  is  directed  along  the 
particle’s  path  (Fig.  137),  we  have  s  =  x,  yielding  the  law  of  rectili¬ 
near  motion  of  a  particle  as 


X  =  f  {t). 


(2) 


(2)  Coordinate  Method  of  Describing  Motion. 

The  natural  method  of  describing  motion  offers 
a  very  clear  picture,  but  a  particle’s  path  may 
not  be  known,  which  is  why  the  coordinate 
method  is  employed  more  frequently. 

The  position  of  a  particle  with  respect  to  a  gi¬ 
ven  frame  of  reference  Oxyz  can  be  specified  by 
its  Cartesian  coordinates  x,  y,  z  (Fig.  138).  When  motion  takes 
place,  the  three  coordinates  will  change  with  time.  If  we  want  to 
know  the  equation  of  motion  of  a  particle,  i.e.,  its  location  in  spa¬ 
ce  at  any  instant,  we  must  know  its  coordinates  for  any  moment  of 
time,  i.e.,  the  relations 


3:=  flit),  y^fiit).  z^fait) 


(3) 


should  be  known. 

Eqs.  (3)  are  the  equations  of  motion  of  a  particle  in  terms  of  the  Car¬ 
tesian  rectangular  coordinates.  They  describe  the  curvilinear  motion 
of  a  particle  by  the  coordinate  method 

If  a  particle  moves  in  one  plane,  then,  taking  the  plane  for  the  xy 
plane,  we  obtain  two  equations  of  motion: 

X  =  fi  it),  y  =fi  it)  (4) 


*>  The  motion  of  a  particle  can  be  described  in  other  coordinate  systems: 
polar  (see  §  7f),  spherical,  etc. 
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Finally,  in  the  case  of  rectilinear  motion,  if  axis  x  is  directed  along 
the  path,  the  motion  is  described  by  the  single  equation  (2)  obtained 
before  (in  this  case  the  coordinate  and  natural  methods  of  describing 
motion  coincide). 

Eqs.  (3)  or  (4)  are,  at  the  same  time,  the  equations  of  the  particle’s 
path  in  parametric  form,  where  the  time  t  is  the  parameter.  By  eli¬ 
minating  time  t  from  the  equations  of  motion  we  can  obtain  the  equa¬ 
tion  of  the  path  in  the  usual  form,  i.e.,  in  the  form  of  a  relation 
between  the  particle’s  coordinates. 

Examples.  (1)  Let  a  particle’s  motion  in  a  plane  Oxy  be  given  by 
the  equations 

X  —  2t,  y  —  i2f.  (a) 

From  these  equations  at  time  t  =  0  the  particle  is  at  M#  (0,  0), 
i.e.,  at  the  origin  of  the  coordinate  system;  at  time  =  1  s  it  is  at 
Ml  (2,  12),  etc.  Thus,  equations  (a)  actually  define  the  particle’s 
position  at  any  instant.  By  assigning  t  different  values  and  drawing 
a  graph  of  the  particle’s  displacement  we  can  construct  its  path. 

Another  way  of  determining  the  path  is  by  eliminating  t  from  the 

equations  (a).  From  the  first  equation  t  =  y  ;  substituting  it  for  f 

in  the  second  equation,  we  obtain  y  =  3x^.  Hence  the  path  is  a  para¬ 
bola  with  the  apex  at  the  origin  of  the  coordinate  axes  and  the  axis 
parallel  to  axis  Oy. 

(2)  Consider  the  case  when  a  particle’s  motion  is  described  by  the 
equations: 

X  =  a  sin  nt,  y  ==  a  cos  nt,  z  =  a  cos  nt.  (b) 

Squaring  the  first  two  equations  and  adding  them,  we  obtain:  x^  -f- 
-|r  y^  =  a*.  Also,  from  the  second  and  third  equations  y  =  z.  Thus, 
the  path  lies  on  the  line  of  intersection  of  a  circular  cylinder  of  ra¬ 
dius  a,  whose  axis  coincides  with  axis  Oz,  with  a  plane  p  =  z  bi¬ 
secting  the  spatial  angle  between  planes  Oxy  and  Oxz,  i.e.,  an  ellipse 
with  semiaxes  a  and  aY 2  lying  in  the  plane  y  =  z. 

For  other  examples  of  determining  path  see  Problems  53,  54, 
56  (§  65). 

(3)  Vector  Method  of  Describing  Motion.  Let  a  particle  M  be  mo¬ 
ving  relative  to  any  frame  of  reference  Oxyz.  The  position  of  the  par¬ 
ticle  at  any  instant  can  be  specified  by  a  vector  r  drawn  from  the 
origin  O  to  the  particle  M  (Fig.  139).  Vector  r  is  called  the  radius 
vector  of  the  particle  M. 

When  the  particle  moves,  the  vector  r  changes  with  time  both 
in  magnitude  and  direction.  Thus,  r  is  a  variable  vector  (a  vector 
function)  depending  on  the  argument  t: 

r  =  r  (t). 


(5) 
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Eq.  (5)  describes  the  curvilinear  motion  of  a  particle  in  vector 
form  and  can  be  used  to  construct  a  vector  r  for  any  particular  mo¬ 
ment  of  time  and  to  determine  the  position  of  the  moving  particle 
at  that  moment. 

The  locus  of  the  tips  of  vector  r  defines  the  path  of  the  moving 
particle. 

The  vector  method  is  convenient  for  establishing  general  depen¬ 
dencies,  as  it  describes  a  particle’s  motion  in  terms  of  one  vector 
equation  (5)  instead  of  the  three  scalar  equations  (3). 

The  relationship  between  the  coordinate  and  vector  methods  of 
describing  motion  can  easily  be  established  by  introducing  unit 
vectors  i,  J,  k  directed  along  the  x,  y, 
z  axes,  respectively  (see  Fig.  139). 

As  the  projections  of  vector  r  on  the  co¬ 
ordinate  axes  are  equal  to  the  coordina¬ 
tes  of  the  particle  Af,  i.e.  r,.  =  x,  ry  = 

=  =  2,  we  obtain 

r  =  xi  -\r  yj  -\r  zk.  (6) 

Hence  if,  for  example,  the  motion  of 
a  particle  in  plane  Oxy  is  given  in  co-  Fig.  139 

ordinate  form  by  the  equations  x  = 

—  2t,y  =  12P,  the  vector  equation  (5)  of  that  motion  will  be 


r  =2ti-h-  12PJ. 

Using  this  equation  we  can  construct  vector  r  and  determine  the 
particle’s  position  at  any  instant  t.  For  example,  at  =  1  s,  = 
=  -(r  12;’  and  can  be  constructed  as  the  diagonal  of  the  correspon¬ 

ding  parallelogram,  etc. 

Conversely,  if  a  particle’s  motion  is  described  in  vector  form  by, 
for  example,  the  equation  r  =  (1  —  t)  i  2Pj  —  3tk,  the  equation 
of  motion  in  coordinate  form  will  be  a;  =  (1  —  t),y  =  2f,  z  =  — 3f. 


§  60“^.  Conversion  From  Coordinate 
to  Natural  Method  of  Describing  Motion 

It  has  been  shown  that  if  motion  is  described  by  the  equations  (3) 
or  (4), the  path  of  the  particle  can  be  determined.  It  is,  furthermore, 

known  that  =  dx^  -i-  dy^  -tr  dz®,  or  =  x^  +  y^  +  z^  dt,  where 
a:  =  -j^ ,  etc.  Hence,  assuming  that  at  i  =  0  the  displacement  s  —  0, 


11—5562 
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we  obtain*) 

J  +  (7) 

0 

After  integrating,  Eq.  (7)  yields  the  equation  of  motion  along  the 
path  in  the  form  (1).  If  the  motion  is  described  by  Eqs.  (4),  the  equa¬ 
tion  (7)  will  lack  the  member  with  the  deriva¬ 
tive  of  z. 

Problem  52.  The  motion  of  a  point  in  plane  Oxy 
is  described  by  the  equations 

X  —  a  cos  <ot,  y  =  a  sin  oat,  (a) 

where  a  and  <0  are  constants.  Determine  the 
path  and  the  equation  of  motion  along  it. 

Solution.  Squaring  the  equations  (a)  and  ad¬ 
ding  them,  we  obtain:  x*  -\r  —  o®. 

Hence,  the  path  is  a  circle  of  radius  a  with  the  centre  at  the  origin 
of  the  coordinate  system  (Fig.  140).  Computing  the  derivatives  of 
X  and  y  with  respect  to  t,  we  obtain 

•  • 

X  =  —aa  sin  of,  y  ~  aa  cos  of. 

Substituting  into  Eq.  (7),  we  have 

t 

s=  I  aodf  or  s=:aof.  (b) 

0 

Equation  (b)  describes  the  particle’s  motion  along  the  path  in  the 
form  (1).  From  equations  (a),  when  f  =  0,  we  have  x  =  a,  and  y  =  0, 
i.e.,  the  particle  is  at  Mq',  as  t  increases  x  decreases  and  y  increases, 
assuming  positive  values.  Consequently,  the  counting  off  of  s  starts 
at  point  Mo  and  the  displacement  along  the  circle  is  in  the  direction 
indicated  by  the  arrow  in  Fig.  140.  It  will  be  observed  from  equation 
(b)  that  as  the  particle  moves  the  displacement  s  increases  in  pro¬ 
portion  to  the  time,  the  increment  being  a©  each  second,  such  motion 
is  called  uniform. 

In  this  case  the  conversion  from  the  natural  method  made  for 
a  more  graphic  visualisation  of  the  motion  than  could  be  presented 
by  equations  (a)  directly. 


*>  By  taking  the  square  root  with  the  plus  sign  we  thereby  determine  the 
positive  direction  of  the  displacement  s  (in  the  direction  the  point  starts  moving 
at  time  t  =  0). 
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§  61.  Velocity  Vector  of  a  Particle 

One  of  the  basic  kinematic  characteristics  of  motion  of  a  particle 
is  a  vector  quantity  called  velocity.  First  let  us  introduce  the  concept 
of  average  velocity  of  a  particle  in  a  given  time  interval.  Let  a  mo¬ 
ving  particle  occupy  at  time  t  a  position  M  defined  by  the  radius 
vector  »•,  and  at  time  ti  a  position  defined  by  the  radius  vector 
(Fig.  141).  The  displacement  during  the  time  interval  At  =  ti  —  t 
is  defined  by  a  vector  MMi  which  we  shall  call  the  displacement  vector 
of  the  particle.  The  vector  is  directed  along  a  chord  if  the  particle  is 


in  curvilinear  motion  (Fig.  141a),  and  along  the  path  AB  in  rectili¬ 
near  motion  (Fig.  1416). 

From  triangle  OMM^  we  have  r  -tr  MM^  =  »*ii  whence 


MMi  =ri—r  =  Ar. 


The  ratio  of  the  displacement  vector  of  a  particle  to  the  correspon¬ 
ding  time  interval  defines  a  vector  quantity  called  the  average  (both 
magnitude  and  direction)  velocity  of  the  particle  during  the  given 
time  interval  At: 


Vav  =  - 


MMj 

At 


Ar 

aT  • 


(8) 


The  magnitude  of  the  average  velocity  given  by  Eq.  (8)  is 


l^av  =  — ; 


MM, 


At 


(8') 


Vector  Wav  has  the  same  direction  as  vector  MM^,  i.e.,  along  the 
chord  MMi  in  the  direction  of  the  motion  of  the  particle  in  the  case 
of  curvilinear  motion,  and  along  the  path  itself  in  the  case  of  recti¬ 
linear  motion  (the  direction  of  the  vector  is  not  altered  by  being 
divided  by  At). 


11* 
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Obviously,  the  smaller  the  time  interval  At  =  —  t  for  which 

the  average  velocity,  has  been  calculated,  the  more  precisely  will 
t>av  characterise  the  particle’s  motion.  To  obtain  a  characteristic 
of  motion  independent  of  the  choice  of  the  time  interval  At,  the  con¬ 
cept  of  instantaneous  velocity  of  a  particle  is  introduced. 

The  instantaneous  velocity  of  a  particle  at  any  time  t  is  defined 
as  the  vector  quantity  v  towards  which  the  average  velocity  t>av 
tends  when  the  time  interval  At  tends  to  zero: 

v=  lim  (yav)=  lim 

At-O  A<.»0 


The  limit  of  the  ratio  Ar/At  as  At," 0  is  the  first  derivative  of 
the  vector  r  with  respect  to  t  and  is  denoted,  like  the  derivative  of 
a  scalar  function,  by  the  symbol  drldt*K 
Finally  we  obtain: 


Thus,  the  vector  of  instantaneous  velocity  of  a  particle  is  equal  to 
the  first  derivative  of  the  radius  vector  of  the  particle  with  respect  to  time. 

As  the  limiting  direction  of  the  secant  MMi  is  a  tangent,  the  vec¬ 
tor  of  instantaneous  velocity  is  tangent  to  the  path  of  the  particle 
in  the  direction  of  motion. 

Eq.  (9)  also  shows  that  the  velocity  vector  v  is  equal  to  the  ratio 
of  the  infinitesimal  displacement  dr  of  the  particle  tangent  to  its 
path  to  the  corresponding  time  interval  dt. 

In  rectilinear  motion  the  velocity  vector  v  is  always  directed  along 
the  straight  line  in  which  the  particle  is  moving  and  can  change  only 
in  magnitude;  in  curvilinear  motion  the  direction  of  the  velocity 
vector  changes  continuously.  The  dimension  of  velocity  is  displa¬ 
cement/time,  and  the  customary  units  are  m/s  or  km/h. 


§  62.  Acceleration  Vector  of  a  Particle 

Acceleration  characterises  the  time  rate  of  change  of  velocity 
in  magnitude  and  direction. 

Let  a  moving  particle  occupy  a  position  M  and  have  a  velocity 
V  at  a  given  timet,  and  let  it  at  timetj  occupy  a  position  and  have 
a  velocity  v-^  (Fig.  142).  The  increase  in  velocity  in  the  time  interval 
At  =  ti  —  t  is  \v  =Vi  —  V.  To  construct  vector  Av,  lay  off  vector 

♦'  In  general,  for  any  variable  vector  u  depending  on  an  argument  t 

&u  du 
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Vx  from  point  M  and  construct  a  parallelogram  with  as  its  diagonal 
and  V  as  one  of  its  sides.  It  is  evident  that  the  other  side  will  repre¬ 
sent  vector  Av.  Note  that  vector  Av  is  always  directed  towards  the 
inside  of  the  path.  The  ratio  of  the  velocity  increment  vector  At>  to 
the  corresponding  time  interval  At  defines  the  vector  of  average  accelera¬ 
tion  of  the  particle  in  the  given  time  interval: 

'M?av  =  -^.  (10) 

Obviously,  the  vector  of  average  accelera¬ 
tion  has  the  same  direction  as  vector  A», 
i.e.,  towards  the  inside  of  the  path. 

The  instantaneous  acceleration  of  a  par¬ 
ticle  at  a  given  time  t  is  defined  as  the  1^2 

vector  quantity  w  towards  which  the  ave¬ 
rage  acceleration  Wav  tends  when  the  time  interval  At  tends  to  zero: 


w- 


lim 

At-O 


Aw 

At 


dv 

~dF 


or,  taking  into  account  Eq.  (9), 


w- 


dv 

dt 


d^r 

~W 


(11) 


Thus,  the  vector  of  instantaneous  acceleration  of  a  particle  is  equal  to 
the  first  derivative  of  the  velocity  vector  or  the  second  derivative  of  the 
radius  vector  of  the  particle  with  respect  to  time. 

The  dimension  of  acceleration  is  displacement/(time)*,  and  the 
commonly  used  unit  is  m/s*. 

It  follows  from  Eq.  (11)  that  the  acceleration  vector  w  is  equal  to 
the  ratio  of  the  increment  of  the  velocity  vector  dv  to  the  correspon¬ 
ding  time  interval  dt. 

Let  us  see  how  vector  w  is  directed  with  respect  to  the  path  of  the 
particle.  In  rectilinear  motion  vector  w  is,  obviously,  directed  along 
the  straight  line  in  which  the  particle  is  moving.  If  the  path  is  a  pla¬ 
ne  curve,  the  acceleration  vector  w,  like  the  vector  Wav.  lies  in  the 
plane  of  the  curve  and  is  directed  towards  the  inside  of  the  curve. 
If  the  path  is  a  curve  in  space,  the  vector  Wav  is  directed  towards  its 
inside,  in  a  plane  through  the  tangent  to  the  path  at  point  M  and 
a  line  parallel  to  the  tangent  through  the  neighbouring  point 
(see  Fig.  142).  In  the  limit,  when  point  Mi  tends  to  M,  this  plane 
coincides  with  the  so-called  osculating  plane*').  Hence,  in  the  general 

The  osculating  plane  through  a  point  Af  on  a  curve  may  also  be  defined 
as  the  limiting  position  of  a  plane  through  points  M,  Mi  and  of  the  given 
curve  when  points  A/,  and  Af  ^  tend  to  M.  Of  all  the  planes  passing  through  point 
M,  the  osculating  plane  has  the  highest  order  of  osculation  (has  the  greatest 
contact  with  the  curve).  Every  point  of  a  three-dimensional  curve  (e.g.,  _a  helix) 
has  its  own  osculating  plane.  The  osculating  plane  of  a  plane  curve  is  coincident 
with  the  plane  of  the  curve  and  is  common  for  all  its  points. 
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case,  the  acceleration  vector  w  lies  in  the  osculating  plane  and  is  directed 
towards  the  inside  of  the  curve. 

Eqs.  (9)  and  (11)  obtained  in  §§  61-62  give  the  general  expressions 
of  the  basic  kinematic  characteristics  of  motion  in  vector  form  and 
are  essential  for  developing  all  other  formulas  and  relationships  in 
particle  kinematics. 


§  63.  Theorem  of  the  Projection  of  the  Derivative 

of  a  Vector 


The  following  theorem  will  be  found  useful  in  solving  vector  equa¬ 
tions  containing  derivatives,  when  it  is  necessary  to  go  over  from 
relations  between  vectors  to  relations  between  their  projections; 
The  projection  of  the  derivative  of  a  vector  on  a  fixed  axis  is  equal  to  the 
derivative  of  the  projection  of  the  differentiated  vector  on  the  same  axis*). 

Let  there  be  a  variable  vector  p  depending  on  an  argument  t.  The 
derivative  of  p  with  respect  to  t  is  also  a  vector  q.  By  analogy  with 
Eq.  (6),  vector  p  can  be  represented  in  terms  of  its  projections  in  the 
form  p  =  pxi  -It  pyj  4-  Pzfr-  As  vectors  i,J,k  are  constant  in  mag¬ 
nitude  (|i|=|^|  =  (A!|  =  1)  and  direction  (the  axes  x,  y,  z 
are  stationary), 


^Px 

dt 


dPy  j  ,  dpz 


-J  + 


k. 


(12) 


dt  ~  dt  ”  '  dt  ''  '  dt 

On  the  other  hand,  vector  q  can  also  be  represented  in  the  form 

qyj  4-  qzk.  (13) 

As  the  left-hand  sides  of  equations  (12)  and  (13)  are  equal,  so  are 
their  right-hand  sides,  whence, 

if  «  =  then  =  = 


(14) 


and  the  theorem  is  proved. 

It  should  be  noted  that  the  relation  of  the  form  (14)  is  not  valid  for  the 
magnitudes  of  vectors,  i.e., if  q  =  ^-  then  generally  \q  1^  • 

In  particular,  we  have  proved  that  =  and  M>  =  -^;here,  too, 
in  the  general  case  1  w  |  =4=  end  |  -u*  |  =4  • 

*'  If  this  purely  mathematical  theorem  expressed  by  Eqs.  (14)  is  known, 
the  proof  can  be  omitted. 
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For,  say,  if  a  particle  moves  in  a  circle  whose  centre  is  at  the  ori- 
gin  of  a  coordinate  system,  its  velocity  is  v=  (the  direction 
of  r  changes  with  time),  but  in  magnitude  |  »*  |  =  const,  and  conse- 
quenly,  =  0.  It  is  evident,  then,  that  \v\^  .  That 

I  w  I  ^  - 1^"--  will  be  shown  in  §  67. 

The  methods  of  determining  the  magnitudes  of  the  velocity  and 
acceleration  of  a  particle  are  discussed  further  on. 


§  64.  Determination  of  the  Velocity  and  Acceleration 

of  a  Particle 

When  its.  Motion  is  Described  by  the  Coordinate  Method 


Let  us  see  how  a  particle’s  velocity  and  acceleration  can  be  calcu¬ 
lated  when  its  motion  is  described  by  Eqs.  (3)  or  (4).  The  determina¬ 
tion  of  path  was  discussed  in  §  59. 

(1)  Determination  of  the  Velocity  of  a  Particle.  The  velocity  vec¬ 


tor  of  a  particle  is  w  =  — .  Hence,  using  relation  (14),  and  taking 


into  account  that  =  x. 

ry=y,  r^  =  z  (see  Fig. 

139),  we  have: 

II 

H 

dy  dz 

‘’«—~dr'  ^^~~dr' 

(15) 

or 

Vx  = 

X,  Vy  =  y,  =  Z, 

(150 

where  the  dot  over  the  letter  is  a  symbol  of  differentiation  with  res¬ 
pect  to  time.  Thus,  the  projections  of  the  velocity  on  the  coordinate  axes 
are  equal  to  the  first  derivatives  of  the  corresponding  coordinates  of  the 
particle  with  respect  to  time. 

Knowing  the  projections  of  the  velocity,  we  can  find  the  magnitude 
and  direction  (i.e.,  the  angles  a,  p,  y  which  vector  v  makes  with  the 
coordinate  axes)  from  the  equation: 

v  =  Vvi  +  v§  +  vt; 

Vx  O  1^2 

cos  a  =  —  ,  cos  p  =  —  ,  cos  y  —  —. 

(2)  Determination  of  the  Acceleration  of  a  Particle.  The  accelera¬ 
tion  vector  of  a  particle  is  w  =  Hence,  from  the  theorem  of  the 
projection  of  a  derivative  and  from  Eqs.  (15),  we  obtain: 


dvx 

dt 


(Px 


dVy  ipy 


dfi  ’ 


(17) 
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or 


Wx=Vx~X, 


Wu 


■Vy  =  y, 


Wz 


■  Vz==Z, 


(17') 


i.e.,  the  projections  of  the  acceleration  on  the  coordinate  axes  are  equal 
to  the  first  derivatives  of  the  projections  of  the  velocities,  or  the  second 
derivatives  of  the  corresponding  coordinates,  of  the  particle  with  respect 
to  time.  The  magnitude  and  direction  of  the  acceleration  are  given  by 
the  equations 

w  —  Yii^i-i-Wv  +  wl  ; 

cos  ,  cos  8,  =  — ^  ,  cos  Y,  =  , 

1  w  ‘‘w 


where  a^,  and  Yi  are  the  angles  made  by  the  acceleration  vector 
with  the  coordinate  axes. 

Thus,  if  the  motion  of  a  particle  is  described  in  rectangular  Car¬ 
tesian  coordinates  by  Eqs.  (3)  or  (4),  the  velocity  of  the  particle  is 
given  by  Eqs.  (15)  and  (16)  and  the  acceleration  by  Eqs.  (17)  and 
(18).  In  the  case  of  plane  motion,  the  z  projection  should  be  omitted 
in  all  the  equations. 

In  the  case  of  rectilinear  motion,  which  is  given  by  the  single  equa¬ 
tion  X  —  f  (t),  we  have: 


dx  dvx  d^x 

Vx=^,  Wx  =  -^  =  -^. 


(19) 


As  there  are  no  projections  on  the  other  axes,  in  this  case,  conse¬ 
quently,  Vx  —  Azv,  «>*  =  ±  u’,  i.e.,  in  rectilinear  motion  Eqs.  (19) 
immediately  give  a  particle’s  velocity  and  acceleration. 


§  65.  Solution  of  Problems  of  Particle  Kinematics 

Problems  solved  by  the  methods  of  particle  kinematics  may  consist 
in  determination  of  the  particle’s  path,  velocity  or  acceleration,  de¬ 
termination  of  the  time  needed  for  the  particle  to  travel  through  a 
given  displacement,  or  of  the  displacement  in  a  given  period  of 
time,  etc. 

Before  proceeding  with  the  solution  of  any  of  these  problems  it  is 
necessary  to  determine  the  law  of  motion  of  the  particle.  One  of  two  cases 
is  possible: 

(1)  The  law  of  motion  is  given  in  the  conditions  of  the  problem.  In 
this  case  the  solution  consists  in  applying  the  respective  equations 
(Problems  53  and  54). 

(2)  The  law  of  motion  of  the  particle  is  not  given,  but  its  motion 
is  in  some  specific  way  dependent  on  the  given  motion  of  another 
particle  (or  another  body).  In  this  case  the  solution  of  the  problem 
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begins  with  determining  the  equations  describing  the  particle's  motion 
(Problems  55  and  56). 

Problem  53.  The  motion  of  a  particle  is  described  by  the  equations 
X  =  8t  —  AP,  y  =  Qt  — 

where  x  and  y  are  in  metres  and  t  is  in  seconds. 

Determine  the  path,  velocity  and  acceleration  of  the  particle. 

Solution.  To  determine  the  path,  we  first  eliminate  time  t  from  the 
equations  of  motion.  Multiplying  both 
parts  of  the  first  equation  by  3  and  both 
parts  of  the  second  by  4,  and  subtracting 
the  second  from  the  first,  we  obtain  3a:  — 

—  Ay=0,  or 

3 

Consequently,  the  path  is  a  straight  line 
making  an  angle  a  with  axis  x  such  that  Fig.  143 

tan  a  =  -^  (Fig.  143). 

Now  let  us  determine  the  velocity  of  the  particle.  From  Eqs.  (15) 
and  (16)  we  obtain: 

=  X  =  S  {i  —  t),  Vy  —  y  =  8  {\  —  t) 

V=Yt^X  +  Vy  —  10  \i  -  f|. 

To  determine  the  acceleration  of  the  particle,  Eqs.  (17)  and  (18) 
give  us: 

♦  ♦  •  • 

Wx  —  X  =  —8,  Wy  =  y  =  —6,  w  =  10  m/s*. 

Vectors  v  and  w  are  evidently  directed  along  the  path,  i.e.,  along 
AB.  The  projections  of  the  acceleration  on  the  coordinate  axes  are 
always  negative,  consequently,  the  acceleration  is  always  directed 
from  jS  to  ^ .  The  projections  of  the  velocity  at  0  <C  /  <  1  are  posi¬ 
tive,  consequently,  within  this  time  interval,  the  velocity  is  direc¬ 
ted  from  O  to  B.  At  time  i  =  0,  i;  =  10  m/s,  and  at  time  i  =  1  s, 
y  =  0.  When  f  >  1  s,  both  projections  of  the  velocity  are  negative 
and,  consequently,  the  velocity  is  directed  from  Bio  A,  i.e.,  simi¬ 
larly  to  the  acceleration. 

Finally,  note  that,  at  i  =  0,  x  =  0  and  y  ==  0,  at  t  =  1  s,  a:  =  4 
and  y  =  3  (point  B),  at  t  =  2  s,  a;  =  0,  y  =  0;  at  t  >  2  s,  the  abso¬ 
lute  values  of  x  and  y  continue  to  increase  in  the  negative  direction. 

Thus,  the  equations  given  in  the  statement  of  the  problem  tell  us 
everything  about  the  motion  of  the  particle.  The  motion  begins  at 
point  O  with  an  initial  velocity  Vq  =  10  m/s  and  is  along  a  straight 

line  AB  inclined  to  axis  x  at  an  angle  a  such  that  tan  a  =  -^  .  On 
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the  portion  OB  the  motion  is  uniformly  retarded,  and  in  one  second 
the  particle  comes  to  rest  at  point  B  (4, 3).  From  there  it  moves  back 
with  uniform  acceleration.  At  f  =  2  s,  the  particle  returns  to  the 
origin  of  coordinates  and  continues  to  move  along  OA .  The  accelera¬ 
tion  is  all  the  time  10  m/s®. 

Problem  54.  The  motion  of  a  particle  is  described  by  the  equations: 

X  —  a  sin  bat,  y  =  a  cos  cat,  z  =  ut, 


where  a,  to,  and  u  are  constants.  Determine  the  path,  velocity  and 
acceleration  of  the  particle. 

Solution.  Squaring  the  first  two  equations  and  adding  them,  we 
obtain  (since  sin®  wt  -[r  cos®  oat  —  i): 

a:®  -t.  y®  =  a®. 


Hence,  the  path  lies  on  a  circular  cylinder  of  radius  a,  the  axis  of 
which  is  coincident  with  axis  z  (Fig.  144).  Determining  t  from  the 

third  equation  and  substituting  its  value 
into  the  first,  we  find: 


a:  =  a  sin  • 


Thus,  the  path  of  the  particle  is  the  line 
of  intersection  of  a  sinusoidal  surf  ace,  whose 
generators  are  parallel  to  axis  y,  with 
the  cylindrical  surface  of  radius  a.  This 
curve  is  called  the  helical  line.  It  can  be 
seen  from  the  equations  of  motion  that  the 
particle  makes  one  turn  along  the  helical 
line  in  time  t^,  determined  by  the  equation 
(1)^1  =  2n.  The  displacement  of  the  parti¬ 
cle  parallel  to  axis  z  in  that  time  is 

called  the  pitch  of  the  helical  line. 

Let  us  now  determine  the  velocity  and  acceleration  of  the  particle. 
Differentiating  the  equations  of  motion  with  respect  to  time,  we 
obtain: 


IS 


whence 


Vx  =  0(1)  cos  bat,  Vy  —  —  0(0  sin  oat,  =  u, 
v  =  Y  (cos®  (o<  -f  si  n®  (oi )  -|-  u®.  —Y  <F‘bF‘  -|-  m®  . 


The  quantities  under  the  radical  are  constant.  Consequently,  the 
magnitude  of  the  velocity  is  constant  and  is  directed  at  a  tangent  to 
the  path.  From  Eqs.  (17)  we  calculate  the  projections  of  the  accelera¬ 
tion: 

Wx  —  — 0(0®  sin  bat,  Wy  —  — o(o®  cos  bat,  Wz  —  0, 
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whence 

w  =  Y^'x-\-wl  =a(t?’. 

Thus,  the  motion  has  an  acceleration  of  constant  magnitude.  To 
determine  the  direction  of  acceleration,  we  have  the  equations 

cosai=— —sin  <i)^= - , 

w  a 

cos6i  =  — — cosQ)t= — —  ,  cosYi  =  -^  =  0. 

*  w  a  *  w 

But  evidently 

*  Vo 

—  =  COS  a,  —  =  cos  p, 

where  a  and  p  are  the  angles  made  by  the  radius  a,  drawn  from  the 
axis  of  the  cylinder  to  the  moving  particle,  with  the  x  and  y  axes. 
As  the  cosines  of  angles  «!  and  p^  differ  from 
the  cosines  of  the  angles  a  and  P  only  in 
sign,  we  conclude  that  the  acceleration  of 
the  particle  is  continuously  directed  along 
the  radius  of  the  cylinder  towards  its 
axis. 

It  should  be  noted  that  although,  in  the 
present  case,  the  motion  has  a  velocity  of 
constant  magnitude  (i.e.,  has  a  constant 
speed),  the  acceleration  of  the  particle  is 
not  zero,  as  the  direction  of  the  velocity 
is  continually  changing. 

Problem  55.  A  man  of  height  h  walks  away  Fig.  145 

from  a  lamp  hanging  at  a  height  H  with  a 

velocity  u.  Determine  the  velocity  of  the  tip  of  the  man’s  shadow. 

Solution.  First  let  us  establish  the  law  of  motion  of  the  tip  of  the 
shadow.  Choosing  point  directly  under  the  lamp  as  the  origin  of  our 
frame  of  reference,  draw  axis  x  along  the  straight  line  where  the  end 
of  the  shadow  moves,  as  shown  in  Fig.  145.  Now,  depicting  the  man 
at  an  arbitrary  distance  x^  from  O,  we  find  that  the  tip  of  his  shadow 
is  at  Xg. 

By  virtue  of  the  similarity  of  triangles  0AM  and  DAB,  we  have: 

H 

This  is  the  equation  of  motion  for  the  tip  of  the  shadow  M,  provi¬ 
ded  the  equation  of  motion  for  the  man,  i.e.,  x^  =  f  {t),  is  known. 

Differentiating  both  parts  of  the  equation  with  respect  to  time  and 

•  • 

noting  that  according  to  formula  (19)  x^  —  u  =  u  and  x^  =  Vx  —  v. 
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where  v  is  the  required  velocity,  we  obtain: 

H 

v  =  -Tj^u. 

If  the  man  moves  with  uniform  velocity  (w  =  const.),  the  velocity 
of  the  shadow  v  is  also  uniform,  but  it  is  -^Zh  tinges  faster  than  that 
of  the  man. 

It  should  be  noted  that  in  developing  the  equations  of  motion,  the 
moving  body  or  mechanism  (see  Problem  56)  should  he  drawn  in  an  arbi¬ 
trary  position.  Only  thus  can  we  obtain  an  equation  specifying  the 
position  of  a  moving  particle  (or  body)  at  any  moment  of  time. 

Problem  56.  Determine  the  path,  velocity  and  acceleration  of 
point  M  in  the  middle  of  the  connecting  rod  of  the  crankgear  in 


Fig.  146,  if  OA  —  AB  =  2a  and  angle  q)  increases  with  time:  q)  = 

=  (At, 

Solution.  Let  us  first  develop  the  equations  of  motion  of  point  M. 
Drawing  the  coordinate  axes  as  shown  and  denoting  the  coordinates 
of  ilf  by  a:  and  y,  we  obtain: 

X  —  2a  cos  (f  -\r  a  cos  q),  y  =  a  sin  q). 

Substituting  the  expression  for  q),  we  obtain  the  equations  of  mo¬ 
tion  of  point  M: 

X  —  3a  cos  (At,  y  —  a  sin  (At. 


To  determine  the  path  of  M  we  write  the  equations  of  motion  in 
the  form 


3a 


=  cos  (At, 


— =  sin  (At. 
a 


Squaring  these  equations  and  adding  them,  we  obtain: 


Thus,  the  path  described  by  point  M  is  an  ellipse  with  semiaxes 
equal  to  3a  and  a. 
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From  Eqs.  (15)  and  (16)  we  determine  the  velocity  of  point  M: 
Vx  =  — 3fflo)  sin  (at,  Vy  —  aw  cos  wf; 


V  =  acd  Y  ^  sin®  wt  +  cos®  mt. 

We  see  that  the  velocity  is  a  variable  quantity,  changing  with  time 
from  yjnin  a(d  to  3a(0. 

Now,  from  Eqs.  (17),  we  determine  the  projections  of  the  accelera¬ 
tion  of  point  B: 

Wx  ~  —Saw®  cos  (dt  =  —  (i)®a:,  w„  =  —  aw®  sin  wt  =  —  w®y, 
whence 

la  =  w‘  (x®  4-  y^)  =  w®r, 

where  r  is  the  radius  vector  from  the  origin  to  point  M.  Thus,  the 
magnitude  of  the  acceleration  of  the  point  changes  in  proportion  to 
its  distance  from  the  centre  of  the  ellipse. 

To  determine  the  direction  oi  w,  we  have,  from  Eqs.  (18): 


cos 


w 


w„ 

cos  Pi  =  —  = 

w 


We  see  that,  as  in  problem  54,  the  acceleration  of  point  M  is  conti¬ 
nually  directed  along  MO  towards  the  centre  of  the  ellipse. 


§  66.  Determination  of  the  Velocity  of  a  Particle 
When  its  Motion  is  Described  by  the  Natural  Method 


Given  (see  §  59)  the  path  of  a  particle  and  the  law  of  motion  along 
it  in  the  form 


s  =/  {t). 


(20) 


Let  us  see  how  the  velocity  of  a  particle  can  be  determined.  If  in 
a  time  interval  At  =  ti  —  t  a  particle  moves  from  position  M  to 
position  Ml,  the  displacement  along  the  arc  of  the  path  being  As  = 
=  Sj  —  s  (Fig.  147),  the  numerical  value  of  the  average  velocity  will 
be  *>: 


— S 
ti—t 


As 

If  • 


(21) 


*>  It  will  be  noticed  that  the  values  of  as  obtained  from  Eqs.  (S')  and  (21) 
do  not  coincide  with  each  other  (the  first  specifying  for  motion  along  an  arc, 
the  second  for  the  shortest  path  from  M  to  Mi).  In  the  limit,  however,  when 
At  -*■  0,  both  equations  give  the  same  result  for  v,  since  in  the  limit  the  ratio 
of  arc  As  to  chord  MMi  is  unity. 
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Passing  to  the  limit,  we  obtain  the  numerical  value  of  the  instan¬ 
taneous  velocity  for  a  given  time  t\ 

1  •  As  ds  ’ 

<22) 

Thus,  the  numerical  value  of  the  instantaneous  velocity  of  a  particle 
is  equal  to  the  first  derivative  of  the  dispacement  (of  the  arc  coordinate) 
s  of  the  particle  with  respect  to  time. 

The  velocity  vector  is  tangent  to  the  path,  the  latter  assumed  to  be 
known. 

Eq.  (22)  (or  21)  gives  the  numerical  (algebraic)  value  of  velocity, 
i.e.,  a  quantity  with  a  sign  such  that  the  sign  of  v  is  the  same  as  the 
sign  of  As  as  always  Ait  >  0.  As  the  numerical  value  of  the  velocity 


Fig.  147 


vector  differs  from  its  magnitude  only  in  sign,  we  shall  denote  both 
quantities  by  the  same  symbol  v,  this  gives  rise  to  practically  no  mis¬ 
understandings.  Whenever  it  is  necessary  to  stress  that  we  are  dea¬ 
ling  with  the  magnitude  of  the  velocity  we  shall  denote  it  by  the 
the  symbol  jy]. 

As  the  sign  of  v  is  the  same  as  that  of  As,  it  will  be  readily  appre¬ 
ciated  that  if  y  >■  0,  the  velocity  vector  v  is  in  the  positive  direction 
of  s,  if  y  •<  0,  is  in  the  negative  direction  of  s.  Thus,  the  numerical 
value  of  the  velocity  defines  simultaneously  the  modulus  and  the 
direction  of  the  velocity  vector. 

Eq.  (22)  also  shows  that  v  can  be  calculated  as  the  ratio  of  the  in¬ 
finitesimal  displacement  ds  of  a  particle  along  the  arc  of  its  path  to 
corresponding  time  interval  dt. 


§  67.  Tangential  and  Normal  Accelerations  of  a  Particle 

In  §  64  we  computed  the  acceleration  vector  w  according  to  its 
projections  on  the  stationary  coordinate  axes  Oxyz.  In  the  natural 
method  of  describing  motion,  vector  w  is  determined  from  its  projec¬ 
tions  on  a  set  of  coordinate  axes  Mx  nb  whose  origin  is  at  M  and  who 
move  together  with  the  body  (Fig.  148).  These  axes,  called  the  axes 
of  a  natural  trihedron  (or  velocity  axes),  are  directed  as  follows: 
axis  Mx  along  the  tangent  to  the  path  in  the  direction  of  the  positive 
displacements  s,  axis  Mn  along  the  normal  in  the  osculating  plane 
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towards  the  inside  of  the  path,  and  axis  Mb  perpendicular  to  the 
former  two  to  form  a  right-hand  set.  The  normal  Mn,  which  lies  in  the 
osculating  plane  (or  in  the  plane  of  the  curve  itself  if  the  curve  is  two- 
dimensional),  is  called  the  principal  normal,  and  the  normal  Mb 
perpendicular  to  it  is  called  the  binormal. 

In  §  62  it  was  shown  that  the  acceleration  of  a  particle  lies  in  the 
osculating  plane,  i.e.,  plane  Min,  hence  the  projection  of  vector  w 
on  the  binormal  is  zero  {wb  =  0). 

Let  us  calculate  the  projections  otw  on  the  other  two  axes.  Let 
the  particle  occupy  a  position  M  and  have  a  velocity  v  at  any  time 


t,  and  at  time  f  4-  Af  let  it  occupy  a  position  Mi  and  have  a  ve¬ 
locity  Vi.  Then,  by  virtue  of  the  definition, 


w=  lim  4^=  lim 

A<-0  Af-»0 


Vj  —  V 
A( 


Let  us  now  express  this  equation  in  terms  of  the  projections  of  the 
vectors  on  the  axes  Mx  and  Mn  through  point  Af  (see  Fig.  148).  From 
the  theorem  of  the  projection  of  a  vector  sum  (or  difference)  on  an 
axis  we  obtain: 


u\=  lim 

At-O 


Vlx  —  Vx 

~~Si  ’ 


Wn  = 


lim 

A<-0 


At 


Noting  that  projections  of  a  vector  on  parallel  axes  are  equal,  draw 
through  point  Mi  axes  MV  and  Mn'  parallel  to  Mx&nd  Mn,  respecti¬ 
vely,  and  denote  the  angle  between  the  direction  of  vector  Vi  and 
the  tangent  Mx  by  the  symbol  A<p.  This  angle  between  the  tangents 
to  the  curve  at  points  M  and  Mi  is  called  the  angle  of  contiguity. 

It  will  be  recalled  that  the  limit  of  the  ratio  of  the  angle  of  conti¬ 
guity  A<p  to  the  arc  MMi  =  As  defines  the  curvature  k  of  the  curve 
at  point  M.  As  the  curvature  is  the  inverse  of  the  radius  of  curvature 
p  at  M,  we  have: 


lim 

A«-0 


As  p 
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From  the  diagram  in  Fig.  148,  we  see  that  the  projections  of  vectors 
V  and  Vj  on  the  axes  Mx  and  Mn  are*> 

V-,  =  V,  v„  =  0, 

^ix  =  1^1  cos  A(p,  =  sin  A(p, 


where  v  and  v-^  are  the  numerical  values  of  the  velocity  of  the  particle 
at  instants  t  and  ti-  Hence, 


Wx=  lim 

A(-0 


vi  cos  Acp  —  V 
At 


Wr,  = 


sin  Aq)  \ 
~Kt  ) 


It  will  be  noted  that  when  At  -»-0,  point  Mi  approaches  M  inde¬ 
finitely,  and  simultaneously  A(p  -*-0,  As  ^0,  and  Uj  -^v. 

Hence,  taking  into  account  that  lim  (cos  A(p)  =  1,  we  obtain 

A<j)-»0 

for  the  expression 


= 


lim 

At-O 


t>,  —  V 

At 


dv 

dt 


VVe  shall  transform  the  right-hand  side  of  the  equation  for  in 
such  a  way  so  that  it  includes  ratios  with  known  limits.  For  the  pur¬ 
pose,  multiplying  the  numerator  and  denominator  of  the  fraction 
under  the  limit  sign  by  A(pAs,  we  find: 


Wn 


sin  Aq) 
Aq) 


Aq)  As  \ 
As  At  / 


(23) 


since,  when  At  -^0,  the  limits  of  each  of  the  cofactors  inside  the 
brackets  are  as  follows: 


lim  Vi  —  V, 


lim 


sin  Aq) 
Aq) 


1, 


lim 


Aq)  _  1 

As  p  ’ 


Finally  we  obtain 


dv  _ 

dt  dfi  ’ 


, .  As  is 

Ar=-ir=*'* 


(24) 


W  e  have  thus  proved  that  the  projection  of  the  acceleration  of  a  parti¬ 
cle  on  the  tangent  to  the  path  is  equal  to  the  first  derivative  of  the  nume¬ 
rical  value  of  the  velocity,  or  the  second  derivative  of  the  displacement 
(the  arc  coordinate)  s,  with  respect  to  time;  the  projection  of  the  accelera¬ 
tion  on  the  principal  normal  is  equal  to  the  second  power  of  the  velocity 
divided  by  the  radius  of  curvature  of  the  path  at  the  given  point  of  the 
curve,  the  projection  of  the  acceleration  on  the  binormal  is  zero 
(wb  —  0).  This  is  an  important  theorem  of  particle  kinematics. 


*’  If  the  path  of  particle  M  is  not  a  plane  curve,  the  equation  =  Vi  sin  A(p 
is  approximate  owing  to  the  deviation  of  vector  yj  from  plane  Mxn.  The  final 
result,  however,  will  be  exact,  as  in  going  over  to  the  limit  the  deviation  tends 
to  zero. 
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When  particle  M  is  moving  in  one  plane,  the  tangent  Mr  sweeps 
around  the  binormal  Mb  with  an  angular  velocity  w  =  lim  ^ .  By 

introducing  this  quantity  into  Eq.  (23)  we  can  obtain  one  more  equa¬ 
tion  for  calculating  that  is  frequently  used  in  practice: 


Wn  —  not, 


(24') 


i.e.,  normal  acceleration  equals  the  product  of  a  particle’s  velocity 
by  the  angular  velocity  of  the  sweep  of  the  tangent  to  the  path. 

Lay  off  vectors  and  i.e.,  the  normal  and  tangential  compo¬ 
nents  of  the  acceleration,  along  the  tangent  Mr  and  the  principal 


normal  Mn,  respectively  (Fig.  149).  The  component  is  always 
directed  along  the  inward  normal,  as  >  0,  while  the  component 
Wx  can  be  directed  either  in  the  positive  or  in  the  negative  direction 
of  the  axis  Mx,  depending  on  the  sign  of  the  projection  iVx  (see 
Figs.  149a  and  6). 

The  acceleration  vector  w  is  the  diagonal  of  a  parallelogram  con¬ 
structed  with  the  components  tVx  and  as  its  sides.  As  the  compo¬ 
nents  are  mutually  perpendicular,  the  magnitude  of  vector  w  and 
its  angle  p,  to  the  normal  Mn  are  given  by  the  equations: 

+  ^  (■§■)' tanp  =  i^.  (25) 

Thus,  if  the  motion  of  a  particle  is  described  by  the  natural  method 
and  the  path  (and,  consequently,  the  radius  of  curvature  at  any  point) 
and  the  equations  of  motion  (20)  are  known,  from  Eqs.  (22),  (24), 
and  (25)  we  can  determine  the  magnitude  and  direction  of  the  velo¬ 
city  and  acceleration  vectors  of  the  particle  for  any  instant*). 


*’  From  Eq.  (25)  it  is  evident  that  in  the  general  case  w  which  was 

at 

already  pointed  out  at  the  end  of  §  63. 
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§  68.  Some  Special  Cases  of  Particle  Motion 


Using  the  results  obtained  above,  let  us  investigate  some  special 
cases  of  particle  motion. 

(1)  Rectilinear  Motion.  If  the  path  of  a  particle  is  a  straight  line, 
then  p  =  oo,  and  «;„=—  =  0  and  the  total  acceleration  is  equal 
to  the  tangential  acceleration 

=  =  (26) 


As  in  this  case  the  velocity  changes  only  in  magnitude,  we  con 
elude  that  the  tangential  acceleration  characterises  the  change  of  speed 
(2)  Uniform  Curvilinear  Motion.  Curvilinear  motion  is  uniform 

when  the  speed  is  constant:  v  =  const.  Then  =  ^  =  0,  and  the 
total  acceleration  of  the  particle  is  equal  to  the  normal  acceleration 


W=Wn  = 


(26') 


The  acceleration  vector  is  continuously  directed  along  the  no- 
mal  to  the  path  of  the  particle. 

As  in  this  case  acceleration  is  represented  only  by  the  change  in 
the  direction  of  the  velocity,  we  conclude  that  the  normal  acceleration 
characterises  the  change  in  direction  of  the  velocity. 

Let  us  deduce  the  equation  of  uniform  curvilinear  motion.  From 

Eq.  (22)  we  have  —  v,  or  ds  =  v  dt. 

Let  a  particle  be  at  the  initial  time  {t  =  0)  at  a  distance  Sg  from 
the  origin.  Then,  integrating  both  members  of  the  equation  over  the 
respective  intervals,  we  have 

S  t 

j  (is=  j  ydi  or  s  —  So—vt, 

iQ  0 


as  w  =  const.  Finally,  we  obtain  the  equation  of  uniform  curvilinear 
motion  in  the  form 

s  =  So  +  (27) 

Assuming  Sq  =  0»  Eq.  (27)  yields  the  particle’s  displacement  in 
time  t.  Hence,  in  uniform  motion  displacement  increases  with  time, 
and  velocity  is  the  ratio  of  displacement  to  time: 

s  =  vt,  v-Y- 


(27') 
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(3)  Uniform  Rectilinear  Motion.  In  this  case  Wn  =  w.^  =  0,  the¬ 
refore,  =  0.  Note  that  uniform  rectilinear  motion  is  the  only  case  of 
motion  in  which  the  acceleration  is  continually  zero. 

(4)  Uniformly  Variable  Curvilinear  Motion.  Curvilinear  motion 
is  called  uniformly  variable  if  the  tangential  acceleration  is  constant: 

=  const.  Let  us  write  the  equation  of  this  motion,  assuming  that, 
at  t  =  0,  s  =  So  and  v  =  v^,  where  Vq  is  the  initial  velocity  of  a  par¬ 
ticle.  By  Eq.  (24),  ^  or  dv  =  Wr  dt. 

As  =  const.,  integrating  both  members  of  the  last  equation 
over  the  corresponding  intervals  gives  us: 

V  =  Vo  -\r  w^t.  (28) 

Let  us  write  Eq.  (28)  in  the  form 

ds 

—  =  i;o+  *  or  ds  =  VQdt-\-  w^t  dt. 

Integrating  again,  we  obtain  the  equation  of  the  uniformly  variab¬ 
le  curvilinear  motion  of  a  particle  in  the  form 

s  =  So+Vot  +  u\-Y-  (29) 

The  velocity  of  this  motion  is  given  by  Eq.  (28). 

If,  in  curvilinear  motion,  the  magnitude  of  the  velocity  increases, 
the  motion  is  said  to  be  accelerated,  if  it  decreases,  tbe  motion  is  said 


to  be  retarded.  As  the  change  in  magnitude  of  the  velocity  is  characte-* 
rized  by  the  tangential  acceleration,  the  motion  is  accelerated  if  v 
and  Wx  have  the  same  sign  (the  angle  between  vectors  v  and  w  is  acute. 
Fig.  150a)  and  retarded  if  the  signs  are  different  (the  angle  between  v 
and  w  is  obtuse.  Fig.  1506). 

In  the  particular  case  of  uniformly  variable  motion,  if  v  and  w^ 
in  Eq.  (28)  are  of  the  same  sign  the  motion  is  uniformly  accelerated, 
if  they  are  of  opposite  sign  the  motion  is  uniformly  retarded. 

Assuming  s  =  x,  Eqs.  (27)-(29)  also  give  the  laws  of  uniform  or 
uniformly  variable  rectilinear  motion.  In  this  case,  in  Eqs.  (28) 
and  (29)  =  w,  where  w  is  the  magnitude  of  the  particle’s  total 

acceleration  [see  Eq.  (26)1. 
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(5)  Harmonic  Motion.  Consider  the  rectilinear  motion  of  a  parti¬ 
cle,  the  distance  x  of  which  from  the  origin  O  of  a  coordinate  system 
changes  according  to  the  equation 

X  —  a  cos  kt,  (30) 

where  a  and  k  are  constants. 

In  the  motion  defined  by  this  equation,  a  particle  M  (Fig.  151) 
oscillates  between  positions  Mq  and  Mi  (—a).  Motion  of  this 
type,  which  is  known  as  simple  harmonic  motion,  plays  an  important 
part  in  engineering.  The  quantity  a,  which  is  the  greatest  displace¬ 
ment  of  the  particle  from  the  centre  0,  is  called  the  amplitude  of  vib¬ 
ration. 

It  will  be  noticed  that  if  motion  starts  at  time  t  =  0  from  point 
Mq,  the  particle  will  return  to  that  point  at  a  time  ti,  for  which 
cos  kti  =  1,  or  kti  =  2ji. 

The  time  T  =  ti  =  -j-  required  for  the  point  to  make  one  comple¬ 
te  cycle  is  called  the  period  of  vibration. 

Differentiating  x  with  respect  to  t,  we  obtain  the  numerical  values 
of  the  velocity  and  acceleration  of  the  particle: 

V  —  Vx  =  — ak  sin  kt,  w  =  Wx  =  —  ak^  cos  kt.  (30') 

Thus,  in  this  type  of  motion  the  velocity  and  acceleration  of  a  par¬ 
ticle  change  with  time  according  to  the  law  of  harmonic  motion. 
The  signs  of  v  and  w  show  that  when  the  particle  moves  towards  the 
centre  of  vibration,  its  motion  is  accelerated,  when  it  moves  away 
from  the  centre  of  vibration,  it  is  retarded. 

Motion  of  a  similar  type  is  described  by  the  equation  x  —  a  sin  kt, 
only  the  motion  starts  at  the  centre  0. 

A  particle  oscillating  according  to  the  law  s  =  a  cos  kt  (or  s  = 
=  a  sin  kt)  may  move  along  an  arbitrary  curve  (see,  for  example, 
Problem  57  in  §  70).  In  this  case,  everything  said  of  the  character 
of  motion  remains  valid,  with  the  exception  that  the  last  of  Eqs. 
(30')  defines  the  particle’s  tangential  acceleration;  the  particle’s 
normal  acceleration  is  =  vV  . 


§  69.  Graphs  of  Displacement,  Velocity  and 
Acceleration  of  a  Particle 

If  we  lay  off  the  time  t  to  scale  on  the  axis  of  abscissas,  and  the  dis¬ 
placement  s  on  the  ordinate  axis,  the  plotted  curve  s  =  f  {t)  gives 
us  a  displacement-time  graph  for  a  given  particle.  It  shows  graphically 
the  displacement  of  the  particle  (the  change  of  its  x  coordinate)  with 
reference  to  time. 


Kinematics  of  a  Particle 


181 


Ch.  10] 


Similarly,  we  can  plot  curves  to  some  scale  to  represent  the  velo¬ 
city-time  relationship  v  (t)  and  the  acceleration-time  relationships 
Wx  (*)>  (0>  ^  (0  for  the  tangential,  normal  and  total  accelerations. 

In  Figs.  152a,  b,  and  c  are  given  the  graphs  for  the  cases  of  motion 
described  by  Eqs.  (27),  (29),  and  (30).  Also  below  on  these  graphs  are 
the  velocity-time  curve  and  the  tangential  acceleration-time 
curve. 

The  displacement-time  curve  of  uniform  motion,  we  see,  is  a  straight 
line  inclined  to  the  axis  of  abscissas,  the  velocity-time  curve  of  such 
motion  is  a  straight  line  parallel  to  the  axis  of  abscissas 
(i;  =const.),  and  the  tangential  accelerationtime  curve  is  a  straight 


Fig.  152 


line  coincident  with  the  axis  of  abscissas  (la^  =  0)-  For  uniformly 
variable  motion  (accelerated  in  the  case  shown  in  Fig.  1526),  the 
displacement  curve  is  a  branch  of  a  parabola,  the  velocity  curve  is 
a  straight  line  inclined  to  the  axis  of  abscissas,  and  the  tangential 
acceleration  curve  is  a  straight  line  parallel  to  the  axis  of  abscissas 
=  const.).  Finally,  for  simple  harmonic  motion  (Fig.  152c)  the 
respective  graphs  are  represented  by  cosine  and  sine  curves. 

A  displacement  graph  for  a  particle  should  not  be  confused  with 
its  path,  which  in  all  the  above  cases  must  be  given  additionally. 
There  are  no  graphs  of  normal  and  total  acceleration  in  Fig.  152, 
because  Wn  and  w  depend  not  only  on  the  law  of  motion  but  also 
on  p,  i.e.,  the  type  of  path,  being  different  for  different  paths  for 
motion  described  by  the  same  equations  s  =  f  {t). 
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§  70.  Solution  of  Problems 


As  pointed  out  before,  in  order  to  solve  problems  of  kinematics, 
we  must  know  the  equations  of  motion  for  a  given  particle.  If  the 
motion  is  described  hy  the  natural  method  (the  path  and  the  equation 
of  motion  along  it  are  given)  all  its  characteristics  are  found  from 
the  equations  developed  in  §§  66-68.  The  tangential  and  normal  acce¬ 
lerations  can  also  be  determined  when  the  motion  is  described  by 
the  coordinate  method,  i.e.,  by  Eqs.  (3)  or  (4).  For  this  calculate  v 

and  w  from  Eqs.  (15)-(18).  Taking  the 
derivative  of  i;  with  respect  to  time, 

determine  •  Now,  knowing  w  and 

Wx,  determine  ii?„  from  the  equation  = 
=  w\  Wn.  We  can  also  determine  the 
radius  of  curvature  of  the  path  p  from 
the  formula  Wj,  =  yVp.  An  example  of 
this  is  given  in  Problem  59. 

Problem  57.  Small  oscillations  of  the 
pendulum  shown  in  Fig.  153  are  repre¬ 
sented  by  the  equation  of  motion  s  — 
a  sin  kt  (the  origin  is  at  O,  a  and  k  are  constants).  Determine  the  ve¬ 
locity,  tangential  and  normal  accelerations  of  the  bob  and  the  posi¬ 
tions,  at  which  they  become  zero  if  the  hoh  describes  a  circular  arc 
of  radius  1. 

Solution.  From  the  respective  equations  we  find; 


-o->- 

Fig.  153 


■■^  =  ak  cos  kt, 

at 


du 


Wx  =  =  —  ak^  sin  kt. 


dt 

cos^  kt. 


The  equation  of  motion  is  that  of  simple  harmonic  motion,  the 
amplitude  being  a.  In  the  extreme  positions  A  and  B,  sin  kt  =  ±  i 
and  consequently,  cos  kt  =  0.  Hence,  in  positions  A  and  5,  velocity 
and  normal  acceleration  are  zero  and  the  tangential  acceleration 
has  its  maximum  value  max  =  At  the  origin  0,  where  s  =  0, 
the  reverse  is  true,  and  sin  kt  =  0  while  cos  Art  =  1.  In  this  position, 
Wx  =  0  and  v  and  have  their  maximum  values; 


Fmax  —  ® 


*<‘nmax - j —  • 


We  observe  from  this  example  that  in  non-uniform  curvilinear  mo¬ 
tion  Wx  or  w„  may  become  zero  at  different  points  of  the  path,  speci¬ 
fically,  Wx  —  0  wherever 
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i  e.,  for  example,  where  v  is  at  its  maximum  or  minimum;  =  0 
at  the  points  where  v  —  0  {as  in  the  present  ease)  or  where  p  =  oo 
(the  points  of  inflection  of  the  path). 

Problem  58.  A  train  starts  moving  from  rest  with  uniform  accele¬ 
ration  along  a  curve  of  radius  R  —  800  m  and  reaches  a  velocity  Vi  = 
=  36  km/h  after  travelling  a  distance  Sj  .=  600  m.  Determine  the 
velocity  and  acceleration  of  the  train  at  the  middle,of  this  distance. 

Solution.  As  the  train  moves  with  uniform  acceleration  and  Vq  =0, 
its  equation  of  motion  (assuming  So  =  0)  is 

and  its  velocity  is 

V  =  W.ft. 

Eliminating  time  t  from  these  equations,  we  obtain 

=  2w.fS. 

According  to  the  conditions  of  the  problem,  at  s  =  s^,  i;  = 
whence  we  find 


At  the  middle  of  the  path,  where  52=^,  the  velocity  is: 

V2  =  V 2WrS2  =  V  U’xSi  =  . 

The  normal  acceleration  at  this  point  of  the  path  is: 

vl  vf 

Knowing  and  Wnz  we  find  the  total  acceleration  of  the  train  at 
the  middle  of  the  curve: 

W2  =  V^x+»'n2 

Substituting  the  numerical  values,  we  obtain: 

5 

m/s,  =  m/s^. 

Problem  59.  The  equations  of  motion  for  a  particle  thrown  with 
a  horizontal  velocity  are: 

x  =  vot,  y  =  Ygt’‘, 
where  Vq  and  g  are  constants. 

Determine  the  path, velocity  and  acceleration  of  the  particle,  its 
tangential  and  normal  accelerations  and  the  radius  of  curvature  of 
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its  path  at  any  point,  expressing  them  in  terms  of  the  velocity  of  the 
particle  at  the  given  point. 

Solution.  Determining  t  from  the  first  equation  and  substituting 
its  expression  into  the  second,  we  obtain 


The  path  of  the  particle  is  a  parabola  (Fig.  154). 

Differentiating  the  equations  of  motion  with  respect  to  time,  we 
find: 

•  • 

=  X  =  Vo,  Vy  =  y  =  gt, 

whence 

v  =  Yvf+^.  (a) 

Thus,  at  the  initial  moment  (t  =  0)  the  velocity  of  the  particle 
V  =  Vq  and  it  continuously  increases  with 
time. 

Let  us  now  determine  the  acceleration  of  the 
particle.  From  the  respective  equations  we  have: 

=  X  =  0,  Wy  =  y  =  g. 
Consequently,  the  acceleration  is 
w  =  g. 

In  the  present  case  the  particle  has  an  accele- 
Fig.  154  ration  of  constant  magnitude  and  direction 

parallel  to  axis  y  (the  acceleration  of  gravity). 
Note  that,  although  w  =  const.,  the  motion  of  the  particle  is  not 
uniformly  variable,  since  the  condition  for  uniformly  variable  mo¬ 
tion  is  not  w  =  const.,  but  =  const.  In  this  case,  we  shall  find, 
u;,.  is  not  constant. 

Knowing  the  dependence  of  y  on  t  [formula  (a)],  we  can  find 

in  — 

But  from  equation  (a)  we  have  y*  =  y®  -V  and  consequently. 

Substituting  this  expression  of  t,  we  express  in  terms  of  the  velo¬ 
city  y: 

It  follows  that  at  the  initial  moment,  when  v  =  Vg,  w.^  equals  zero, 
then  increases  together  with  y,  and,  as  y->-oo,  w^^-^g.  Thus,  in  the 
limit  the  tangential  acceleration  approaches  the  total  acceleration  g. 
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To  determine  we  refer  to  the  equation 


lip— 


whence 


Thus,  at  the  initial  moment  (t;  =  v^),  Wn  =  g,  decreasing  as  v 
increases  and  in  the  limit  approaching  zero. 

To  determine  the  radius  of  curvature  of  the  path,  we  use  the 
equation 

i;2 

whence 


At  the  initial  moment  the  radius  of  curvature  has  its  smallest 
value 


As  V  increases,  the  radius  of  curvature  increases,  and  consequent¬ 
ly,  the  curvature  of  the  path  decreases.  As  i;  -voo,  p  cxd  and 
the  curvature  tends  to  zero. 


§  71"'.  Velocity  in  Polar  Coordinates 

If  a  particle  moves  in  a  plane,  its  position  can  be  specified  by  its 
polar  coordinates  r  and  (p  (Fig.  155).  As  the  particle  moves,  these 
coordinates  change  with  time,  the  mo¬ 
tion  of  the  particle  in  polar  coordinates 
being  given  by  the  equations  H 

r  =fi  {t),  qp  =  /2  (0-  (31) 

The  numerical  value  of  the  velocity  of 
the  particle  is  ds/dt,  i.e.,  it  is  equal  to 
the  ratio  of  the  infinitesimal  displace¬ 
ment  ds  to  the  time  interval  dt.  In  this 
case  the  displacement  ds  is  the  geometri-  0 
cal  sum  of  the  radial  displacement.  Fig.  155 

equal  in  magnitude  to  dr,  and  the  trans¬ 
verse  displacement  perpendicular  to  the  radius  and  equal  in  mag¬ 
nitude  to  r  dqp.  The  velocity  v  is  thus  the  geometrical  sum  of  the 
radial  velocity  Vr  and  the  transverse  velocity  v^,  whose  magnitudes 
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are,  respectively. 


dr  • 

Vr  =  -^  =  r, 


dw 

y<D  =  r  -^  = 


dt 


:r(p. 


(32) 


As  Vr  and  are  mutually  perpendicular, 

v=Yvr  +  vl  =  \^r^  +  r^(f^.  (33) 

Eqs.  (32)  and  (33)  give  the  velocity  of  a  particle  moving  in  a 
plane  in  polar  coordinates. 

Equation  (33)  can  also  be  derived  by  expressing  the  Cartesian 
coordinates  of  the  particle  in  terms  ,  of  r  and  cp  in  the  form  (see 
Fig.  155): 

X  =  r  cos  (f>,  y  =  r  sin  (p. 

Then  x  —  r  cos  m  —  r  m  sin  m,  y  =  r  sin®  +  rmcosqp,  and  from 
Eq.  (16) 

V  =  X*  + 1/2  =  +  r2q)2. 

In  the  same  way,  calculating  x  and  y,  we  can  use  Eq.  (18)  to 
■determine  the  expression  for  the  particle’s  acceleration  in  polar 
coordinates: 

w  =  \^ (r— r^)2  +  (rq)-j-2rq))2  .  (33') 


Here  the  quantity  in  the  first  brackets  is  equal  to  Wr,  and  in  the 
second,  to  w^. 


§  72'’.  Graphical  Analysis  of  Particle  Motion 


The  graphical  method  of  solving  problems  of  particle  kinematics 
is  useful  when  the  analytical  expression  of  the  relationship  s  =  f  (t) 
.{or,  in  rectilinear  motion,  x  =  /  (01  is  too  involved  or  when  the 
motion  is  described  by  graphs  obtained  experimentally  or  plotted 
by  recording  instruments. 

If  we  have  a  graph  of  motion  expressing  the  displacement-time 
relationship  (Fig.  156),  we  can  plot  a  velocity  curve  by  the  method 
of  graphical  differentiation.  It  is  apparent  from  the  diagram 
that  the  average  velocity  of  the  given  particle  in  the  time  interval 
At  =  ti  —  0  is  given  by  the  tangent  of  the  angle  which  the  secant 
makes  with  the  horizontal,  as 


Uav 


^2 — ^1 
*2  — <1 


As 

aF 


tan  a*. 


the  accuracy  depending  on  the  scale  factor. 


Kinematics  of  a  Particle 


187 


Ch.  10\ 


The  velocity  of  the  particle  at  the  given  time  is  specified  by  the 
tangent  of  the  angle  made  by  the  tangent  to  the  curve  at  point 
ATi,  as 

=  <34) 

also  within  the  scale  factor. 

Thus,  by  drawing  tangents  to  the  displacement  curve  at  points 
Ki,  Ki,  ...  we  can  find  the  corresponding  velocities  at  instants  ti, 
tf,  .  •  ■  from  the  tangents  of  the  respective  angles  to  the  horizontal 


and  plot  a  velocity  curve.  Similarly  we  can  plot  a  curve  for  the 
tangential  acceleration  The  order  to  be  followed  in  plot¬ 

ting  the  curves  (with  taking  into  account  the  scales  to  which  t 
and  s  are  drawn)  is  explained  in  the  solution  of  Problem  60. 

To  plot  the  curves  of  the  normal  and  total  accelerations  (in  the 
case  of  curvilinear  motion)  the  values  of  Wn  and  w  at  different  mo¬ 
ments  are  computed  from  the  corresponding  equations.  The  values 
of  V  and  are  taken  from  the  plotted  velocity  and  tangential  acce¬ 
leration  curves,  and  p  is  determined  from  the  given  path. 

If  the  velocity  curve  is  known  for  a  given  motion,  it  is  easy  to 
plot  a  displacement  curve  by  the  method  of  graphical  integration. 
As  ds  =  V  dt,  then,  assuming  Sq  =  0,  we  have 

t 

s=  J  vdt. 

0 

The  integral  in  the  right-hand  side  is  computed  as  the  respective 
area,  taken  with  a  plus  for  positive  values  of  u  and  a  minus  for 
negative  values.  For  greater  convenience  in  computing  areas,  the 
curve  should  be  plotted  on  millimeter  graph  paper:  the  area  is  then 
obtained  by  simply  counting  the  squares.  In  the  case  in  Fig.  157, 
the  displacement  Sj  at  time  ti  is  equal  to  the  difference  between  the 
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upper  and  lower  shaded  areas  multiplied  by  a  scale  factor  *'>.  By 
determining  s  for  diSfirent  instants  t,  we  can  plot  a  displacement  cur¬ 
ve.  A  tangential  acceleration  curve  can  be  used  in  the  same  way  to 
plot  a  velocity  curve 

Problem  60.  Investigate  graphically  the  motion  of  a  piston  of 
a  crankshaft  mechanism  (Fig.  158)  if  the  crank  is  of  length  O' A  = 

=  0.2  m,  the  connecting  rod 
is  of  length  AB  =0.4  m,  and 
the  crank  rotates  uniformly 
gs  making  one  revolution  in 

gg  T  =  1.6  S. 

Solution.  (1)  Plotting  the 

displacement  curve  for  the  pis¬ 
ton.  The  following  operations 
should  be  performed: 

(a)  Choose  scales  for  the 

displacement  x  and  time  t.  If 

you  are  using  graph  paper, 
remember  that  the  error  in 
measurement  can  be  as  high  as 
±0.25  to  0.5  mm  (depending 
on  the  quality  of  the  paper 
and  the  drawing).  Let  us  take 
a  scale  of  0.1  m  to  1  cm  for 
X,  and  0.2  s  to  1  cm  for  t. 

(b)  Draw  a  schematic  de¬ 
sign  of  the  mechanism  to  the 
scale  chosen  for  x  (Fig.  158a): 
we  have  O'Aq  =  2  cm  and 
AoBq  =  4  cm.  Draw  the  coor- 
dinate  axis  O'a; coincident  with 
the  path  of  the  piston.  Divide 

the  semicircle  along  which  point  A  travels  into  8  equal  parts  (the 
greater  the  number  of  parts,  the  more  accurate  the  graph).  Point  A 
travels  along  each  part  in  0.1  s.  Set  the  legs  of  your  compass  4  cm 
apart  (the  distance  AB)  and  from  the  end  of  each  arc  of  the  semi¬ 
circle  make  an  intercept  on  axis  O'x.  These  intercepts  give  the  values 
of  X  for  the  instants  t  equal  to  0,  0.1  s,  0.2  s,  etc. 

(c)  The  obtained  values  of  x  and  t  give  us  the  points  for  plotting 
the  displacement  curve  for  the  piston  through  one  revolution  of 
the  crank  (Fig.  1585);  the  right-hand  branch  of  the  curve  in  this 
case  is  symmetrical  to  the  left-hand  branch. 


*’  The  sum  of  these  areas  defines  the  distance  travelled  by  the  particle  in 
time  <1,  ii  so  =  0. 
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(2)  Plotting  the  velocity  curve,  (a)  Draw  axes  v  and  t  (Fig.  158c) 
to  the  same  scale  of  t  as  in  Fig.  1586.  Lay  off  along  axis  t  a  segment 
OiKq,  which  denotes  one  second  to  the  given  scale  {OiK^  =  5  cm). 

(b)  Determine  the  direction  of  the  tangent  to  the  curve  x  = 
=  f  (()  at  point  Cl  corresponding  to  time  =  0.1  s  *>.  Draw 
through  point  Kq  a  line  KqDq  parallel  to  the  tangent  (the  dashed 
line  in  Fig.  158c).  Segment  OiDq  specifies  the  velocity  at  time  ti  = 
=  0.1  s,  since  OiK^  =  1  s  and,  from  Eq.  (34), 

(y)(-o.i  s  =  tan  ttj  =  =  OiD„. 

If  the  scale  of  the  displacement  a;  is  1  cm  to  0.1  m,  the  scale  of  the 
velocity  v  will  be  1  cm  to  0.1  m/s.  If  the  scale  is  inconvenient  for 
drawing,  being  too  large  or  too  small,  it  can  be  altered  as  shown 
below. 

(c)  In  our  case  the  scale  of  v  is  too  large.  Let  us  reduce  it  by  three. 
For  this  lay  off  from  Oi  a  segment  OiK  =  OiK^.  Draw  through  K 

a  line  KDi  parallel  to  the  tangent  through  point  Cj  (or  to  line  KoDq). 
Segment  OiDi  now  defines  the  velocity  at  time  ti  —  0.1  s  to  the 
scale  1  cm  to  0.3  m/s  (the  scale  of  v). 

Drawing  DjEi  parallel  to  axis  we  obtain  point  Ei  of  the 
velocity  curve. 

Similarly,  by  drawing  through  K  lines  KD^,  KDg,  .  .  .  parallel 
the  tangents  at  points  Cg,  Cg,  ...  we  obtain  points  E^, 
Eg,  .  .  .  joining  which  in  a  continuous  curve,  we  obtain  the  velocity 
graph  for  the  piston  (Fig.  158c). 

(3)  Plotting  the  acceleration  curve  from  the  velocity  curve  (or  the 
tangential  acceleration  curve  if  the  motion  is  curvilinear).  The 
procedure  is  analogous  to  that  for  plotting  the  velocity  curve  from 
the  displacement  curve.  Fig.  158d  gives  the  acceleration  curve  for 
the  piston  to  the  scale  1  cm  to  2.5  m/s*. 

Problem  61.  Determine  by  graphical  construction  the  contour  of 
the  cam  in  Fig.  159o,  such  that  when  it  rotates  uniformly  about  its 
axle  O',  the  motion  of  rod  AB  will  be  as  described  by  the  curve  in 
Fig.  1596,  where  T  is  the  period  of  one  revolution  of  the  cam.  During 
the  first  quarter  revolution  the  rod  moves  up  0.2  m,  during  the 
second  quarter  revolution  it  remains  motionless,  and  during  the 


*’  A  convenient  instrument  for  drawing  a  tangent  through  a  given  point 
of  a  curve  is  a  ruler  with  a  reflecting  surface  perpendicular  to  the  plane  of  the 
ruler  (you  can  make  such  an  instrument  yourself  by  pasting  a  strip  of  smoothed 
tinfoil  to  the  side  of  your  slide  rule).  Now  place  your  ruler  approximately  per¬ 
pendicular  to  the  curve  at  the  required  point  and  turn  it  till  the  curve  and  its 
reflection  make  a  continuous  line.  In  this  position  the  ruler  gives  the  direction 
of  the  normal,  the  perpendicular  to  which  through  the  given  point  is  the  tangent 
at  that  point.  If  you  are  using  a  strip  of  tinfoil  instead  of  a  mirror,  better  draw 
the  curve  in  Indian  ink. 
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second  half  revolution  it  returns  to  its  initial  position.  Also  plot 
the  velocity  and  acceleration  curves  for  the  rod.  The  scale  of  the 
displacement  curve  is  1  cm  to  0.1  m. 

Solution.  Let  us  plot  the  contour  of  the  cam  to  the  same  scale  as 
the  given  displacement  curve.  For  this  draw  a  circle  of  radius  3  cm 
with  its  centre  at  O'  and  divide  it  into  16  equal  parts.  Also  divide 


Fig.  159 

Segment  OT  on  the  t  axis  of  the  graph  into  16  equal  parts.  Lay  off 
the  value  of  x  for  each  instant  of  time  along  the  corresponding  radii 
from  the  centre  O’  {O'Aq  =  Oa^,  O'A^  —  ha^,  etc.).  Joining  points 
Ao,  Ai,  etc.,  ih  a  smooth  curve,  we  obtain  the  required  contour  of 
the  cam  (Fig.  159a). 

If  the  shape  of  the  cam  is  given,  we  can  plot  the  displacement 
curve  for  the  rod  AB  by  a  similar  construction. 

By  specifying  any  time  T  for  one  revolution  of  the  cam,  we  can 
construct  the  velocity  and  acceleration  curves  for  the  rod  AB  as  in 
the  previous  problem. 

The  curves  are  given  in  Figs.  159c  and  d.  As  stated  in  the  condi¬ 
tions  of  the  problem,  the  velocity  and  acceleration  of  the  rod  are 
zero  during  the  second  quarter  revolution  of  the  cam.  The  velocity 
of  the  rod  changes  continuously,  but  the  acceleration  jumps  at 
instants  =  1/4  T  and  ==  1/2  T. 


Chapter  11 
Translational  and  Rotational 
Motion  of  a  Rigid  Body 


§  73.  Translational  Motion 

In  kinematics,  as  in  statics,  we  shall  regard  all  solids  as  rigid 
bodies,  i.e.,  we  shall  assume  that  the  distance  between  any  two 
points  of  a  body  remains  the  same  during  the  whole  period  of  motion. 

Problems  of  kinematics  of  rigid  bodies  are  basically  of  two  types; 
(1)  definition  of  the  motion  and  analysis  of  the  kinematic  characte- 


Fig.  160 


ristics  of  the  motion  of  a  body  as  a  whole;  (2)  analysis  of  the  motion 
of  every  point  of  the  body  in  particular. 

We  shall  begin  with  the  consideration  of  the  motion  of  translation 
of  a  rigid  body. 

Translation  of  a  rigid  body  is  such  a  motion  in  which  any  straight 
line  through  the  body  remains  continually  parallel  to  itself. 

Translation  should  not  be  confused  with  rectilinear  motion.  In 
translation  the  particles  of  a  body  may  move  on  any  curved  paths. 
Here  are  some  examples  of  translation. 

(1)  When  a  motor  car  travels  along  a  horizontal  road,  the  motion 
of  its  body  is  that  of  translation,  since  every  point  of  the  body  moves 
on  a  straight-line  path. 

(2)  The  motion  of  the  connecting  rod  AB  in  Fig.  160  is  also  that 
of  translation,  since,  when  the  cranks  O^A  and  O^B  (O^A  =  O2B) 
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rotate,  any  straight  line  through  the  rod  remains  parallel  to  itself. 
The  particles  of  the  connecting  rod  travel  in  circles. 

The  properties  of  translational  motion  are  defined  by  the  following 
theorem;  In  translational  motion,  all  the  particles  of  a  body  move  along 
similar  paths  {which  will  coincide  if  superimposed)  and  have  at  any 
instant  the  same  velocity  and  acceleration. 

To  prove  the  theorem,  consider  a  rigid  body  translated  with  re¬ 
ference  to  a  system  of  axes  Oxyz.  Take  two  arbitrary  points  A  and  B 
on  the  body  whose  positions  at  time  t  are  specified  by  radius  vectors 
■Ta  and  vb  (Fig.  161).  Draw  a  vector  AB  joining  the  two  points.  It 
is  evident  that 

=  (35) 

The  length  of  AB  is  constant,  being  the  distance  between  two 
points  of  a  rigid  body,  and  the  direction  of  AB  is  constant  by  virtue 
of  the  translational  motion  of  the  body.  Thus,  the  vector  AB  is 
constant  throughout  the  motion  of  the  body  {AB  =  const.).  It 
follows  then  from  Eq.  (35)  (and  the  diagram)  that  the  path  of  par¬ 
ticle  B  can  be  obtained  by  a  parallel  displacement  of  all  the  points 
of  the  path  of  particle  A  through  a  constant  vector  AB.  Hence,  the 
paths  of  particles  A  and  B  are  identical  curves  which  will  coincide 
if  superimposed. 

To  determine  the  'velocities  of  points  A  and  B<,  we  differentiate 
both  parts 'of  Eq.  (35)  with  respect  to  time.  We  have 

drs  dr  A  i  d  (AB) 

dt  dt 

But  the  derivative  of  the  constant  vector  .45  is  zero  while  the 
derivatives  of  vectors  Va  and  Vb  with  respect  to  time  give  the 
velocities  of  points  A  and  B.  Thus  we  find  that 


Va  =  Vb, 


i.e.,  at  any  instant  the  velocities  of  points  A  and  B  are  equal  in 
magnitude  and  direction 

Again,  differentiating  both  sides  of  the  equation  with  respect 
to  time,  we  obtain 


dvA  dvs 

dt  dt 


or  Wa-Wb- 


Hence,  at  any  instant  the  accelerations  of  A  and  B  are  equal  in 
magnitude  and  direction. 

As  pointsA  and  B  are  arbitrary,  it  follows  that  the  paths  and  the 
velocities  and  accelerations  of  all  the  points  of  a  body  at  any  instant 
nre  the  same,  which  proves  the  theorem. 

It  follows  from  the  theorem  that  the  translational  motion  of 
A  rigid  body  is  fully  described  by  the  motion  of  any  point  belonging 
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to  it.  Thus,  the  analysis  of  translational  motion  of  a  rigid  body  is 
reduced  to  the  methods  of  particle  kinematics  examined  before 

The  common  velocity  v  of  all  the  points  of  a  body  in  translational 
motion  is  called  the  velocity  of  translation,  and  the  common  acce¬ 
leration  w  is  called  the  acbeleration  of  translation.  Vectors  v  and  to 
can,  obviously,  be  shown  as  applied  at  any  point  of  the  body. 

It  should  be  noted  that  the  notions  of  velocity  and  acceleration 
of  a  body  make  sense  only  when  translation  is  considered.  In  all 
other  cases,  as  we  shall  see  later,  the  points  of  a  body  have  different 
velocities  and  accelerations  and  the  expressions  “velocity  of  a  bo¬ 
dy”  or  “acceleration  of  a  body”  are  meaningless. 


§  74.  Rotational  Motion  of  a  Rigid  Body. 

Angular  Velocity  and  Angular  Acceleration 

Rotation  of  a  rigid  body  is  such  a  motion  in  which  there  are  always 
two  points  of  the  body  (or  body  extended)  which  remain  motionless 
(see  Fig.  162).  The  line  AR  through  these  fixed  points  is  called  the 
axis  of  rotation 

Since  the  distance  between  the  points  of  a  rigid  body  does  not 
change,  it  is  evident  that  in  rotational  motion  all  points  of  the 
body  on  the  axis  of  rotation  are  motionless, 
while  all  the  other  points  of  the  body  des¬ 
cribe  circular  paths  the  planes  of  which  are 
perpendicular  to  the  axis  of  rotation  and 
the  centres  of  which  lie  on  it  . 

To  determine  the  position  of  a  rotating 
body,  let  us  pass  two  planes  through  the 
axis  of  rotation  Az\  plane  I,  which  is 
fixed,  and  plane  II  through  the  rotating 
body  and  rotating  with  it  (Fig.  162).  The 
position  of  the  body  at  any  instant  will 
be  fully  specified  by  the  angle  qj  between 
the  two  planes,  taken  with  the  appropri¬ 
ate  sign,  which  we  shall  call  the  angle 
of  rotation  of  the  body.  We  shall  consider 
the  angle  positive  if  it  is  laid  off  counterclockwise  from  the 
fixed  plane  by  an  observer  looking  from  the  positive  end  of  axis 
Az,  and  negative  if  it  is  laid  off  clockwise.  Angle  (p  is  always  mea¬ 
sured  in  radians. 


k  body  may  rotate  about  an  axis  without  any  point  of  it  belonging  to 
that  axis,  e.g.,  the  rotation  of  a  wheel  on  an  axle  or  the  rotation  of  a  person 
riding  a  merry-go-round. 


13—5562 
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The  position  of  a  body  at  any  instant  is  completely  specified  if 
we  know  the  angle  cp  as  a  function  of  time  t,  i.e., 


==  /  (0- 


(36) 


Eq.  (36)  describes  the  rotational  motion  of  a  rigid  body. 

The  principal  kinematic  characteristics  of  the  rotation  of  a  rigid 
body  are  its  angular  velocity  (o  and  angular  acceleration  e. 

If  in  an  interval  of  time  At  =  ti  —  t  a  body  turns  through  an 
angle  A(p  =  qJi  —  (p,  the  average  angular  velocity  of  the  body  in 

the  given  time  interval  is 


The  angular  velocity  of  a  body  at 
a  given  time  t  is  the  value  towards 
which  (Oav  tends  when  the  time  in¬ 
terval  At  tends  to  zero: 

(0=  lim  or  =  (37) 

At-O  dt  ^  ' 

Thus,  the  angular  velocity  of  a  bo¬ 
dy  at  a  given  time  is  equal  in  magni¬ 
tude  to  the  first  derivative  of  the  angle  of  rotation  with  respect  to  time. 
Eq.  (37)  also  shows  that  the  value  of  co  is  equal  to  the  ratio  of  the 
infinitesimal  angle  of  rotation  dqj  to  the  corresponding  time  interval 
dt.  The  sign  of  (o  specifies  the  direction  of  the  rotation.  It  will  be 
noticed  that  (o  >  0  when  the  rotation  is  counterclockwise,  and 
(0  <  0  when  the  rotation  is  clockwise.  The  dimension  of  angular 
velocity,  if  the  time  is  measured  in  seconds,  is 


[to] 


radian 

sec 


C  1 


as  the  radian  is  a  dimensionless  unit. 

The  angular  velocity  of  a  body  can  be  denoted  by  a  vector  «>  of 

magnitude  w  =  ^  along  the  axis  of  rotation  of  the  body  in  the 

direction  from  which  the  rotation  is  seen  as  counterclockwise  (see 
Fig.  163).  Such  a  vector  simultaneously  gives  the  magnitude  of  the 
angular  velocity,  the  axis  of  rotation,  and  the  sense  of  rotation 
about  that  axis. 

■  Angular  acceleration  characterises  the  time  rate  of  change  of  the 
angular  velocity  of  a  rotating  body. 

If  in  a  time  interval  At  =  t^  —  t  the  change  of  angular  velocity 
of  a  body  is  A(o  =  Wi  —  ©,  the  average  angular  acceleration  of  the 
body  in  that  interval  of  time  is 

Aco 
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The  angular  acceleration  at  a  given  time  t  is  the  value  towards 
which  Eav  tends  when  the  time  interval  At  tends  to  zero.  Thus, 


e  = 


lim 

A<-*0 


Ao) 

~Kt 


d(o 

~dr  ’ 


or,  taking  into  account  Eq.  (37) 

d(i)  cPtp 


(38) 


Thus,  the  angular  acceleration  of  a  body  at  a  given  time  is  equal  in 
magnitude  to  the  first  derivative  of  the  angular  velocity,  or  the  second 
derivative  of  the  angular  displacement,  of  the  body  with  respect  to  time. 
The  dimension  of  angular  acceleration  is  [e]  =  s"®. 

If  the  angular  velocity  increases  in  magnitude,  the  rotation  is 
accelerated,  if  it  decreases,  the  rotation  is  retarded.  It  will  be  readily 
noticed  that  the  rotation  is  accelerated  when  (o  and  e  are  of  the 
same  sign,  and  retarded  when  they  are  of  different  sign. 

By  analogy  with  angular  velocity,  the  angular  acceleration  of 
a  body  can  be  denoted  by  a  vector  e  along  the  axis  of  rotation.  The 
direction  of  e  coincides  with  that  of  (o  when  the  rotation  is  accele¬ 
rated  (Fig.  163a),  and  is  of  opposite  sense  when  the  rotation  is  retar¬ 
ded  (Fig.  163b). 


§  75.  Uniform  and  Uniformly  Variable  Rotations 


If  the  angular  velocity  of  a  rotating  body  does  not  change  (co  = 
=  const.),  the  rotation  is  said  to  be  uniform.  Let  us  develop  the 
equation  of  uniform  rotation.  We  have  from  Eq.  (37)  dqp  =  co  dt. 
Hence,  assuming  that  at  the  initial  moment  {t  =  0)  angle  (p  =  0  and 
integrating  the  left-hand  member  from  0  to  qp  and  the  right-hand 
member  from  0  to  t,  we  obtain: 


qp  =  (at. 

It  follows  from  Eq.  (39)  that  in  uniform  rotation 


(a  =  ^ 


(39) 


(40) 


In  engineering,  the  velocity  of  uniform  rotation  is  often  expres¬ 
sed  as  the  number  of  revolutions  per  minute,  viz.  n  rpni  *>. 

Let  us  establish  the  relation  between  n  rpm  and  (o  s“^.  A  com¬ 
plete  revolution  turns  a  body  through  an  angle  of  2n  and  n  revolu¬ 
tions  take  it  through  an  angle  2nn.  If  the  duration  of  this  rotation  is 


*'  It  should  be  noted  that  n  is  an  angular  velocity  and  not  an  angle. 


13* 
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*  =  1  min  =  60  s,  then  from  Eq.  (40)  we  have 

<()=^»0.1n.  (41) 

If  the  angular  acceleration  of  a  body  does  not  change  during  the 
rotation  (e  =  const.),  the  rotation  is  said  to  be  uniformly  variable. 
Let  us  develop  the  equation  of  uniformly  variable  rotation  assu¬ 
ming  that  at  the  initial  instant  (t  =  0)  angle  q)  =  0  and  that  the 
angular  velocity  w  =  Wq  (where  ©o  is  the  initial  angular  velocity). 

From  Eq.  (38)  we  have  d©  =  edt.  Integrating  the  left-hand 
member  over  the  interval  ©o  to  ©  and  the  right-hand  membrr  from  0 
to  t,  we  obtain 

©  =  ©0  -It  et.  (42) 


Let  us  write  Eq.  (42)  in  the  form 

-^  =  ©o-f-et  or  =  + 

Integrating  again,  we  obtain  the  equation  of  uniformly  variable 
rotation 

<p  =  ©0^ -{-8-^  .  (43) 

The  angular  velocity  ©  of  this  rotation  is  given  by  Eq.  (42). 
If  ©  and  8  have  the  same  sign,  the  rotation  is  uniformly  accelerated, 
if  they  have  opposite  signs,  it  is  uniformly  retarded. 


§  76.  Velocities  and  Accelerations  of  the  Points 
of  a  Rotating  Body 


Having  established  in  the  previous  sections  the  characteristics 
of  the  motion  of  bodies  as  a  whole,  let  us  now  investigate  the  motion 
of  the  individual  points  of  a  body. 

Consider  a  point  Af  of  a  rigid  body  at  a  distance  h  from  the  axis 
of  rotation  Az  (Fig.  162).  When  the  body  rotates,  point  M  describes 
a  circle  of  radius  fe  in  a  plane  perpendicular  to  the  axis  of  rotation 
with  its  centre  C  on  that  axis.  If  in  time  dt  the  body  makes  an 
infinitesimal  displacement  through  an  angle  dcp,  point  M  will  have 
made  a  very  small  displacement  ds  =  h  dtp  along  its  path.  The  velo¬ 
city  of  the  point  is  the  ratio  of  ds  to  dt,  i.e.. 


v  = 


V  =  h(d 


or 


(44) 
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This  velocity  i;  is  called  the  linear,  or  circular,  velocity  of  the 
point  M  (not  to  be  confused  with  its  angular  velocity). 

Thus,  the  linear  velocity  of  a  point  belonging  to  a  rotating  body  is 
equal  to  the  product  of  the  angular  velocity  of  that  body  and  the  distance 


Fig.  164 


of  the  point  from  the  axis  of  rotation.  The  linear  velocity  is  tangent 
to  the  circle  described  by  point  M,  or  perpendicular  to  the  plane 
through  the  axis  of  rotation  and  the  point  M. 

As  the  value  of  w  at  any  given  instant  is  the  same  for  ail  points 
of  the  body,  it  follows  from  Eq.  (44)  that  the  linear  velocity  of  any 


Fig.  165 


point  of  a  rotating  body  is  proportional  to  its  distance  from  the 
axis  of  rotation  (Fig.  164). 

In  order  to  determine  the  acceleration  of  point  M,  we  apply 
equations 

dv  ti2 


Wr  = 


dt 


In  our  case,  p  =  h.  Substituting  the  expression  for  v  from  Eq.  (44), 
we  obtain 


and  finally 


Wx  =  h 


da> 

IF 


1Pn  = 


&2a)2 

h 


Wx  =  he,,  Wn  =  Aw*. 


(45) 


The  tangential  acceleration  Wx  is  tangent  to  the  path  (in  the 
direction  of  the  rotation  if  it  is  accelerated  and  in  the  reverse  direc¬ 
tion  if  it  is  retarded);  the  normal  acceleration  «>„  is  always  directed 
along  the  radius  h  towards  the  axis  of  rotation  (Fig.  165a). 
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The  total  acceleration  of  point  M  is 

w=  Y  -|-  Wn  =  Y  h^e,^ , 
or 

w  =  h  y  +  (0*.  (46) 

The  inclination  of  the  vector  of  total  acceleration  to  the  radius 
of  the  circle  described  by  the  point  is  specified  by  the  angle  p.  given 
by  the  equation 

tan  p  =  . 

Substituting  the  expressions  of  and  «;„froni  Eqs.  (45),  we  obtain 

tanp  =  M.  (47) 

Since  at  any  given  instant  e  and  ©  are  each  the  same  for  all  the 
points  of  the  body,  it  follows  from  Eqs.  (46)  and  (47)  that  the  accele¬ 
rations  of  all  the  points  of  a  rotating  rigid  body  are  proportional  to 
their  distances  from  the  axis  of  rotation  and  make  the  same  angle  p 
with  the  radii  of  the  circles  described  by  them  (Fig.  1656). 

Eqs.  (44)-(47)  make  it  possible  to  determine  the  velocity  and 
acceleration  of  any  point  of  a  body  if  the  equation  of  rotation  of 
the  body  and  the  distance  of  the  given  point  from  the  axis  of  rota¬ 
tion  are  known.  With  these  formulas,  knowing  the  motion  of  any 
single  point  of  a  body,  it  is  possible  to  determine  the  motion  of  any 
other  point  and  the  characteristics  of  the  motion  of  the  body  as 
a  whole. 

Problem  62.  A  shaft  rotating  with  a  speed  of  w  =  90  rpm  decele¬ 
rates  uniformly  when  the  motor  is  switched  o  Sand  stops  in  =  40  s. 
Determine  the  number  of  revolutions  made  by  the  shaft  in  this 
time. 

Solution.  As  the  rotation  is  uniformly  retarded, 

=  +  (a) 

©  =  ©0  +  8^-  {^) 

The  initial  angular  velocity  of  the  uniformly  retarded  rotation  is 
that  which  the  shaft  had  before  the  motor  was  switched  off.  Hence, 


At  the  instant  t  ==  ti,  when  the  shaft  stopped,  its  angular  velocity 
was  ©1  =  0.  Substituting  these  values  into  equation  (b),  we  obtain; 

„  ji«  ,  ,  nn 

0  —  [-■  8^1>  8 —  Oft/.  • 


Ch.  11\ 


Translational  and  Rotational  Motion 


199 


If  we  denote  as  N  the  number  of  revolutions  of  the  shaft  in  time  ti 
(not  to  be  confused  with  n  which  is  the  angular  velocity!),  the  angle 
of  rotation  in  that  time  will  be  (pi  =  2nN.  Substituting  the  values 
of  e  and  (Pi  in  equation  (a),  we  obtain 


whence 


2nN-. 


N  = 


nn  nn  .  _  nn 

lo' "eo"  “"eo" 


nt\ 

120 


i  30  revolutions. 


Problem  63.  A  flywheel  of  radius  /?  =  1.2  m  rotates  uniformly 
making  re  ==  90  rpm.  Determine  the  linear  velocity  and  acceleration 
of  a  point  on  the  rim  of  the  flywheel. 

Solution.  The  linear  velocity  of  such  a  point  is  i;  =  jRw,  where  the 
angular  velocity  (o  must  be  expressed  in  radians  per  second.  In 
our  case 

Jttl  fy  _J 

“  =  -30-=^"®  • 

Hence, 


nn  n 


11.3  m/s. 


As  (0  =  const,  e 


0  and,  consequently, 

3i2n2 


W  =  Wn  =  RiO^ 


900 


R  » 106.6  m/s^. 


The  acceleration  is  directed  towards  the  axis  of  rotation. 
Problem  64.  The  equation  of  motion  of  an  accelerated  flywheel  is 

9 


(p: 


62 


Determine  the  linear  velocity  and  acceleration  of  a  point  lying 
at  a  distance  h  =  0.8  m  from  the  axis  of  rotation  at  the  instant 
when  its  tangential  and  normal  accelerations  are  equal. 

Solution.  We  determine  the  angular  velocity  and  angular  acce¬ 
leration  of  the  flywheel: 

d(t) 

dt 


dw  27 

“  =  -^=12^’ 


e  =  - 


-^t 
■  16 


The  formulas  for  the  tangential  and  normal  accelerations  of  the 
point  are  =  he,  and  =  h(o^. 

Denote  the  instant  when  by  the  symbol  ii.  Obviously, 

at  that  instant  ei  =  coj  or 

—  t  —  ( f* 

16  V  32  / 


1®  — 
i,  — 


64 

27 


h- 


whence 
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Substituting  this  value  of  in  the  expressions  for  ©  and  e,  we 
find  that  at  time  ti 

3  9  -2 

©i  =  ysS  e,  =  js2. 


The  required  values  are  thus 
i;j  =  h©i=1.2  m/s;  =  1.8 ; 


2.54  m/s*. 


Vector  Wx  makes  an  angle  of  45°  with  the  vector  of  the  point’s 
velocity. 

Problem  65.  The  weight  B  in  Fig.  166  rotates  a  shaft  of  radius  r 
with  gear  1  of  radius  rj  mounted  on  it.  The  weight  starts  moving 
from  rest  with  a  constant  acceleration  a.  Develop  the  equation  of 

rotation  of  the  gear  2  of  radius  r? 
lo  which  is  meshed  with  gear  1. 

yy  Solution.  As  the  initial  velocity  of 

^  the  weight  is  zero,  its  velocity  at 

|(  I  I  i  If  'll  instant  t  is  at  {vb  —  at).  All  the 

\V  J  v-  ^  ij  poiiits  on  the  surface  of  the  shaft 

have  the  same  velocity.  At  the  same 
N  ^  time,  their  velocity  is  w^r,  where  ©i  is 

\  ^2  the  angular  velocity  of  both  the  shaft 

^  and  gear  i.  Consequently, 

(Siir  =  at,  . 

Fig.  166 

Now  let  us  determine  ©j.  As  at 
point  C,  where  the  gears  mesh,  the 
linear  velocity  of  both  gears  must  be  the  same,  we  have  Vq  = 

—  ©irj  =  ©^r^,  whence 

ri  rjd  . 

*>>=— 

Thus,  the  angular  velocity  of  gear  2  increases  in  proportion  to 
time.  Since  ©g  =  where  is  the  angle  of  rotation  of  gear  2, 
we  have 

dm,  z=  t  dt, 

from  which,  integrating  both  sides  and  assuming  angle  (pg  =  0  at 
time  t  =  0,  we  obtain  the  equation  of  uniformly  accelerated  rota¬ 
tion  of  gear  2  in  the  form 


Chapter  12 

Plane  Motion 
of  a  Rigid  Body 


§  77.  Equations  of  Plane  Motion. 

Resolution  of  Motion  Into  Translation  and  Rotation 

Plane  motion  of  a  rigid  body  is  such  motion  in  which  all  its  points 
move  parallel  to  a  fixed  plane  /’(Fig.  167).  Many  machine  parts  have 
plane  motion,  for  example,  a  wheel  running  on  a  straight  track  or 
the  connecting  rod  of  a  reciprocating  engine.  Rotation  is,  in  fact, 
a  special  case  of  plane  motion. 

Let  as  consider  the  section  5  of  a  body  produced  by  passing  any 
plane  Oxy  parallel  to  a  fixed  plane  P  (see  Fig.  167).  All  the  points 
of  the  body  belonging  to  line  MM'  normal  to  plane  P  move  in  the 
same  way.  Therefore,  in  investigating  plane  motion  it  is  sufficient  to 


investigate  the  motion  of  section  S  of  that  body  in  the  plane  Oxy.  In 
this  book  we  shall  always  take  the  plane  Oxy  parallel  to  the  page 
and  represent  a  body  by  its  section  S. 

The  position  of  section  S  in  plane  Oxy  is  completely  specified  by 
the  position  of  any  line  AB  in  this  section  (Fig.  168).  The  position 
of  the  line  AB  may  be  specified  by  the  coordinates  x^  and  y^  of 
point  A  and  the  angle  qj  between  an  arbitrary  line  AB  in  section  5 
and  axis  x. 

The  point  A  chosen  to  define  the  position  of  section  S  is  called  the 
pole.  ^  the  body  moves,  the  quantities  x^,  yAi  and  (p  will  change 
and  the  motion  of  the  body,  i.e.,  its  position  in  space  at  any  mo- 
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ment  of  time,  will  be  completely  specified  if  we  know 

~  Ha  ~  f 2(^)1  ~  fait)-  i^8) 

Eqs.  (48)  are  the  equations  of  plane  motion  of  a  rigid  body.  Let  us 
show  that  plane  motion  is  a  combination  of  translation  and  rotation. 
Consider  the  successive  positions  I  and  II  of  the  section  5  of  a  mo¬ 
ving  body  at  instants  t^  and  -|r  At  (Fig.  169).  It  will  be 

observed  that  the  following  method  can  be  employed  to  move  sec¬ 
tion  S,  and  with  it  the  whole  body,  from  position  I  to  position  II. 


Let  us  first  translate  the  body  so  that  pole  A  occupies  position  A'^ 
(line  A^B^  occupies  position  A^B'i)  and  than  turn  the  section  about 
pole  A  2  through  angle  Aqjj.  In  the  same  way  we  can  move  the  body 
from  position  II  to  some  new  position  III ,  etc.  We  conclude  that 
the  plane  motion  of  a  rigid  body  is  a  combination  of  a  translation,  in 
which  all  the  points  move  in  the  same  way  as  the  pole  A,  and  of  a  rota¬ 
tion  about  that  pole  *>. 

The  translational  component  of  plane  motion  can,  evidently,  be 
described  by  the  first  two  of  Eqs.  (48),  and  the  rotational  component 
by  the  third. 

The  principal  kinematic  characteristics  of  this  type  of  motion  are 
the  velocity  and  acceleration  of  translation,  each  equal  to  the  velo¬ 
city  and  acceleration  of  the  pole  (tVans  =  Wtrans  =  'M’a)» 
and  the  angular  velocity  (o  and  angular  acceleration  e  of  the  rotation 
about  the  pole.  The  values  of  these  characteristics  can  be  found  for 
any  time  t  from  Eqs.  (48). 

In  analysing  plane  motion,  we  are  free  to  choose  any  point  of 
the  body  as  the  pole.  Let  us  consider  a  point  C  as  a  pole  instead 
of  A  and  determine  the  position  of  the  line  CD  making  an  angle  q)i 
with  axis  x  (Fig.  170).  The  characteristics  of  the  translatory  com- 


♦*  The  rotation  takes  place  about  an  axis  perpendicular  to  the  plane  P 
through  the  pole  A.  For  the  sake  of  brevity,  however,  we  shall  speak  simply 
of  rotation  about  the  pole  A. 
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ponent  of  the  motion  would  have  been  difierent,  for  in  the  general 
case  Vc  ^  and  Wc  ¥=  (otherwise  the  motion  would  be  that  of 
pure  translation).  The  characteristics  of  the  rotational  component 
of  the  motion  w  and  e  remain,  how¬ 
ever,  the  same.  For,  drawing  CB^  para¬ 
llel  to  AB,  we  find  that  at  any  instant 
of  time  angle  (pi  =  (p— a,  where  a  = 
const.  Hence, 


(i(pi  _  dtp  tPtpj _ 


OTt 


Wi 


(I),  El  =  e. 


This  result  can  also  be  j'obtained 
from  an  examination  of  Fig.  169: 
whatever  point  is  taken  as  the  pole,  to  carry  section  S  from  posi¬ 
tion  I  to  position  II  line  A^B^  must  be  made  parallel  to  A2B2, 
i.e.,  the  section  must  be  rotated  around  any  pole  through  the  same 
angle  Aq)i  equal  to  the  angle  between  the  two  lines.  Hence,  the 
rotational  component  of  motion  does  not  depend  on  the  position  of 
the  pole. 


§  78.  Determination  of  the  Path  of  a  Point  of  a  Body 


Let  us  now  investigate  the  motion  of  individual  points  of  a  rigid 
body,  i.e.,  determine  their  paths,  velocities  and  accelerations.  For 
this,  as  has  been  shown,  it  is  sufficient  to  analyse  the  motion  of  the 

points  lying  in  section  S.  We  shall 
begin  with  the  determination  of  the 
paths. 

Consider  a  point  M  of  a  body  whose 
position  in  section  S  is  specified  by  its 
distance  b  =  AM  from  the  pole  A 
and  the  angle  BAM  =  a  (Fig.  171). 
If  the  motion  of  the  body  is  descri¬ 
bed  by  Eqs.  (48),  the  x  and  y  coordinates 
of  point  M  in  the  system  Oxy  will  be 

a:  =  XA-l-6cos(<p-f-a),  1 
l^  =  yA  +  &sin  ((p-f-a),  I  '  ' 


where  xj^,  '  yA,  (p  are  the  functions  of  time  t  given  by  Eqs.  (48). 

Eqs.  (49)  describe  the  motion  of  point  Af  in  plane  Oxy  and  at  the 
same  time  give  the  equation  of  the  point’s  path  in  parametric  form. 
The  usual  equation  of  the  path  can  be  obtained  by  eliminating  time  t 
from  Eqs.  (49). 
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If  the  body  under  consideration  is  part  of  a  mechanism,  the  path 
of  any  point  M  of  the  body  can  be  determined  by  expressing  the 
coordinates  of  the  point  in  terms  of  a  parameter  specifying  the 


Fig.  172 


position  of  the  mechanism  and  then 
eliminating  that  parameter.  In  this 
case  the  equations  of  motion  (48)  are 
not  necessary. 

Problem  66.  Blocks  A  and  B,  to 
which  the  rule  of  an  ellipsograph  is 
attached,  slide  in  mutually  perpen¬ 
dicular  slots  (Fig.  172).  Assuming 
AB  =  Z,  determine  the  path  of  point 
M  of  the  rule. 

Solution.  Taking  point  A  as  the 
pole,  let  us  specify  the  position  of  M 
on  the  rule  in  terms  of  segment  AM  = 
=6.  The  position  of  the  rule  itself  is  spe¬ 


cified  by  angle  9.  Hence,  for  coordinates  x  and  y  of  point  M  we  obtain: 


X  =  {b  —  Z)  cos  9,  y  =  6  sin  9. 

Eliminating  parameter  9, we  find  that  the  path  of  the  point  (inde¬ 
pendent  of  the  equation  of  motion  of  the  rule)  is  an  ellipse 


a;2 


=  1 


with  semiaxes  a  =  \  b  —  Z  |  and  b  and  centre  at  O. 

By  adjusting  the  distances  Z  and  b,  we  can  trace  with  a  pencil 
at  M  an  ellipse  with  any  given  semiaxes  not  longer  than  the  rule, 
which  is  why  the  instrument  is  called  an  ellipsograph. 


§  79.  Determination  of  the  Velocity  of  a  Point  of  a  Body 

Plane  motion  of  a  rigid  body  is  a  combination  of  a  translation  in 
which  all  points  of  the  body  move  with  the  velocity  of  the  pole 
and  a  rotation  about  that  pole.  Let  us  show  that  the  velocity  of  any 
point  M  of  the  body  is  the  geometrical  sum  of  its  velocities  for  each 
component  of  the  motion. 

The  position  of  a  point  M  in  section  S  of  the  body  is  specified  with 
reference  to  the  coordinate  axes  Oxy  by  the  radius  vector  r  =  + 

-f-  r'  (Fig.  173),  where  is  the  radius  vector  of  the  pole  A,r'  = 
=  AM  is  the  vector  which  specifies  the  position  of  point  M  with 
reference  to  the  axes  Ax'y'  that  perform  translational  motion  to¬ 
gether  with  A  (the  motion  of  section'iS  with  reference  to  those  axes  is 
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d't*  dt*  A  dv^ 

the  motion  about  pole  A).  Then,  =  =  + 

In  this  equation  is  equal  to  the  velocity  of  pole  A;  the 

quantity  ^  is  equal  to  the  velocity  VmA  of  point  M  at  Va  — 


Fig.  173  Fig.  174 

=  const.,  i.e.,  when  A  is  fixed  or,  in  o.ner  words,  when  the  body  (or, 
strictly  speaking,  its  section  S)  rotates  about  pole  A-  Tf  thus  fol¬ 
lows  from  the  preceding  equation  that 

VAr=  ItA+t’MA*  (50) 

The  velocity  of  rotation  v^a  of  point  M  about  pole  A  is  (§  76) 

(t^MA  -L  -^-d),  (51) 

where  w  is  the  angular  velocity  of  the  rotation  of  the  body. 

Thus,  the  velocity  of  any  point  M  of  a  body  is  the  geometrical  sum 
of  the  velocity  of  any  other  point  A  taken  as  the  pole  arid  the  velocity  of 
rotation  of  point  M  about  the  pole. 

The  magnitude  and  direction  of  the 
velocity  Vm  are  found  by  constructing 
a  parallelogram  (Fig.  174). 

Problem  67.  Determine  the  veloci¬ 
ty  of  a  point  M  on  the  rim  of  a  wheel 
(Fig.  175)  rolling  without  slipping 
along  a  straight  rail  if  the  velocity 
of  the  centre  C  of  the  wheel  is  Vq  and 
angle  DKM  =  a.  Fig.  175 

Solution.  Taking  point  C  whose 
velocity  is  known  as  the  pole,  we 

find  that  vm  =  Vc  +  Vucy  where  vmc  i.  CM  and  in  magnitude 
Vmc  =(i)*AfC=  (nR  (R  is  the  radius  of  the  wheel).  The  magnitude 
of  the  angular  velocity  (o  is  determined  from  the  condition  that 
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point  K  of  the  wheel  does  not  slip  and  .consequently, at  the  given  mo¬ 
ment  vk  =  0.  On  the  other  hand,  just  as  for  point  M,  Wk  =  Vc  + 
+  VjKc.  where  v^c  —  (O-KC—  (nR.  For  point  K,  Vrc  and  Vc  are 

collinear.  Therefore,  at  vk  =  0,  vkc  =  Vq,  whence  (o  =  Thus  we 
we  find  that 

VMC  =  <dR  —  Vc- 

The  parallelogram  constructed  with  vectors  vmc  and  Vc  as  its 
sides  is  a  rhombus.  But  the  angle  between  Vc  and  Vmc  is  equal  to 
angle  P  as  the  sides  of  these  angles  are  mutually  perpendicular.  On 
the  other  hand,  angle  P  =  2a,  as  a  central  angle  subtended  by  the 
same  arc  as  the  inscribed  angle  a.  Hence,  by  virtue  of  the  properties 
of  a  rhombus,  the  angles  between  Vc  and  and  between  vmc  and 
Vju  are  also  equal  to  a.  Finally,  as  the  diagonals  of  a  rhombus  are 
mutually  perpendicular,  we  obtain 

Vm  =  2vc  cos  a  and  v^LKM. 

The  computations,  we  see,  were  rather  cumbersome.  Further  on 
we  shall  discuss  methods  which  make  it  possible  to  solve  such  pro¬ 
blems  much  simpler  (see  Problem  69  in  §  82.). 

§  80.  Theorem  of  the  Projections  of  the  Velocities 
of  Two  Points  of  a  Body 

The  use  of  Eq.  (50)  to  determine  the  velocities  of  the  points  of 
a  body  usually  leads  to  involved  computations  (cf.  Problem  67). 
However,  we  can  evolve  from  Eq.  (50)  several  simpler  and  more 


convenient  methods  of  determining  the  velocity  of  any  point  of 
a  body. 

One  of  these  methods  is  given  by  the  theorem:  The  projections  of 
the  velocities  of  two  points  of  a  rigid  body  on  the  straight  line  joining 
those  points  are  equal. 

Consider  any  two  points  A  and  5  of  a  body.  Taking  point  A  as 
thepole(Fig.  176)  we  have  from  Eq.  (50)  Vb  =  +  '*>ba-  Projecting 
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both  members  of  the  equation  on  and  taking  into  account  that 
vector  Vba  ‘S  perpendicular  to  AB,  we  obtain: 

Vb  cos  p  =  cos  a,  (52) 

and  the  theorem  is  proved.  This  result  ofiers  a  simple  method  of 
determining  the  velocity  of  any  point  of  a  body  if  the  direction  of 
motion  of  that  point  and  the  velocity  of  any  other  point  of  the  same 
body  are  known. 

Problem  68.  Determine  the  relation  between  the  velocities  of 
points  A  and  B  of  the  ellipsograph  in  Fig.  172  if  angle  q)  is  given. 

Solution.  The  directions  of  the  velocities  of  points  A  and  B  are 
known.  Hence,  projecting  vectors  and  Vb  on  AB  and  applying 
the  above  theorem,  we  obtain: 

cos  qp  =  cos  (90°  —  <p), 

whence 

Va  —  Vb  tan  qp. 

§81.  Determination  of  the  Velocity  of  a  Point  of  a  Body 
Using  the  Instantaneous  Centre  of  Zero  Velocity. 

Centrodes 

Another  simple  and  visual  method  of  determining  the  velocity 
of  any  point  of  a  body  performing  plane  motion  is  based  on  the 
concept  of  instantaneous  centre  of  zero  velocity.  The  instantaneous 
centre  of  zero  velocity  is  a  point  belonging  to  the  sectiori  S  of  a  body  or 
its  extension  which  at  the  given  instant 
is  momentarily  at  rest. 

It  will  be  readily  noticed  that  if  a 
body  is  in  non-translational  motion,  such 
one  and  only  one  point  always  exists  at 
any  instant  t.  Let  points  A  and  B  in  se¬ 
ction  5  of  a  body  (Fig.  177)  have,  at 
timet,  non-parallel  velocities  t>A  and  Vb- 
Then  point  P  of  intersection  of  per¬ 
pendiculars  Aa  to  vector  and  Bb  to 
vector  Vb  will  be  the  instantaneous  centre 
of  zero  velocity,  as  t>p  =  0  *>.  For,  if  we 
assumed  that  t>p  0,  then,  by  the  theorem' of  the  projections  of  the 
velocities  of  the  points  of  a  body,  vector  Vp  would  have  to  be  simul¬ 
taneously  perpendicular  to  AP  (as  VaA.AP)  and  to  BP  (as  VB±BP)r 
which  is  impossible.  It  also  follows  from  the  theorem  that,  at  the 
given  instant,  no  other  point  of  section  S  can  have  zero  velocity 

*’  The  section  S  can  always  be  assumed  to  include  point  P  (see  the  example- 
and  Fig.  178  further  on). 
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'(e.g.,  for  point  a,  the  projection  of  Vb  on  Ba  is  not  zero  and  conse¬ 
quently  Va  =5^0). 

If,  now,  we  take  a  point  P  as  the  pole  at  time  t,  the  velocity  of 
point  A  will,  by  Eq.  (50),  be 

Va  =  Vp-\-  Vap=Vap, 

as  Vp  =  0.  The  same  result  can  be  obtained  for  any  other  point  of 
the  body.  Thus,  the  velocity  of  any  point  of  a  body  lying  in  section  S 
is  equal  to  the  velocity  of  its  rotation  about  the  instantaneous  centre  of 
zero  velocity  P.  From  Eqs.  (51)  we  have 

=  (o-PA  (vaIPA), 

Vp  =  (xi‘PB  (vbLPB),  etc.  '  * 

It  also  follows  from  Eqs.  (53)  that 


va  _  Vb 
PA~  PB  ' 


(54) 


i.e.,  that  the  velocity  of  any  point  of  a  body  is  proportional  to  its  dis¬ 
tance  from  the  instantaneous  centre  of  zero  velocity. 

These  results  lead  to  the  following  conclusions: 

(1)  To  determine  the  instantaneous  centre  of  zero  velocity,  it  is 
sufficient  to  know  the  directions  of  the  velocities  Va  and  Vp  of  any  two 
points  A  and  B  of  a  section  of  a  body  (or  their  paths);  the  instantaneous 
centre  of  zero  velocity  lies  at  the  intersection  of  the  perpendiculars 
erected  from  points  A  and  B  to  their  respective  velocities,  or  to  the 
tangents  to  their  paths. 

(2)  To  determine  the  velocity  of  any  point  of  a  body,  it  is  necessary  to 
know  the  magnitude  and  direction  of  the  velocity  of  any  point  A  of 
that  body  and  the  direction  of  the  velocity  of  another  point  B  of  the  same 
body.  Then,  by  erecting  from  points  A  and  B  perpendiculars  to  Va 
and  Vp,  we  obtain  the  instantaneous  centre  of  zero  velocity  P  and, 
from  the  direction  of  Va,  the  sense  of  rotation  of  the  body.  Next, 
knowing  Va,  we  can  find  from  Eq.  (54)  the  velocity  of  any  point 
M  of  the  body.  Vector  is  perpendicular  to  PM  in  the  direction 
of  the  rotation. 

(3)  The  angular  velocity  of  a  body,  as  can  be  seen  from  Eqs.  (53), 
is  at  any  given  instant  equal  to  the  ratio  of  the  velocity  of  any  point  be¬ 
longing  to  the  section  S  to  its  distance  from  the  instantaneous  centre 
of  zero  velocity  P: 


(0  = 


Vb 

PB  • 


(55) 


Let  us  evolve  another  expression  for  ®.  It  follows  from  Eqs.  (50) 
and  (51)  that  VpA  —  \Vp  —  Va\  and  VpA  ~  oi-AB  whence 

\vb  —  va\  I»b  +  (— va)I 

- aM  Ib  • 


(56) 
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When  Va  =  0  (point  A  is  the  instantaneous  centre  of  zero  veloci¬ 
ty),  Eq.  (56)  transforms  into  Eq.  (55). 

Eqs.  (55)  and  (56)  give  the  same  quantity,  since  from  §  77  it  fol¬ 
lows  that  the  rotation  of  the  section  S  about  either  po'int  A  or 
point  P  takes  place  with  the  same  an¬ 
gular  velocity  co. 

Example.  The  directions  of  the  ve¬ 
locities  of  points  A  and  B  of  the 
ellipsograph  in  Fig.  178  are  known. 

Erecting  perpendiculars  to  them,  we 
obtain  the  instantaneous  centre  of 
zero  velocity  P  of  the  rule  (the  ellip-  / 
sograph  can  be  visualised  as  a  plastic  j  P 
backing  hinged  to  the  slides  A  and  B,  / 
and  the  rule  AD  as  drawn  on  it, 
point  P, which  belongs  to  the  backing,  1 
has  a  velocity  Vp  =  0).  \ 

Knowing  P,  we  obtain  from  the  \- 
..  va  vr  pa  \ 

proportion  pA=^pB-  =  ^ 

—  Vg  tanq),  i.e.,  the  same  result  as 
in  Problem  68.  Similarly,  we  obtain 
P  M 

for  point  M:  =Vg  -pg-  The  length  of  PM  can  be  calculated  if  we 

know  AB,  AM,  and  angle  <}).  The  direction  of  vector  Vm  is  shown  in 
the  diagram  (vat-LPM). 

From  Eqs.  (55)  and  (56)  we  find  the  angular  ve- 
\  locity  of  the  rule: 


It  is  easy  to  verify  that  both  equations  give  the 


same  answer. 


Fig.  179  Let  us  consider  some  special  cases  of  the  ins¬ 

tantaneous  centre  of  zero  velocity. 

(a)  If  plane  motion  is  performed  by  a  cylinder  rolling  without 
slipping  along  a  fixed  cylindrical  surface,  the  point  of  contact  P 
(for  the  section  shown  in  Fig.  179)  is  momentarily  at  rest  and,  con¬ 
sequently,  is  the  instantaneous  centre  of  zero  velocity  (vp  =  0  be¬ 
cause  if  there  is  no  slipping, the  contacting  points  of  both  bodies  must 
have  the  same  velocity,  and  the  second  body  is  motionless).  An 
example  of  such  motion  is  that  of  a  wheel  running  on  a  rail. 

(b)  If  the  velocities  of  points  A  and  B  of  the  body  are  parallel 
to  each  other,  and  AB  is  not  perpendicular  to  «a  (Elg-  180a)  the 
instantaneous  centre  of  zero  velocity  lies  in  infinity,  and  the  veloci¬ 
ties  of  all  points  are  parallel  to  t>A.From  the  theorem  of  the  projec¬ 
tions  of  velocities  it  follows  that  cos  a—Vg  cos  P,  i.e.,  Vg  = 
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the  result  is  the  same  for  all  other  points  of  the  body.  Consequently, 
in  this  case  the  velocities  of  all  points  of  the  body  are  equal  in 
magnitude  and  direction  at  every  instant,  i.e.,  the  instantaneous 
distribution  of  the  velocities  of  the  body  is  that  of  translation  (this 
state  of  motion  is  also  called  instantaneous  translation).  It  will  be 
found  from  Eq.  (56)  that  the  angular  velocity  (o  of  the  body  at  the 
given  instant  is  zero. 

(c)  If  the  velocities  of  points^  and  B  are  parallel  and  AB  \&  per¬ 
pendicular  to  Va,  the  instantaneous  centre  of  zero  velocity  P  can 


be  located  by  the  construction  shown  in  Fig.  180&.  The  validity  of 
this  construction  follows  from  the  proportion  (54).  In  this  case, 
unlike  the  previous  ones,  we  have  to  know  the  magnitudes  of  velo¬ 
cities  and  to  locate  the  instantaneous  centre  of  zero  velo¬ 
city  P. 

(d)  If  the  velocity  vector  Vb  of  a  point  in  section  S  and  the  angu¬ 
lar  velocity  (o  are  known,  the  position  of  the  instantaneous  centre  of 
zero  velocity  P,  lying  on  the  perpendicular  to  Vb  (see  Fig.  177), 
can  be  immediately  found  from  Eq.  (55),  which  yields5P  =  yg/w. 

Instantaneous  Centre  of  Rotation  and  Centrodes.  It  is  apparent 
from  Figs.  177  and  180fe  and  from  formulas  (53)  and  (54)  that  at 
every  instant  the  velocities  of  the  points  in  section  S  are  distri¬ 
buted  as  though  the  section’s  movement  represents  a  rotation  around 
a  centre  P.  That  is  why  the  point  of  a  stationary  plane  coincident 
with  the  instantaneous  centre  of  zero  velocity,  which  we  shall  also 
denote  by  the  symbol  P,  is  called  the  instantaneous  centre  of  rota¬ 
tion-,  the  axis  Pz  perpendicular  to  the  section  S  through  point  P  is 
called  the  instantaneous  axis  of  rotation  of  the  body  in  plane  motion. 
Unlike  a  fixed  axis  (or  centre)  of  rotation,  the  instantaneous  axis 
(or  centre)  continually  changes  its  position.  In  §  77  we  established 
that  plane  motion  is  a  combination  of  translational  motion  together 
with  a  fixed  pole  and  rotation  about  that  pole.  The  result  makes 
possible  another  geometrical  picture  of  plane  motion,  namely, 
plane  motion  is  compounded  of  a  series  of  consecutive  elemental  rota- 
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tions  about  constantly  changing  instantaneous  axes  {or  centres)  of 
rotation. 

For  example,  the  rolling  of  the  wheel  in  Fig.  183  can  be  pictured 
either  as  a  combination  of  translational  motion  together  with  the 
pole  C  and  rotation  about  that  pole  or  as  a  series  of  elemental  rota¬ 
tions  around  a  constantly  changing  point  of  contact  P  between  the 
wheel  rim  and  the  rail. 

As  the  section  5  moves,  the  instantaneous  centre  P  continuously 
changes  its  position  both  in  the  fixed  plane  and  in  the  section  S 


(and  the  body  to  which  it  belongs).  The  locus  of  instantaneous  centres 
of  rotation,  i.e.,  of  the  positions  of  point  P  on  a  fixed  plane,  is 
called  a  fixed  centrode,  the  locus  of  the  instantaneous  centres  of  zero 
velocity,  i.e.,  the  positions  of  point 
P  in  a  plane  moving  together  with 
the  section  S,  is  the  moving  centrode 
(Fig.  181).  At  the  given  instant  both 
centrodes  touch  at  point  P  which  is 
the  instantaneous  centre  of  rotation 
(or  zero  velocity)  at  the  given  time; 
the  centrodes  cannot  intersect  as  other¬ 
wise  there  would  be  more  than  one 
instantaneous  centre  at  a  given  mo¬ 
ment,  which  is  impossible.  At  the 
next  instant  points  P\  of  the  mo¬ 
ving  centrode  and  Pj  of  the  fixed 
centrode  will  be  in  contact,  the  point 
of  contact  being  the  instantaneous 
centre  of  rotation  for  that  moment,  etc.  Hence,  as  the  position- 
of  the  instantaneous  centre  P  changes  continuously,  and  at  each 
given  moment  Vp  —  0,  we  may  conclude  that  in  plane  motion  the 
moving  centrode  rolls  without  slipping  along  the  fixed  one.  Con¬ 
versely,  if  both  centrodes  are  represented  as  physical  bodies,  the 
geometrical  picture  of  the  motion  of  section  S  can  be  obtained  by 
attaching  it  to  the  moving  centrode  and  rolling  it  without  slipping 
along  the  fixed  centrode. 

It  will  be  readily  observed  that  for  the  wheel  in  Fig.  183,  axis  Ox 
is  the  fixed  centrode  and  circle  PEDK  is  the  moving  centrode.  The 
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motion  of  the  wheel  is  achieved  by  the  rolling  of  the  moving  centrode 
along  the  fixed  without  slipping. 

Example.  The  instantaneous  centre  of  rotation  of  the  rule  AB 
of  the  ellipsograph  m  Fig.  182  is  at  P.  Since  at  any  instant  the  dis¬ 
tance  PO  =  AB  =  I  the  locus  of  points  P  in  plane  Oxy,  i.e.,  the 
fixed  centrode,  is  a  circle  of  radius  I  whose  centre  is  at  O.  But  at 
the  same  time,  if  the  rule  .45  is  imagined  as  drawn  on  a  piece  of 
plastic  5,  the  distance  PC  =  112  of  the  centre  P  from  point  C  of  the 
rule  will  also  be  constant.  Hence,  the  locus  of  points  P  on  S,  i.e., 
the  stationary  centrode,  is  a  circle  of  radius  Z/2  with  centre  at  point 
C.  When  the  ellipsograph  moves,  circle  2  rolls  without  slipping 
along  circle  1,  and  their  point  of  contact  at  every  instant  is  the 
instantaneous  centre  of  rotation.  Conversely,  if  circles  1  and  2  are 
represented  as  physical  bodies  (gears)  with  one  rolling  along  the 
other  (stationary)  without  slipping,  the  diameter  AB  of  circle  2  will 
reproduce  the  motion  of  the  ellipsograph  rule. 

§  82.  Solution  of  Problems*) 

In  order  to  determine  the  kinematic  characteristics  of  motion 
(the  angular  velocity  of  a  body  or  the  velocities  of  its  points),  we 
must  know  the  magnitude  and  direction  of  the  velocity  of  an  arbi¬ 
trary  point  of  the  body  and  the  direction  of  the  velocity  of  any  other 
point  of  that  body  (with  the  exception  of  cases  (a)  and  (b)  discussed 
in  §  81].  The  solution  of  any  problem  begins  with  the  determination 
of  these  characteristics  from  the  statement  of  the  problem. 

The  mechanism  whose  motion  is  being  investigated  should  be 
drawn  in  the  position  for  which  the  corresponding  characteristics 
are  being  determined.  In  solving  a  problem  one  should  remember 
that  the  concept  of  instantaneous  centre  of  zero  velocity  applies  to 
a  single  rigid  body.  In  mechanisms  consisting  of  several  bodies^  every 
body  performing  non-translational  motion  has  at  any  instant  its  own 
instantaneous  centre  of  zero  velocity  and  its  own  angular  velocity. 

Problem  69.  Determine  the  velocity  of  point  M  on  the  rim  of  the 
rolling  wheel  in  Problem  67  by  introducing  the  instantaneous  centre 
of  zero  velocity. 

Solution.  The  point  of  contact  P  of  the  wheel  (Fig.  183)  is  the 
instantaneous  centre  of  zero  velocity,  as  Vp  —  0.  Consequently, 
VmA-PM.  As  the  right  angle  PMD  rests  on  the  diameter,  the  velocity 
vector  Vm  of  any  point  of  the  rim  passes  through  point  D.  Writing 
the  proportion 

Vm  __ 

_  PM  PC 

*’  An  example  of  the  methods  of  problem  solution  discussed  here  can 
be  found  in  §  95,  Problem  90. 


213 


(;fi,  12]  Plane  Motion  of  a  Rigid  Body 

and  noting  that  PC  =  R  and  PM  =  2R  cos  a,  we  find: 

Vja  —  2vc  cos  a. 

The  further  point  M  is  from  P,  the  greater  its  velocity  is.  The 
upper  end  D  of  the  vertical  diameter  has  the  maximum  velocity 
=  2vc-  The  angular  velocity  of  the  wheel,  from  Eq.  (55),  is 


The  velocities  are  similarly  distributed  for  all  cases  of  a  wheel  or 
gear  rolling  along  a  cylindrical  surface  (see  Fig.  179). 

Problem  70.  Determine  the  velocity  of  the  centre  C  of  the  free 
pulley  of  radius  r  in  Fig.  184  and  its  angular  velocity  (o  if  load  A 


Fig.  184 


is  moving  up  with  a  velocity  Vj^  and  load  B  is  moving  down  with 
a  velocity  v^-  The  thread  does  not  slip  and  all  its  sections  are  verti¬ 
cal. 

Solution.  As  the  thread  does  not  slip  on  the  free  pulley,  the  veloci¬ 
ties  of  points  a  and  b  of  the  pulley  are  equal  in  magnitude  to  the 
velocities  of  the  loads,  i.e. ,  and  Vi,  —  Vb-  Knowing  the 

velocities  of  points  a  and  b  and  assuming  for  convenience  that  > 
>  we  can  determine  the  position  of  the  instantaneous  centre  P 
of  zero  velocity  of  the  free  pulley  by  the  same  method  as  in  Fig.  1806. 
The  velocity  of  the  centre  C  of  the  pulley  is  denoted  by  the  vector 
Vc.  From  Eq.  (56)  we  develop  the  equations 

IVd+(  — <’o)|  _ I  t>6  — t>cl 

ah  ’  " - hC  ’ 

whence,  as  ab  =  2r  and  bC  —  r,  we  obtain 
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At  Vb  >  Va  the  centre  moves  up;  if  Vg  <z  it  moves  down;  at 

Vb  =  Va,  Vc  =  0. 

The  values  of  w  and  Vc  for  the  case  of  both  loads  lowering  can  be 
found  by  substituting  — for  in  the  equations. 

Problem  71.  Crank  OA  of  length  r  of  the  mechanism  in  Fig.  185 
rotates  with  an  angular  velocity  (Oqa-  The  length  of  the  connecting 
rod  AB—l.  If  angle  qp  is  given,  determine:  (1)  the  velocity  of  block 
B,  (2)  the  position  of  the  point  M  on  the  connecting  rod  which  has 
the  least  velocity,  (3)  the  angular  velocity  (Oab  of  the  connecting  rod. 
Also  analyse  the  positions  of  the  mechanism  for  cp  =  0  and  qp  =  90°. 


Fig.  185 


Solution.  It  follows  from  the  statement  of  the  problem  that  the 
velocity  of  point  A  is  =  (o^^r  perpendicular  to  OA,  and  the 
velocity  of  B  is  directed  along  BO.  These  data  are  sufficient  to 
determine  all  the  kinematic  characteristics  of  the  connecting  rod. 

(1)  From  the  theorem  of  the  projections  of  velocities  we  have 
cos  a  =  Vb  cos  p.  Angle  OAD,  as  a  supplementary  angle  of  trian¬ 
gle  OAB,  is  equal  to  qp  -fr-  p.  Hence,  a  =  90°—  (qp  -jr  p),  and 


VB  =  (i>OAr 


sin  (q)4-  P) 
sin 


■  ®oa'’  (sin  qp  -f  cos  qp  tan  p). 


Now  eliminate  angle  p  from  the  equation.  From  triangle  OAB, 

sin  P  sin  qp 


Furthermore, 


and  finally 


tan  p  = 


sin  P 


Fb=®oa'’ 


Y 1  — sin2  p  ’ 
rcosq) 

y  —  7-2  sin2  cp 


j  sin  (p. 


(2)  The  instantaneous  centre  of  zero  velocity  P  of  the  connecting 
rod  (AP  is  an  extension  of  OA)  is  located  by  erecting  perpendiculars 
from  points  A  and  B.  The  point  with  the  least  velocity  M  is  that 
which  is  closest  to  the  centre  P,  i.e.,  on  the  perpendicular  PM  to 
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AB.  Its  velocity  is 

Vm  ==  I^A  COS  a  =  (doAr  sin  (q)  +  P) . 

(3)  From  Eq.  (55),  the  angular  velocity  of  the  rod  is 

Va  Vn 

“AB  —  -pj'  OC  ^AB  —  -pff  • 

The  length  PB  (or  PA)  is  calculated  from  the  data  given  in  the 
statement  of  the  problem. 

(4)  At  angle  q;  —  0  (Fig.  186a),  the  perpendicular  AB  to  velocity 
Va  and  the  perpendicular  Bb  to  Vb  intersect  at  B.  Consequently,  for 


a 


Fig.  186  Fig.  187 

this  position  point  B  is  the  instantaneous  centre  of  zero  velocity,  and 
^'n  =  0  (the  “dead”  position  of  the  mechanism).  For  this  position 

va  r 

The  distribution  of  velocities  along  the  connecting  rod  is  shown 
in  the  diagram. 

(5)  At  angle  q)  =  90“  (Fig.  1866),  velocities  Va  and  Vg  are  paral¬ 
lel,  and  the  perpendiculars  to  them  intersect  at  infinity.  Consequent¬ 
ly,  at  that  instant  all  the  points  of  the  rod  have  the  same  velocity 
t^A*  (^ab  —  0- 

Problem  72.  Link  OA  in  Fig.  187  rotates  about  axis  0  with  an 
angular  velocity  ©oa;  with  it  moves  gear  1  which  rolls  around  the 
fixed  gear  2.  The  radii  of  the  two  gears  are  both  equal  to  r.  Hinged  to 
gear  7  is  a  connectingrod  BD  of  length  1,  attached  to  which  is  a  roek- 
.shaft  DC.  Determine  the  angular  velocity  ©^n  of  the  connecting 
rod  for  the  instant  when  it  is  perpendicular  to  link  OA  if  at  that 
instant  angle  BDC  =  45°. 


216  KINEMATICS  OF  A  PARTICLE  AND  BODY  [Part  2 


Solution.  To  determine  (Hbd  we  must  know  the  velocity  of  an  arbi¬ 
trary  point  on  the  connecting  rod  BD  and  the  position  of  its  instan¬ 
taneous  centre  of  zero  velocity.  Let  us  determine  the  velocity  of 
point  B  from  the  fact  that  it  also  belongs  to  gear  1,  for  which  the 
velocity  is  known  to  be  =  ©oa  2r  {v^  ±  OA),  and  the  instanta¬ 
neous  centre  of  zero  velocity  is  at  Pj.  Consequently,  Vg  ±  PiB,  and 

from  the  theorem  of  the  projections 
of  velocities  Vg  cos  45®  =  whence 
=  i^aV"  2=2r(3}oAY  2- 

Now  we  know  the  velocity  of  the 
connecting  rod  and  the  direction  of 
velocity  vd  {vd  -L  C>C).  Erecting  per¬ 
pendiculars  to  and  Vj),  we  obtain 
the  instantaneous  centre  of  zero  velo¬ 
city  Pbb  of  the  connecting  rod.  It 
will  be  readily  noticed  that  the  seg¬ 
ment 

--  7 

2  ’ 

whence 


BP  BO  —  I 


©BC  — 


vb 


BP 


BD 


:4  y©OA- 


It  should  be  noted  that  it  would  be 
wrong  to  attempt  to  locate  the  instan¬ 
taneous  centre  of  zero  velocity  by 
drawing  perpendiculars  to  vectors 
and  Vo-  Points  A  and  D  belong  to 
different  bodies,  and  the  intersection  of  these  perpendiculars  does 
not  locate  the  centre  of  zero  velocity  (compare  with  Problem  73). 

Problmn  73.  A  gear  1  and  crank  OA  are  mounted  independently 
of  each  other  on  an  axle  O  (Fig.  188).  The  crank  rotates  with  an  an¬ 
gular  velocity  ©oa*  Fixed  to  the  connecting  rod  AB  with  its  centre 
at  A  is  gear  2.  The  crank  OA  carries  an  axis  A  of  gear  2,  which  is 
fixed  to  a  connecting  rod  AB  passing  through  a  rocker  slide  C.  The 
radii  of  gears  and  2  are  both  equal.  Determine  the  angular  veloci¬ 
ty  (0i  of  gear  1  at  the  instant  when  OA  i.  OC,  if  /_  ACO  =  30°. 

Solution.  To  determine  the  angular  velocity  of  gear  7,  we  have  to 
find  the  linear  velocity  of  its  point  E.  For  this  we  make  use  of  the 
fact  that  point  E  of  gear  2  has  the  same  velocity.  For  gear  2  we 
know  the  direction  and  magnitude  of  the  velocity  of  point  A: 

VjilOA^  vj^  =  fs>OA^r, 

where  r  is  the  radius  of  the  gear.  Besides,  we  know  the  direction  of 
velocity  Ve,  but  in  this  case  this  is  not  sufficient,  as  Ve  ||  »a‘  Neither 
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can  the  value  of  Ve  be  found  from  the  theorem  of  the  projections  of 
velocities,  since  Va  and  Ve  are  perpendicular  to  AE. 

Therefore  we  shall  exploit  the  fact  that,  being  riveted  together, 
gear  2  and  the  connecting  rod  are  actually  one  body  for  which  we 
know  the  direction  of  the  velocity  of  point  C :  vector  Vq  (not  shown 
in  the  figure)  is  directed  along  CA,  as  at  point  C  the  rod  can  only 
slide  in  the  rocker.  By  erecting  perpendiculars  to  Va  and  Vc,  we 
obtain  the  instantaneous  centre  of  zero  velocity  P  of  the  body  BAE. 

From  the  statement  of  the  problem,  ^  ACO  =  30°,  hence  ^  CPA  — 
=  30°.  Therefore  AC  =  2AO  =  4r,  PA  =  2AC  =  8r,  PE  =  7r, 
and  from  the  proportion 


we  find  that 


whence 


VA 

PE  “  PA 
7  7 

^£=-8  l’A  =  jrWoA- 


§  83*.  Velocity  Diagram 

The  velocity  of  any  point  of  a  body  can  be  determined  graphically 
by  constructing  a  velocity  diagram.  A  velocity  diagram  is  a  drawing 
in  which  from  some  centre  are  laid  off  the  velocity  vectors  of  points 
of  a  body. 

Let  Va,  Vb,  Vc  be  the  velocities  of  points  A,  B,  C  of  a  given  body 
(Fig.  189a).  Then  the  velocity  diagram  can  be  drawn  by  laying  off 


Fig.  189 


to  some  scale  from  an  arbitrary  point  O  (Fig.  1896)  line  segments 
Oa  =  Va,  Ob  =  Vb,  Oc  =  t>c- 

Let  us  establish  the  properties  of,  and  the  procedure  for  construc¬ 
ting,  a  velocity  diagram.  From  Eqs.  (50)  and  (51)  (see  §  79)  we  have 
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where 

Vba1.AB  and  Vba  =  ^-AB.  (57') 

But  from  triangle Oah  we  have  Ob  —  Oa  -\r  ah,  or  =  Wa  + 
Comparing  this  result  with  Eq.  (57),  we  find  that  a6  ==  Vba-  Similar¬ 
ly  we  find  that  ac  —  t>cAi  etc.  Then,  from  formulas  (57'), 

ab  J.  AB,  ac  ±  AC,  etc.  (58) 

Furthermore,  it  also  follows  from  those  formulas  that  ab  =  ui'AB, 
ac  =  (0‘AC,  etc.,  whence 


ab  ac  be 

~^~~ac^1bc 


(58') 


Thus,  the  lines  joining  the  tips  of  the  velocity  vectors  in  the  velocity 
diagram  are  perpendicular  to  the  lines  joining  the  respective  points  of 

the  body  and  are  proportional  to  them  in 
magnitude',  the  figures  denoted  hy  the 
same  letters  in  the  velocity  diagram  and 
in  section  S  of  the  body  are  similar  and 
lie  at  right  angles  to  each  other. 

The  relations  in  (58)  and  (58')  make  it 
possible  to  construct  a  velocity  diagram 
and  to  determine  the  velocity  of  any 
point  of  a  body  if  the  magnitude  and  dire¬ 
ction  of  the  velocity  of  any  one  point 
and  the  direction  of  the  velocity  of  any 
other  point  of  the  body  are  known. 

If  a  velocity  diagram  is  available,  the 
angular  velocity  is  determined  by  for¬ 
mula  (58'). 

The  velocity  diagram  of  a  mechanism 
is  constructed  as  a  combination  of  the 
velocity  diagrams  of  all  its  parts  (bo¬ 
dies),  all  the  vectors  being  laid  oS  from  a  common  centre  O. 
An  example  of  such  a  construction  is  given  in  Problem  74. 

Problem  74.  Construct  a  velocity  diagram  for  the  mechanism  in 
the  position  shown  in  Fig.  190a,  if  velocity  Vj^  of  the  end  of  crank 
O' A  is  known.  The  connecting  link  ABC  is  a  rigid  triangular  lamina. 
Rod  CD  is  hinged  at  D  to  the  centre  of  rod  CE  {CD  =  DE). 

Solution.  (1)  Choose  a  scale  (e.g. ,  1  cm  to  0.1  m)  and  draw  the 
mechanism  in  the  required  position  (Fig.  190a). 

(2)  Determination  of  Vb-  Choose  a  velocity  scale  (e^,  1  cm  to 
0.5  m/s)  and  lay  off  from  an  arbitrary  centre  0  a  vector  Oa  —  Wa  per¬ 
pendicular  to  O' A  (Fig.  1906).  From  the  same  centre  lay  off  the  line 
Ob  parallel  to  Vb  (velocity  Vb  is  directed  along  BO'),  and  from  point 
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a  the  line  ab  ±  AB  to  its  intersection  with  Ob.  Then,  from  Eq.  (58), 
point  b  gives  the  tip  of  vector  Ob  =  Vb- 

(3)  Determination  of  Vq-  From  point  a  draw  a  line  perpendicular 
to  AC,  and  from  point  b  a  line  perpendicular  to  BC.  By  Eq.  (58), 
their  intersection  gives  point  c.  Joining  points  0  and  c,  we  obtain 
vector  Oc  =  Vq. 

(4)  Determination  of  Vd-  The  direction  of  Vu  is  known  (w®  ±  0"D). 
Drawing  from  O  line  Od  parallel  to  Wn,  and  from  point  c  a  line 
perpendicular  to  CD,  we  obtain  at  their  intersection  point  d.  Joi¬ 
ning  0  and  d,  we  obtain  vector  Od  =  Vp- 

(5)  Determination  of  Ve-  Point  E  lies  on  line  CDE,  hence,  by 
virtue  of  similarity,  point  e  on  the  velocity  diagram  must  lie  on 
cde  and  from  Eq.  (58')  we  obtain  cd  :  de  =  CD  :  DE.  As  DE  =  CD, 
by  laying  off  de  —  cd  along  the  extension  of  cd,  we  obtain  point  e. 
Joining  points  0  and  e,  we  obtain  vector  Oe  =  Ve- 
Note:  The  relations  in  (58)  are  valid  only  for  a  given  rigid  body. 
Therefore  line  be  in  the  velocity  diagram,  for  instance,  will  not  be 
perpendicular  to  BE,  as  points  B  and  E  of  the  mechanism  belong  to 
different  bodies. 

From  Eq.  (58')  we  obtain  the  formulas  for  calculating  the  angular 
velocities  of  links  ABC  and  CE  for  the  given  instant: 

ab  _  cd 

,  WCE  —  • 

In  calculating  the  values,  the  different  scales  should  be  taken  into 
account. 


§  84.  Determination  of  the  Acceleration  of  a 
Point  of  a  Body 

We  shall  demonstrate  that,  like  velocity,  the  acceleration  of  any 
point  M  of  a  body  in  plane  motion  is  composed  of  its  accelerations 
of  translation  and  rotation.  The  location  of  point  M  with  respect 
to  axes  Oxy  (see  Fig.  173)  is  specified  by  the  radius  vector  r  —  Va  -\- 
-\rr' ,  where  r'  =  AM.  Hence, 

dP’r  iPta  I 

~  dfl  '  dfi  ■ 

In  this  equation  the  quantity  ^^^=Wa  is  the  acceleration  of 

the  pole  A,  and  the  quantity  -^=Wma  is  the  acceleration  of  point 
M  in  its  rotation  with  the  body  round  A  (see  §  79).  Hence, 

Wm  ~  Wa  +  f^MA- 


(59) 
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From  Eqs.  (46)  and  (47)  (see  §  76),  the  acceleration  of  point  M 
in  its  rotation  about  A  is 

w^^  =  MAYW^\  tan  11  =  -^,  (60) 

where  <o  and  e  are  the  angular  velocity  and  angular  acceleration 
of  the  body  *>,  and  p  is  the  angle  between  the  direction  of  WyiA  and 
line  MA. 

Thus,  tile  acceleration  of  any  point  M  of  a  body  is  composed  of  the 
acceleration  of  any  other  point  taken  for  the  pole  and  the  acceleration 
of  Ike  point  M  in  its  rotation  together  with  the  body  about  that  pole. 
The  magnitude  and  direction  of  the  acceleration  Wm  are  determined 
by  constructing  a  parallelogram  (Fig.  191). 


Fig.  191  makes  the  solution  more  difficult,  as  it  becomes  necessary 
first  to  calculate  the  angle  p  and  then  the  angle  between  vectors 
Wma  wa-  Therefore,  in  problem  solutions  it  is  more  convenient 
to  replace  vector  Wma  by  its  tangental  and  normal  components 
and  where 

w]aA  =  AM  -e,  wam  =  AM (61) 

Vector  Wma  is  perpendicular  to  .4Af  in  the  direction  of  the  rotation 
if  it  is  accelerated,  and  opposite  the  rotation  if  it  is  retarded;  vector 
Wma  is  always  directed  from  point  M  to  the  pole  A  (Fig.  192). 

Instead  of  Eq.  (59)  we  obtain 

Wm  =  Wa  +  Wma  +  Wma-  (62) 

If  pole  A  is  in  non-rectilinear  motion,  its  acceleration  is  also  com¬ 
posed  of  the  tangential  and  normal  accelerations,  hence 

_  WM  =  WAt  +  WAn  +  WMA+ Wma,  (62') 

In  the  diagram  the  solid  circular  arrow  indicates  the  direction  of  co  (the 
direction  of  rotation),  and  the  dashed  arrow,  the  direction  (the  sign)  of  e.  If 
the  motion  is  accelerated,  both  arrows  point  in  the  same  direction,  if  the  motion 
is  retarded,  they  are  of  opposite  sense. 
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the  magnitudes  of  the  latter  two  components  being  obtained  from 
Eq.  (61).  Eqs.  (61)  and  (62)  should  be  used  in  solving  problems,  first 
computing  the  vectors  in  the  right-hand  part  of  the  equation  and 
then  finding  their  geometrical  sum  or  making  a  graphic  construction. 

Solution  of  Problems.  The  acceleration  of  any  point  of  a  body  at 
any  time  can  be  determined  if  the  following  data  are  known:  (1)  the 
vectors  of  the  velocity  and  acceleration  of  any  point  .4  of  the 
body  at  the  prescribed  time;  (2)  the  path  of  some  other  point  B  of 
the  body.  In  some  cases,  instead  of  the  path  of  the  second  point  of 
the  body,  it  is  sufficient  to  know  the  location  of  the  instantaneous 
centre  of  zero  velocity. 

In  solving  problems,  the  body  (or  mechanism)  should  be  drawn  in 
the  position  for  which  the  acceleration  of  the  required  point  has  to 


be  found.  The  computation  starts  with  the  determination,  from  the 
conditions  of  the  problem,  of  the  velocity  and  acceleration  of  the 
point  chosen  as  the  pole.  The  subsequent  stages  of  the  computation 
are  examined  in  detail  in  the  sample  problems  below,  together  with 
necessary  additional  suggestions. 

Problem  77  gives  the  graphical  method  of  solution. 

Problem  75.  The  centre  0  of  a  wheel  of  radius  R  ~  0.2  m  rolling 
along  a  straight  rail  (Fig.  193)  has  at  a  given  instant  a  velocity 
Vq  ~  \  Tols  and  an  acceleration  Wq  —  2  m/s®.  Determine  the  accele¬ 
ration  of  point  B  lying  at  the  end  of  diameter  AB  perpendicular  to 
OP  and  the  acceleration  of  point  P  coincident  with  the  instantaneous 
centre  of  zero  velocity. 

Solution.  (1)  As  Vq  and  Wo  are  known,  we  take  point  O  for  the 
pole. 

(2)  Determination  of  (o.  The  point  of  contact  P  is  the  instantane¬ 
ous  centre  of  zero  velocity;  hence  the  angular  velocity  of  the  wheel  is 


PO  R 


(a) 


The  direction  of  w  is  determined  by  the  direction  of  Vq  and  is  shown 
in  the  diagram  by  the  solid  arrow. 
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(3)  Determination  of  e.  As  in  equation  (a)  the  quantity  PO  —  R 
is  constant  for  any  position  of  the  wheel,  by  differentiating  the  equa¬ 
tion  with  respect  to  time  we  obtain: 


nr 

dt  ~  R  dt  R 


(b) 


The  signs  of  e  and  o)  are  the  same,  therefore  the  rotation  of  the 
wheel  is  accelerated. 

It  is  important  to  remember  that  the  value  of  e  is  determined  from 
the  equation  (b)  only  when  the  distance  PO  in  equation  (a)  is  constant. 

Note:  (a)  It  should  not  be  assumed  that  Vq  is  constant  only  because 
the  given  value  of  i^o  =  1  This  value,  stated  in  the  conditions 
of  the  problem,  is  for  the  given  instant,  and  it  changes  with  time, 
since  Wq  =7^0. 

(b)  In  this  case  ^  —wo,  as  the  motion  of  point  O  is  rectilinear. 
In  the  general  case  ^  =  wqx. 

(4)  Determination  of  wbo  and  Wbo-  As  point  0  is  the  pole,  from 
Eq.  (62)  we  have 

WB  =  Wo  +  '>^BO  +  ‘tVBO.  (c) 


In  our  case  BO  =  R,  and  taking  into  account  (a)  and  (b),  we  have 
wbo  =  BO‘B  =  Wo  —  ^  m/s^,  wbo~BO><sF‘  =  ^  =  h  m/s*.  (d) 

Now  draw  a  separate  diagram  for  point  B,  showing  (not  necessarily 
to  scale)  the  component  vectors  of  the  acceleration  Wb,  namely 
vector  Wo  (transferred  from  point  O),  vector  w\o  (in  the  direction  of 
the  rotation  as  it  is  accelerated),  and  vector  w'bo  (always  from  B 
towards  the  pole  0). 

(5)  Determination  of  Wb-  Drawing  axes  Bx  and  By,  we  find  that 
Wbx  =  “’BO —Wo  =3  m/s*,  Wb„  =  wbo  =  2  m/s*, 

whence 

Wb  =  V  Wbx  +  tVBy—Y  13  «  3.6  m/s*. 

Similarly  we  can  easily  find  that  the  acceleration  of  point  P  is 
Wp  =  wpo  —  5  m/s*  and  is  directed  along  PO.  Thus,  the  acceleration 
of  point  P,  whose  velocity  at  the  given  instant  is  zero,  is  not  zero. 

Problem  76.  Gear  1  of  radius  rj  =  0.3  m  in  Fig.  194a  is  fixed; 
rolling  around  it  is  gear  2  of  radius  ra  =  0.2  m  mounted  on  link  OA. 
The  link  turns  about  axis  0  and  has  at  the  given  instant  an  angular 
velocity  w  ==  1  s“^  and  an  angular  acceleration  e  =  — 4  s‘*.  Deter¬ 
mine  the  acceleration  of  point  D  on  the  rim  of  the  moving  gear  at 
the  given  instant  (radius  AD  is  perpendicular  to  the  link). 
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Solution.  (1)  To  solve  the  proMem,  consider  the  motion  of  gear  2. 
From  the  statement  of  the  problem  it  is  easy  to  determine  the 
velocity  Va  and  acceleration  Wa  of  point  A  of  the  gear,  which 
we  take  as  the  pole. 

(2)  Determination  of  and 

tv  A-  Knowing  o  and  e  of  the 
link,  we  obtain 

VA  =  OA-(o  =  Q.f>  m/s, 

Wa%  =  OA-z=  —2  m/s*,  (a) 

u’An—  OA’(>i^  =  0.5  m/s*. 

As  the  signs  of  and  are 

different,  the  motion  of  point  A 
from  the  given  position  is  retar¬ 
ded.  Vectors  Wax  and  are  di¬ 
rected  as  shown  in  the  diagram. 

(3)  Determination  of  ©j.  The 
point  of  contact  P  is  the  instan¬ 
taneous  centre  of  zero  velocity 
of  gear  2;  consequently,  the  angular  velocity  of  gear  2  is 

“*  =  -IF  =  -^’  ©2  =  2.5  s-‘.  (b) 

The  direction  of  ©j  (the  direction  of  rotation  of  the  gear)  is  deter¬ 
mined  by  the  direction  of  Va  and  is  indicated  by  the  solid  arrow. 

(4)  Determination  of  e^.  As  in  the  previous  problem,  the  quantity 
AP  =  Tj  is  constant,  and  consequently 


e  _  <fe>2  _  i  dvA  _  Wax 
^  dt  dt  rz 


62=  —  10  S  *. 


(C) 


As  ©2  and  are  of  different  sign,  the  rotation  of  gear  2  is  re¬ 
tarded. 

(5)  Determination  of  and  The  acceleration  of  point  D 
is  found  from  Eq.  (62'): 

Wd  =  Wax  +  WAn  +  Wda  +  WdA- 


In  our  case  DA  =  r2,  and 

«’OA=DA.e2=  — 2  m/s*,  «;Sa=DA.©*  =  1.25  m/s*. 

Now  draw  the  component  vectors  of  acceleration  w^  (Fig.  1946), 
namely  Waxi  Wau  (transferred  from  point  A),  wLa  (directed  against 
the  rotation  since  it  is  retarded),  and  w’da  (from  D  towards  the 
pole  A). 

(6)  Calculation  of  Wr,.  Drawing  axes  Dx  and  Dy,  we  find  that 
u^Dx  =  I  Wax  1  4-  w^A  =  3.25  m/s*  w^y  =  Iu^LaI  —  «6in',=  1-5  m/s*. 
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whence  _ 

Wd  =  Y wox  +  »  3.58  m/s®. 

The  magnitude  of  Wd  can  also  he  obtained  graphically  by  construc¬ 
ting  a  vector  polygon  with  vectors  Wax>  and  Wda  to  scale. 

Problem  77.  Attached  to  a  crank  OA  (Fig.  195)  rotating  uniformly 
about  axis  0  with  an  angular  velocity  (Ooa  =  ^  is  connecting 
rod  AB  hinged  to  a  rockshaft  BC.  The  given  dimensions  are:  OA  — 
=  r  =  0.5  m,  AB  =  2r,  BC  =  r  V^2.  In  the  position  shown  in  the 
diagram,  Z-OAB  =  90°  and  /_ABC  =  45°.  Determine  for  this 


Fig.  i95 

position  the  acceleration  of  point  B  of  the  connecting  rod  and  the 
angular  velocity  and  angular  acceleration  of  the  rockshaft  BC  and 
connecting  rod  AB. 

Solution.  The  problem  can  be  solved  either  graphically  or  ana¬ 
lytically. 

(A)  Analytical  Solution.  (1)  Considering  the  motion  of  the  conne¬ 
cting  rod  AB,  we  take  point  A  as  the  pole.  As  ©oa  =const.,  we 
obtain 

i;A  =  rwoA  =  2  m/s,  WA—WAn  =  r(>}oA  =  8  m/s^.  (a) 

Depict  vectors  Va  and  Wa  in  the  diagram. 

(2)  Determination  of  (Oab-  We  know  the  path  of  point  B  of  the 
connecting  rod  (a  circle  of  radius  BC).  Hence,  knowing  the  direction 
of  Vg  {vb1.BC),  we  can  locate  the  instantaneous  centre  of  zero 
velocity  P  of  the  rod.  It  is  evident  that  AP  =  AB  =  2r.  Therefore, 

Wab  =  ^,  or  (i)AB  =  ^  =  ^  s-‘.  (b) 

The  direction  of  rotation  is  shown  in  the  diagram. 

In  this  case  the  distance  AP  changes  with  the  motion  of  the  mecha¬ 
nism  and  we  cannot  apply  the  method  used  in  the  previous  two 
problems  to  determine  Cab*  Let  us  consider,  for  this  reason,  another 
method. 


Plane  Motion  of  a  Rigid  Body 


225 


Ch.  12] 


(3)  Analysis  of  the  vector  equation  (62).  Taking  into  account  that 

+  we  can  write  Eq.  (62)  in  the  form 

Wbx  +  WjBn  =  Wa  +  Wba  +  WJBA-  (c) 

We  depict  all  the  vectors  in  Fig.  195a  (directing  Wbx  and  In 
such  a  way  as  if  the  corresponding  rotations  were  accelerated).  Let 
us  see  what  members  in  (c)  are  known  or  can  be  calculated  using  the 
conditions  of  the  problem.  We  know  the  acceleration  of  pole  A . 
Furthermore,  knowing  (Oab  we  can  find  and  knowing  Va  we 
can  find  Vg  and  calculate  lOgn-  Thus,  in  the  vector  equation  (c)  only 
the  values  of  the  underlined  vectors,  i.e.,  Wbx  and  wbai  are  not  known. 
But  projecting  Eq.  (c)  on  the  axes  we  obtain  two  scalar  equations, 
which  can  be  used  to  determine  the  unknown  quantities. 

First  determine  Wba  and  lOgn- 

(4)  Determination  of  w%a-  Knowing  ©ab.  from  Eq.  (61)  we  have 

w^A  =  AB-  a  AS  —  4  m/s*.  (d) 

(5)  Determination  of  Wgn-  Knowing  the  path  of  point  B,  we  can 
determine  its  normal  acceleration  Wgn-  For  this,  applying  the  theorem 
of  projections  (or  the  instantaneous  centre  of  zero  velocity  P),  we 
first  determine  the  velocity  Vg.  We  have  Vg  cos  45°  =  Va,  whence 

1^2.  Therefore, 

“’an  =  ^  =  -;^  =  8/2m/s*.  (e) 

(6)  Determination  of  Wg^  and  Wg.  To  obtain  Wg^  let  us  project 
both  sides  of  the  vector  equation  (c)  on  axis  BA ,  which  is  perpendi¬ 
cular  to  another  unknown  vector  Wba-  We  obtain: 

Wg^  cos  45°  -f-  Wgn  cos  45°  =  wba- 

Substituting  the  calculated  values  of  wbk  and  wba,  we  find: 

Wbx  =  Wba  V~2—  Wgn  =  —4y  2.  (f) 

The  “minus”  shows  that  vector  Wg^  is  directed  opposite  to  Vg  (the  ro¬ 
tation  of  the  rock  CB  from  the  considered  position  is  retarded). 

Finally, 

Wg  =  y  WBx  +  wsn  =  4Y i0  —  i2.&5  m/s*. 

(7)  Determination  of  ©bc  and  esc*  Knowing  Vg  =  VaY  2  and  wsxt 
we  find: 

WBC  =  ^  —  4  S"*,  BBC  =  =  —  8  s'* 

(8)  Determination  of  Bab-  To  find  e^B*  we  must  find  wab-  We 
project  both  sides  of  equation  (c)  on  axis  BP,  which  is  perpendicular 
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to  Waxy 
whence 


and  obtain: 

Wb„=  —wa  cos  45° — wba  cos  45°  +  wba  cos  45°, 
wba  =—Wa  +  Wba  —  2  =  —  20  m/s^. 


Finally,  by  formula  (61), 


Cab  — 


“>BA 

AB 


=  -20  s-2. 


In  both  cases  the  “minus”  shows  that  the  rotation  of  the  connecting 
rod  AB  from  the  considered  position  is  retarded. 

(B)  Graphical  Solution.  Perform  the  computations  of  sections 
(1),  (2),  (4),  and  (5)  and,  thus,  find  Wa,  Wab.  i^a»  and  «^Bn* 

Note:  If  a  velocity  diagram  has  been  constructed  for  the  mechanism, 
then 

(a)  the  value  of  ©ab  can  be  found  from  Eq.  (58'):  <0ab  = 

Then  the  computations  in  sections  (2)  and  (4)  can  be  omitted  and 
u4a  found  directly  from  the  equation 


w1^a  =  AB.(bab  = 


(ab)^ 

AB 


(b)  the  value  of  Vb  for  determining  Wan  can  also  be  obtained  direct¬ 
ly  from  the  velocity  diagram. 

Determination  of  Wb-  Let  us  write  Eq.  (62),  as  in  the  analytical 
solution,  in  the  following  form 


«Oa  +  Wba  +  Wba  =  Wb„  +  Wbx- 

Let  us  express  this  equation  graphically.  From  an  arbitrary  centre 
(Fig-  1955)  lay  off  to  some  scale  vector  =  Wa,  from  point  % 
layoff  vector ai&= Wba  (WBAtt-B.<4),  and  from  point  k  draw  kb^  per¬ 
pendicular  to  a^k.  This  line  gives  the  direction  of  Wba*  and  some¬ 
where  on  it  lies  the  tip  of  the  required  vector  Wb- 

Now  from  point  Oi  lay  off  vector  O^n  —  w an  i't^BnffBC)  and 
draw  perpendicular  to  it  nbj,  which  gives  the  direction  of  Wbx-  The 
tip  of  vector  Wb  must  lie  on  this  line  as  well.  Consequently,  point 
where  kb-^  and  nb^  intersect,  gives  us  the  tip  of  vector  Wb  Thus, 
Wb  =  O^bx-  Scaling  O^bx,  we  find  that  Wb  «  13  m/s®. 

At  the  same  time  it  follows  from  the  construction  that  kbx  =  Wba 
and  nbx  —  Wbx- 


*)  If  the  direction  of  Wb  were  known,  the  vector  Wa  =  Oxbx  could  be  obtain¬ 
ed  at  once  as  the  intersection  of  kbx  and  Oxbx  |l  Wa- 
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By  constructing  the  accelerations  of  the  other  points  of  the  mecha¬ 
nism  in  the  same  way  (and  from  the  same  centre  O),  we  obtain  an 
acceleration  diagram. 

Determination  of  Bab-  Measuring  the  length  of  kbi,  we  find  from 
Eq.  (61) 


I®ab| 


\^ba\ 

AB 


kbi 
AB  • 


Applying  the  scale,  we  find  that  |  bas  |  =  20  s”^.  It  can  be  seen 
in  the  diagram  that  vector  vba  =  f  b  —  is  directed  opposite  to 
wjba!  consequently,  the  rotation  of  rod  AB  is  retarded  and  Bab  == 
=  -20  s-2. 


§  85”^.  Instantaneous  Centre  of  Zero  Acceleration 


If  a  rigid  body  is  in  nontranslatory  motion,  at  every  moment  there 
is  in  its  section  S  or  in  a  plane  rigidly  connected  with  it  a  point  Q 
whose  acceleration  is  zero.  This  point  is  called  the  instantaneous 
centre  of  zero  acceleration.  If  we  know  the  acceleration  Wa  of  an  arbi¬ 
trary  point  A  of  the  body  and  the  values  of  ©  and  8,  we  can  locate 
the  instantaneous  centre  of  zero  acceleration  by  the  following  method: 

I  8  I 

(1)  Compute  angle  p.  (Fig.  196)  by  the  formula  tanp  =  -^. 

(2)  From  point  A  draw  AE  at  an  angle  p  to  vector  Wa,  the  line 
being  turned  from  Wa  in  the  direction  of  the  rotation  of  the  body  if 
the  rotation  is  accelerated,  and  opposite  to  that  direction  if  the 
rotation  is  retarded. 

(3)  Along  AE  lay  o2  a  segment 


AQ: - 


(63) 


Point  Q  thus  obtained  is  the  instantaneous  centre  of  zero  accelera¬ 
tion.  For,  from  Eqs.  (59)  and  (60), 


'>Bq  =  Wa+Wqa, 

where  wqa  —  QA^ e*  ©*.  Substituting  the  value  of  QA 
from  Eq.  (63),  we  find  that  wqa  =  Wa.  Besides,  vector  Wqa  must 
make  an  angle  p  with  QA  and,  consequently,  vector  Wqa  is  parallel 
to  Wa  hut  opposite  in  sense.  TTierefore,  Wqa  =  —  Wa  and  Wq  =  0. 

If  point  Q  is  taken  as  the  pole,  then,  as  Wq  =  0,  the  acceleration 
of  any  point  M  of  the  body  is,  by  Eqs.  (59)  and  (60), 

Wm=^'U}q  +  Wmq  =  Wmq  and  a;*,  =  /e* ©A  (64) 

Thus,  the  acceleration  of  any  point  of  a  body  is  equal  to  its  acceleration 
of  rotation  about  the  instantaneous  centre  of  zero  acceleration  Q.  And 
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from  (64),  we  have 


QM  ~  QA 


etc., 


(64') 


i.e.,  the  acceleration  of  any  point  of  a  body  is  proportional  to  its  dis¬ 
tance  from  the  instantaneous  centre  of  zero  acceleration.  A  diagram  of 
the  distribution  of  accelerations  is  given  in  Fig.  197. 


It  should  be  home  in  mind  that  the  positions  of  the  instantaneous 
centre  of  zero  velocity  P  and  the  instantaneous  centre  of  zero  accele¬ 
ration  Q  at  any  given  time  do  not  coincide.  For  example,  if  a  wheel 

rolls  along  a  straight  rail  (see  Fig.  198), 
the  velocity  of  its  centre  C  being  constant 
{vc  —  const.),  the  instantaneous  centre  of 
zero  velocity  is  at  point  P  (vp  ==  0),  but, 
as  was  shown  in  Problem  75,  wp  ^  0, 
and  P  is  not  the  instantaneous  centre  of 
zero  acceleration.  In  this  case  it  is  obvi¬ 
ously  located  at  C,  since  it  is  in  uni¬ 
form  rectilinear  motion  and  Wc  =  0. 
The  instantaneous  centres  of  zero  velocity 
and  zero  acceleration  coincide  only  when 
a  body  rotates  about  a  fixed  axis. 

The  concept  of  instantaneous  centre 
of  zero  acceleration  is  convenient  in 
solving  certain  problems. 

Problem  78.  A  wheel  rolls  along  a 
straight  rail  so  that  the  velocity  Vc  of  its  centre  C  is  constant.  Deter¬ 
mine  the  acceleration  of  a  point  M  on  the  rim  of  the  wheel  (Fig.  198). 

Solution.  As  Vc  =  const.,  then,  as  shown  above,  point  C  is  the 
instantaneous  centre  of  zero  acceleration.  The  instantaneous 
centre  of  zero  velocity  is  at  P.  Consequently, 

“  =  ®  =  =  tanp,  =  -^  =  0,  jx  =  0. 
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and  from  Eq.  (64)  we  obtain 

Thus,  the  acceleration  of  any  point  M  on  the  rim  (including  P) 
is  equal  to  vc/R  and  is  directed  towards  the  centre  of  the  wheel,  sin¬ 
ce  angle  p,  =  0.  Note  that  for  point  M  this  is  not  the  normal  accele¬ 
ration,  for  the  velocity  of  M  is  perpendicular  to  PM  (see  Problem  69) 


Fig.  199 


and,  consequently,  the  tangent  Mx  to  the  path  of  point  M  is  direc¬ 
ted  along  MD ,  while  the  principal  normal  Mn  is  directed  along  MP. 
Therefore,  w^n  —  cos  a  and  Wmx  =  “’ar  sin  a. 

Problem  79.  Crank  OA  rotates  with  a  constant  angular  velocity 
®OA  (Fig-  199).  Determine  the  acceleration  of  the  slide  block  B 
and  the  angular  acceleration  of  the  connecting  rod  ^45  at  the  instant 
when  ^BOA  =  90°  if  OA  =  r  and  AB  =  1. 

Solution.  At  the  given  instant  the  velocity  of  all  the  points  of  the 
connecting  rod  A5  is  (see  Problem  71,  Fig.  1866),  the  instanta¬ 
neous  centre  of  zero  velocity  is  at  infinity,  and  ©ab  =  0.  Therefore, 

tan  p  =  ^  =  oo  and  p  =  90°  (eab  ¥=  0,  as  otherwise,  accor- 

ding  to  Eqs.  (59)  and  (60),  Wba  =  0  and  Wb  =  Wa,  which  is  impos¬ 
sible  since  these  vectors  are  perpendicular  to  each  other). 

The  acceleration  of  point  A  is  Wa  =  Wau  —  rmhA  and  is  di¬ 
rected  along  AO.  The  acceleration  of  point  B,  which  is  in  rectilinear 
motion,  is  directed  along  OB.  It  will  be  noticed  from  Fig.  197  that 
the  acceleration  of  any  point  M  of  the  body  makes  an  angle  p  with 
QM.  In  the  present  case  p  =  90°;  consequently,  QA  and  QB  are 
perpendicular  to  Wa  and  Wb.  Erecting  these  perpendiculars,  we  lo¬ 
cate  point  Q.  Writing  the  proportion  (64'), 

v’B  __  Wa 
QB~  QA' 


where  QB  =  r  and  QA  —  r®,  we  obtain: 
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The  acceleration  Wm  of  any  other  point  M  of  the  connecting  rod 
is  perpendicular  to  QM  (p,  =  90°);  the  magnitude  of  Wm  is  found 
from  Eq.  (64'). 

The  angular  acceleration  of  the  connecting  rod  is  found  from 
the  equation  Wj^  =  QA-e^b  obtained  from  Eq.  (64)  at  ©ab  =  0. 
Hence 


Chapter  13 
Motion  of  a  Rigid  Body 
Having  One  Fixed  Point 
and  Motion  of  a  Free  Rigid  Body 


§  86.  Motion  of  a  Rigid  Body  Having  One  Fixed  Point 

Let  us  investigate  the  motion  of  a  body  having  a  fixed  point  O 
with  respect  to  a  reference  system  Oxiy^Zi.  A  top,  whose  point  of 
contact  with  the  plane  on  which  it  spins  is  fixed  relative  to  it,  or 
any  body  with  a  ball-and-socket  joint  are  illustrations  of  such  motion. 

Let  us  find  the  parameters  that  determine  the  position  of  a  body 
having  one  fixed  point.  For  this,  assume  the  body  rigidly  attached 
to  the  trihedron  Oxyz  whose  position 
defines  the  position  of  the  body 
(Fig.  200).  hineOK,  along  which  planes 
Oxy  and  Ox^y^  intersect,  is  called 
the  line  of  nodes.  The  position  of  the 
trihedron  Oxyz,  and  hence  of  the  body, 
with  respect  to  the  axes  Oxxy^z^  is 
given  by  the  angles: 

ff  =  Z.KOx,  =  /_XiOK,  /_ZxOz. 

These  angles,  called  the  Euler  ang¬ 
les,  are  known  by  the  following  names, 
taken  from  celestial  mechanics:  q) — the 
angle  of  proper  rotation,  angle  of 
precession,  0 — angle  of  nutation.  The  positive  directions  are  shown 
in  Fig.  200  by  arrows.  A  change  in  angle  q)  indicates  a  rotation 
of  the  body  around  axis  Oz  (proper  rotation),  a  change  in  angle  ij) 
indicates  a  rotation  around  axis  Oz^  (precession),  and  a  change  in 
angle  0  indicates  a  rotation  around  the  line  of  nodes  OK  (nutation). 

To  describe  the  body’s  motion,  its  position  with  respect  to  axes 
Ox^y^Zx  must  be  known  for  any  instant,  i.e., 

q>=/iW,  ^  =  e=/3(t).  (65) 

Equations  (65)  define  the  law  of  motion  and  are  called  the  equa¬ 
tions  of  motion  of  a  rigid  body  about  a  fixed  point. 
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To  get  a  full  picture  of  this  type  of  motion,  let  us  demonstrate 
the  following  theorem  of  Euler-d’Alembert:  Any  elementary  displace¬ 
ment  of  a  body  having  a  fixed  point  represents  an  elementary  rotation 
about  an  instantaneous  axis  of  rotation  through  that  point. 

Let  the  body’s  position  be  given  by  the  angles  (p,  rj),  0.  Then  its 
displacement  in  an  elementary  time  interval  dt  can  be  represented 
as  the  resultant  of  a  series  of  rotations  through  angles  dq),  di|3,  and 
d0  about  axes  Oz,  Ozi,  and  OK,  respectively.  Combined,  the  three 
rotations  yield  the  true  elementary  displacement  of  the  body.  Con¬ 
sider  first  the  resultant  displacement  of  the  rotations  about  axes 
Oz  and  Ozi  (Fig.  201).  A  rotation  through  angle  dq)  about  axis  Oz 

imparts  to  any  point  of  the  body  in  the 
plafie  zOzi  (inside  angle  zOz^)  an  elemen¬ 
tary  displacement  perpendicular  to  the 
plane  and  equal  in  magnitude  to  hidcp, 
where  hi  is  the  distance  of  the  point 
from  axis  Oz.  Simultaneously,  in  the  ro¬ 
tation  about  axis  Ozi,  the  point  will 
receive  an  oppositely  directed  displace¬ 
ment  of  magnitude  hgdrp.  Accordingly, 
within  angle  zOzi  there  will  always  be  a 
point  B  for  which  hidxf  =  fegdif  and 
whose  displacement  is  zero  (if  the  direc¬ 
tion  of  rotation  is  opposite  to  that  shown  in  Fig.  201,  the  point  lies 
outside  angle  tOz^.  Hence  we  conclude  that  the  body’s  elementary 
displacement  resulting  from  the  rotations  about  axes  Oz  and  Ozi 
is  the  same  as  the  displacement  of  a  body  with  two  stationary  points 
O  and  B,  i.e.,  it  is  an  elementary  rotation  about  axis  OB  through 
point  0.  By  the  same  reasoning,  the  elementary  rotations  about  axes 
OB  and  OK  are  equivalent  to  an  elementary  rotation  about  an  axis 
OP  through  point  0  (Fig.  201),  and  the  theorem  is  proved. 

Axis  OP  is  called  the  instantaneous  axis  of  rotation’,  an  elementary 
rotation  of  the  body  about  it  brings  the  body  into  a  neighbouring 
position  infinitesimally  close  to  the  given  position;  the  velocities 
of  all  points  of  the  body  lying  on  the  instantaneous  axis  of  rotation 
are  zero.  Unlike  a  fixed  axis,  the  instantaneous  axis  of  rotation  con¬ 
tinuously  changes  its  direction  in  space  and  in  the  body.  The  rota¬ 
tion  about  axis  OP,  which  brought  the  body  into  the  neighbouring 
position,  is  followed  by  a  rotation  about  the  new  instantaneous 
axis  of  rotation  OPi,  etc.  Thus,  the  motion  of  a  rigid  body  about 
a  fixed  point  is  compounded  of  a  series  of  consecutive  elementary  rota¬ 
tions  about  instantaneous  axes  of  rotation  through  that  fixed  point 
(Fig.  202).  Let  us  examine  the  kinematic  characteristics  of  this 
motion. 

(1)  The  angular  velocity  ©  with  which  a  body  makes  an  elementa¬ 
ry  rotation  about  the  instantaneous  axis  of  rotation  is  called  the 
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instantaneous  angular  velocity  of  the  body.  It  can  be  denoted  by 
a  vector  ®  directed  along  axis  OP  (see  §  74).  As  the  direction  of  axis 
OP  changes  continuously,  vector  ®  changes  with  time  both  in  mag¬ 
nitude  and  direction,  and  its  tip  A  describes 
a  curve  AD  in  space,  which  is  the  hodograph 
of  vector  ®  (Fig.  202). 

(2)*  The  instantaneous  angular  acceleration 
E  of  a  body,  which  characterises  the  time  ra¬ 
te  of  change  of  the  angular  velocity  ®  both 
in  magnitude  and  direction,  is  a  vector  qu¬ 
antity 

■ 

Comparing  this  expression  with  the  equa¬ 
tion  V  =  dridt  (§  61),  we  conclude  that  the 
angular  acceleration  e  can  be  computed  as 
the  velocity  with  which  the  tip  of  vector  ® 
moves  along  curve  AD  (see  Fig.  202).  Specifi¬ 
cally,  the  direction  of  e  coincides  with  the 
direction  of  the  tangent  to  curve  AD  at  the  respective  point.  Con¬ 
sequently,  unlike  the  case  of  rotation  about  a  fixed  axis,  the  direc¬ 
tion  of  vector  e  does  not  coincide  with  that  of  vector  ®. 

Vectors  ®  and  e  are  the  basic  kinematic  characteristics  of  the 
motion  of  a  body  having  a  fixed  point.  They  can  he  computed  when 
the  equations  of  motion  (65)  are  known.  An  example  (determination 
of  vector  ®)  is  examined  in  §  97. 


§  87*.  Velocity  and  Acceleration  of  a  Point 
of  a  Body 

Since  at  any  moment  of  time  a  body  moving  about  a  fixed  point 
has  an  instantaneous  axis  of  rotation  OP,  the  magnitude  of  the 
velocity  of  any  point  M  of  the  body  (Fig.  203)  at  that  moment  will 
be  specified  (by  analogy  with  §  76)  by  the  equation 

V  =  (oh,  (66) 

where  w  is  the  angular  velocity  of  the  body  and  h  is  the  distance  of 
point  M  from  the  instantaneous  axis  of  rotation.  The  velocity  vec¬ 
tor  V  is  normal  to  plane  MOP  through  the  instantaneous  axis  and 
point  M  in  the  direction  of  the  rotation  of  the  body. 

Eq.  (66)  is  not  always  convenient  for  determining  v,  as  (unlike 
the  case  in  §  76)  the  quantity  h  changes  with  time.  For  the  same 
reason  we  cannot  obtain  from  Eq.  (66)  an  expression  for  the  accelera¬ 
tion  of  point  M,  as  was  done  in  §  76,  where  h  —  const. 
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Let  us  therefore  develop  another  formula  which  would  enable 
us  to  obtain  directly  the  velocity  vector  v  for  point  M. 

Consider  the  vector  product  ©  x  f,  where  T  is  the  radius  vector 
from  the  fixed  point  0  to  the  point  M.  The  absolute  value  of  the 
product  is 

I  ©  X  r  I  =  ©r  sin  a  =  ©A. 

Vectors  ©  X  and  v,  it  will  be  readily  observed,  have  the  same 
direction  (the  direction  of  a  vector  product  was  discussed  in  §  42) 

and  dimension.  Consequenty, 


V  =  ©  X  r, 


(67) 


i.e.,  the  velocity  vector  for  any  point  M  of 
a  body  is  equal  to  the  vector  product  of  the 
angular  velocity  of  that  body  and  the  radius 
vector  of  the  point. 

Vector  V  can  be  calculated  analytically 
from  its  projections  on  a  set  of  coordinate 
axes.  Let  us  determine  the  projections  of  v 
on  the  set  of  axes  Oxyz  rigidly  attached  to 
the  body  and  moving  with  it  (see  Fig.  203); 
the  advantage  of  such  a  coordinate  system 
is  that  the  x,  y,  z  coordinates  of  point  M 
ate  constant  quantities.  Remembering  that  r*  =  x,  r^  =  y,  r^  = 
—  z,  from  the  known  formula  of  vector  algebra  we  have; 

i  J  k 

V  =  &Xr=  (Ox  (Hy  ®z  • 

X  y  z 

Hence,  reasoning  as  in  the  deduction^of  Eqs.  (50)  in  §  42,  we  obtain: 


Vx  =  (OyZ  —  (Ozy,  \ 
Vy  j 

Vz—(Oxy  —  (dyX.  ) 


(67') 


Eqs.  (67)  and  (67')  are  known  as  the  Euler  equations. 

Now  determine  the  acceleration  of  point  M.  From  Eq.  (67),  diffe¬ 
rentiating  with  respect  to  time,  we  have: 

dv  !  d(a  \  ,  {  dr  \ 

=  therefore. 


But 


do> 


=  8  and 


dt 

w  =  (e  X  r)  +  {&  X  v). 

The  acceleration  Wi  =  s  X  r  is  the  rotational 


w,  =  © 


(68) 

component,  and 

X  V  is  the  component  of  the  acceleration  of  point  M  direc- 
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ted  towards  the  axis  of  rotation.  Vector  is  normal  to  the  plane 
through  point  M  and  vector  e  (Fig.  204);  in  magnitude  = 
=  er  sin  p  =  efej,  where  hi  is  the  distance  from  point  M  to  vector  e. 
Vector  «02,  which  is  perpendicular  to  both  v  and  ca,  is  directed  along 
MC  (see  Figs.  203  and  204),  and  in  magnitude  iPj  =  (ov  sin  90°  = 


=  co%,  as  u  =  (oh.  Eqs.  (67)  and  (68)  are,  of  course,  valid  for  a  body 
rotating  about  a  fixed  axis,  in  which  case  vectors  ©  and  e  are  both 
directed  along  the  axis  of  rotation. 

Problem  80.  Determine  the  velocities  of  points  B  and  C  of  the 
bevel  wheel  in  Fig.  205  if  the  velocity  of  wheel  centre  A  along 
its  path  is  known.  The  wheel  runs  without 
slipping  on  the  fixed  conic  surface  K. 

Solution.  The  wheel  rotates  about  a  fixed 
point  O.  As  it  runs  without  slipping,  the 
points  of  the  wheel  on  line  OB  must  have 
the  same  velocity  as  the  points  of  surface 
K,  i.  e.,  zero,  and  OB  is  the  instantane¬ 
ous  axis  of  rotation  of  the  wheel.  There¬ 
fore  Vji  —  (shi,  where  ©  is  the  angular  velo¬ 
city  of  the  wheel  in  its  motion  about  axis 
OB,  and  hi  is  the  distance  of  A  from  that 
axis.  Hence,  ©  = 

The  velocity  Vc  of  point  C  is  ©Aj, 
where  h^  is  the  distance  of  C  from  OB.  As  in 
this  case  h^  —  2hi,  we  have  Vc  =  2v^.  For  point  B,  which  is 
on  the  instantaneous  axis  of  rotation,  Vg  =  0. 

Derivatives  of  Unit  Vectors  of  Moving  Ajces.  In  some  problems  of 
mechanics  moving  axes  Oxyz&ve  used  (see,  for  example.  Chapter  14). 
When  the  axes  are  in  translational  motion,  the  unit  vectors  i,  J,  k 
remain  constant.  However,  if  the  trihedron  Oxyz  in  Fig.  206  rotates 
about  an  axis  OP,  the  unit  vectors  cease  to  be  constants  as  their 
directions  change  with  time.  In  this  case,  to  calculate  the  derivative 
of  a  vector  u  —  Uxi  -V  Uyj  -\r  u^k,  one  must  know  the  derivatives 
of  the  unit  vectors  i,  J,  k.  Unit  vector  i  can  be  treated  as  the  radius 
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vector  r A  =  i  of  a  point  A  on  the  axis  x  at  unit  distance  from  the 
origin  0.  Then 


di  drji_ 

dt  dt 


But  according  to  Eq.  (67),  =  to  x  =  <«>  X  i,  where  eo 

is  the  angular  velocity  of  the  rotation  about  axis  OP.  Similar  rela¬ 
tionships  are  obtained  for  the  derivatives  of  j  and  k,  and  finally  we 
obtain: 


di 


dJ 

dt 


=  «>xy, 


dk 

dt 


=  ©  X  ifc. 


(69) 


Equations  (69)  are  known  as  the  Poisson  equations. 


§  88.  The  General  Motion  of  a  Free  Rigid  Body 


Let  us  now  examine  the  most  general  motion  of  a  rigid  body  free 
to  move  in  any  direction  with  respect  to  a  reference  system  OiiXfiZ^ 
(Fig.  207).  Let  us  establish  the  form  of  the  equations  that  define 
the  law  of  motion.  Take  an  arbitrary  point  A  in  the  body  as  a  pole 

and  draw  through  it  the  coordinate 
axes  Ax[yjZ[;  they  will  move  toge¬ 
ther  with  the  pole  translationally.  The 
position  of  the  body  in  the  reference 
system  Oxiy^Zi  will  be  known  if  we 
know  the  position  of  the  pole  A,  i.e., 
its  coordinates  y^^,  and  the 
body’s  position  with  respect  to  the 
reference  system  Ax[y[z[,  which  is 
given,  as  in  the  case  examined  in  Sec. 
86,  by  the  Euler  angles  <p,  ij),  8  (see 
Fig_  207  f’iS-  200;  the  Euler  angles  have  not 

been  shown  in  Fig.  207  so  as  not  to 
clutter  up  the  drawing).  Consequently, 
the  equations  of  motion  of  a  free  rigid  body,  which  can  be  used  to 
determine  its  position  with  respect  to  a  reference  system  Ox^yiZi 
at  any  instant,  have  the  form: 

^iA  =  /i(0>  yiA  =  h{t),  ZiA  =  U{t),  I 


(70) 


Let  us  now  establish  the  geometrical  picture  of  the  motion.  It 
will  be  readily  observed  that  the  elementary  displacement  of  a  free 
rigid  body  is  compounded  of  a  translation,  together  with  the  pole  >1, 
carrying  the  latter  into  a  neighbouring  position  A^,  and  a  displace¬ 
ment  with  respect  to  axes  Ax\y\z\,  i.e.,  about  .4  as  a  fixed  point. 
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But  the  latter,  according  to  the  Euler-d ’Alembert  theorem  (§  86), 
represents  a  rotation  about  an  instantaneous  axis  of  rotation  tluough 
point  A .  Consequently,  any  elementary  displacement  of  a  free  rigid 
body  is  compounded  of  an  elementary  translation  together  with 
a  pole  A  and  an  elementary  rotation  about  the  instantaneous  axis 
of  rotation  AP  through  that  pole.  Since  a  body’s  motion  represents 
a  sum  of  elementary  displacements,  we  finally  conclude  that  the 
most  general  motion  of  a  free  rigid  body  is  composed  of  a  translation  of 
the  body,  in  which  all  its  points  move  with  a  velocity  in  the  same 
way  as  an  arbitrary  pole  A ,  and  a  series  of  infinitesimal  rotations  with 
an  angular  velocity  o  about  the  instantaneous  axes  of  rotation  through 
the  pole  A  (Fig.  208).  This,  for  example,  is  the  picture  of  motion  in 


any  nontranslatory  displacement  of  a  body  in  air:  a  thrown  stone, 
an  aircraft  engaged  in  stunt  flying,  a  gun-shell,  etc.  Finally,  a  simi¬ 
lar  picture  of  motion  con  be  obtained  for  a  constrained  body  with 
appropriate  constraints  (see,  for  example,  §  98,  Fig.  235). 

The  translational  component  of  motion  of  a  free  rigid  body  is 
described  by*the  first  three  Eqs.  (70),  and  the  rotation  about  the  pole, 
by  the  latter  three.  The  basic  kinematic  characteristics  of  the  mo¬ 
tion  are  the  velocity  and  acceleration  w^.  of  the  pole,  which  deter¬ 
mine  the  velocity  and  acceleration  of  the  translational  component, 
and  the  angular  velocity  &  and  angular  acceleration  s  of  the  rota¬ 
tion  about  the  pole.  The  values  of  these  quantities  at  any  instant  can 
be  determined  from  Eqs.*  (70). 

Plane  motion  of  a  free  body  (Chapter  12)  can  be  treated  as  a  spe¬ 
cial  case  in  which  the  vector  ca  remains  continually  normal  to  the 
plane  of  motion.  It  should  be  noted  that  both  in  the  general  case 
and  in  plane  motion  the  rotational  component  of  the  motion  (for 
instance,  the  value  of  ®)  does  not  depend  on  the  choice  of  the  pole. 

Let  us  now  use  the  results  of  §  87*  to  calculate  the  velocities  and 
accelerations  of  the  points  of  a  body  in  this  type  of  motion.  As  in 
plane  motion  (see  §  79,  Fig.  174),  the  velocity  of  any  point  M 
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of  a  body  is  the  resultant  of  the  velocity  of  the  pole  A  and  the 
velocity  Vma  of  point  M  in  its  rotation  together  with  the  body  about 
A,  i.e., 

+  (71) 

The  validity  of  this  result  is  proved  as  in  §  79.  From  Eq.  (67), 
^MA  =  ®  X  AM,  whence  finally: 

+  (®  X  AM).  (71*) 

Similarly,  we  obtain  for  the  acceleration  of  any  point  M  (see 
§84) 

^m=^Wa’^Wua-  (72) 

The  quantity  Wma  is  given  by  Eq.  (68)  assuming  r  =  AM  and 
®  ®  X  AM, 


Chapter  14 
Resultant  Motion 
of  a  Particle 


§  89.  Relative,  Transport,  and  Absolute  Motion 

So  far  we  have  considered  the  displacement  of  a  particle  or  body 
with  respect  to  one  given  frame  of  reference.  But  in  solving  problems 
of  mechanics  it  is  often  more  expedient  (and  sometimes  necessary) 
to  consider  the  motion  of  a  particle  (or  body)  simultaneously  with 
respect  to  two  frames  of  reference,  one  of  which  is  assumed  to  be 
fixed  and  the  other  moving  in  some  specified  way  with  reference  to 
the  first.  The  motion  performed  in  this  case  by  the  particle  (or  body) 
is  called  resultant,  or  combined  motion. 

For  example,  when  a  sphere  rolls  on  the  deck  of  a  moving  boat, 
its  motion  with  respect  to  the  shore  is  the  resultant  of  its  rolling 
relative  to  the  deck  (the  moving  frame  of  reference)  and  its  motion 
together  with  the  deck  with  respect  to  the  shore  (the  fixed  frame 
of  reference).  Thus,  the  resultant  motion  of  the  sphere  can  be  resol¬ 
ved  into  two  simpler,  and  easier  analysed,  motions.  The  method 
of  resolving  a  motion  into  simpler  motions  by  introducing  a  sup¬ 
plementary  moving  frame  of  reference  is  widely  employed  in  kine¬ 
matic  calculations,  thereby  underlining  the  practical  value  of  the 
theory  of  resultant  motion  considered  in  this  and  the  following  chap¬ 
ters.  Furthermore,  the  conclusions  of  this  theory  are  used  in  dyna¬ 
mics  to  investigate  the  relative  equilibrium  and  motion  of  bodies 
subjected  to  the  action  of  forces. 

Consider  the  resultant  motion  of  a  particle  M  moving  with  respect 
to  a  frame  of  reference  Oxyz  which  is  in  turn  moving  with  relation 
to  another  frame  of  reference  O^x^y^Zi,  which  we  assume  to  be  fixed 
(Fig.  209).  (Each  of  these  frames  of  reference  is,  of  course,  associated 
with  a  definite  body,  not  shown  in  the  diagram.)  We  employ  the 
following  definitions. 

(1)  The  motion  performed  by  the  particle  M  with  respect  to  the 
moving  coordinate  system  is  called  relative  motion  (this  is  the  motion 
seen  by  an  observer  moving  together  with  the  moving  axes  Oxyz). 
The  path  AB  described  by  the  particle  in  relative  motion  is  called 
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the  relative  path.  The  velocity  of  the  motion  of  particle  M  relative 
to  the  axes  Oxyz  (i.e.,  along  the  curve  AB)  is  called  the  relative 
velocity  (denoted  hy  the  symbol  Vrei)»  and  the  particle’s  acceleration 
in  that  motion  is  the  relative  acceleration  (denoted  «Orei)-  It  follows 
from  the  definition  that  in  computing  v^\  and  w^x  axes  Oxyz  can 
be  assumed  to  be  fixed. 

(2)  The  motion  performed  by  the  moving  frame  of  reference  Oxyz, 
together'  with  all  the  points  of  space  fixed  with  respect  to  it,  relative 
to  the  fixed  system  O^x^y^z^  is,  for  the  particle  M,  the  motion  of 
transport. 

The  velocity  of  the  point  fixed  in  the  moving  axes  Oxyz  with  which 
the  particle  M  coincides  at  a  given  instant  is  called  the  transport 

velocity  of  the  particle  M  at  that  instant 
(denoted  by  »tr).  and  the  acceleration  of 
that  point  is  called  the  transport  accele¬ 
ration  of  the  particle  M  (denoted  by  Wtr)- 
Thus, 

»tr=«m»  Wtt  =  Wm,  (73) 

where  m  is  a  point  fixed  with  respect  to 
the  X,  y,  z  axes,  with  which  the  moving 
particle  M  is  coincident  at  the  given 
instant.  If  we  imagine  the  relative  mo¬ 
tion  of  particle  M  to  be  taking  place  on 
the  surface  of  (or  inside)  a  rigid  body  in 
which  the  moving  coordinates  Oxyz  are 
fixed,  then  the  transport  velocity  (or  acceleration)  of  particle  M 
at  any  given  instant  is  the  velocity  (or  acceleration)  of  the  point 
of  the  body  which  coincides  with  M  at  that  instant. 

(3)  The  motion  of  the  particle  with  respect  to  the  fixed  frame  of 
reference  O^x^y^Zi  is  called  the  absolute,  or  resultant,  motion.  The 
path  CD  described  in  this  motion  is  called  the  absolute  path,  the 
velocity  is  the  absolute  velocity  (denoted  v^),  and  the  acceleration, 
the  absolute  acceleration  (denoted  Wg). 

In  the  example  cited  in  the  beginning  of  this  article,  the  motion  of 
the  sphere  with  respect  to  the  deck  is  relative  motion,  and  the  velo¬ 
city  of  this  motion  is  the  relative  velocity  of  the  sphere;  the  motion 
of  the  ship  with  respect  to  the  shore  is,  for  the  sphere,  the  motion 
of  transport,  and  the  velocity  of  the  point  of  the  deck  with  which 
the  sphere  coincides  at  the  given  time  is,  for  the  sphere,  the  trans¬ 
port  velocity;  finally,  the  motion  of  the  sphere  with  respect  to  the 
shore  is  the  absolute  motion  of  the  sphere,  and  the  velocity  of  that 
motion  is  the  absolute  velocity  of  the  sphere. 

In  order  to  solve  the  relevant  problems  of  kinematics,  it  is  neces¬ 
sary  to  establish  the  relationships  between  the  velocities  and  acce¬ 
lerations  of  the  relative,  transport,  and  absolute  motions. 
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§  90.  Composition  of  Velocities 

Consider  a  particle  M  performing  a  resultant  motion.  Let  the 
relative  displacement  of  the  particle  along  its  path  AB  in  the  time 
interval  At  —  t^  —  t  he  specified  by  the  vector  MM'  (Fig.  210a). 
In  the  same  time  interval,  the  curve  AB,  moving  together  with  the 
moving  axes  Oxyz  (not  shown  in  Fig.  210a),  occupies  a  new  position 
AiB^.  Simultaneously,  the  point  m  on  curve  AB,  with  which  the 
particle  M  is  coincident  at  time  t,  performs  a  transport  displacement 
mm^  =  Mrui.  As  a  result  of  these  displacements  particle  M  will 


occupy  a  position  Mj,  its  absolute  displacement  in  the  time  inter¬ 
val  At  being  MM^.  From  the  vector  triangle  Mm^M^  we  have: 

MM^  =  Mm^  +  m^M^. 

Dividing  the  equation  by  At  and  passing  to  the  limit,  we  obtain: 


lim 

Af-O 


MMi 

At 


lim 

Af-O 


Mmi 

At 


lim 

A4-0 


m^Mi 

At 


But  by  definition 


lim 

At-O 


MMj 

At 


Va 


and 


lim 

A«-0 


M  nil 
At 


VtT- 


As  for  the  last  component,  since  at  At  ->  0  curve  AiBi  tends  to 
coincide  with  curve  AB,  in  the  limit  we  have 


lim 

At-»0 


mjAfi 

At 


lim 

At-O 


MM' 

At 


As  a  result  we  obtain: 

—  tJrel  “h 


t’rel- 


(74) 


Vectors  Wa>  ^rei.  ^nd  Vtr  are  tangential  to  the  respective  paths 
(see  Fig.  210&). 


16—5562 


242  KINEMATICS  OF  A  PARTICLE  AND  BODY  [Part  2 


We  have  thus  proved  the  following  theorem  of  the  composition  of 
velocities:  In  resultant  motion  the  absolute  velocity  of  a  point  is  the 
geometrical  sum  of  the  relative  velocity  and  the  transport  velocity. 
The  construction  in  Fig.  2106  is  called  the  parallelogram  of  velocities. 

If  the  angle  between  the  directions  of  velocities  and  Vtr  is  a, 
then  in  magnitude 

Wa  =  l^frel+l^tr+2i;rell^trCOsa.  (74') 

The  parallelogram  of  velocities  is  used  in  solving  the  following 
problems  of  particle  kinematics:  (a)  given  v^ei,  v^,  determine  Wg', 


Fig.  211  Fig.  212 


(b)  given  and  the  directions  of  Wrei  and  Vtr,  determine  the  magni¬ 
tudes  of  Wrei  and  Vtp,  (c)  given  and  «tr>  determine  «rei  from  the 
equation 

Vrel  =  «a  +  (  — Vtr), 

i.e.,  as  the  geometric  sum  of  and  a  vector  equal  in  magnitude  and 
opposite  in  sense  to  Wtr  (see  Problem  83). 

Problem  81 .  Point  M  moves  in  a  straight  line  along  OA  (Fig.  211) 
with  a  velocity  u,  while  OA  itself  turns  in  the  plane  Os^^y^  round  O 
with  an  angular  velocity  (o.  Find  the  velocity  of  point  M  relative  to 
the  axes  Ox^y-^  expressed  as  a  function  of  the  distance  OM  =  r. 

Solution.  Consider  the  motion  of  point  Af  as  a  resultant  motion 
consisting  of  its  relative  motion  along  OA  and  its  motion  together 
with  OA.  Then  the  velocity  u  along  OA  is  the  relative  velocity  of 
the  point.  The  rotational  motion  of  OA  about  O  is,  for  the  point  M, 
the  motion  of  transport,  and  the  velocity  of  the  point  of  OA  with 
which  M  coincides  at  the  given  instant  is  the  latter’s  transport 
velocity  wtr-  As  this  point  of  OA  moves  along  a  circle  of  radius  OM  = 
=  r,  Vtr  =  tar  and  is  perpendicular  to  OM.  Constructing  a  paral¬ 
lelogram  with  vectors  u  and  Vtr  as  its  sides,  we  obtain  the  absolute 
velocity  Wg  of  M  relative  to  the  axes  Oxigt.  As  u  and  v  are  mutual¬ 
ly  perpendicular,  in  magnitude 
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Problem  82.  The  current  of  a  river  of  width  h  has  a  constant  velo¬ 
city  V.  A  man  can  row  a  boat  in  motionless  water  with  a  velocity  u. 
Determine  the  direction  he  should  take  in  order  to  cross  the  river 
in  the  least  possible  time  and  the  point  where  he  will  reach  the 
opposite  bank. 

Solution.  Assume  that  the  boat  has  started  from  point  O  (Fig.  212). 
Draw  the  coordinate  axes  and  depict  the  boat  in  an  arbitrary 

position  M.  Assume  further  that  the  rower  steers  his  boat  at  a  con¬ 
stant  angle  a  to  axis  Oy^.  Then  the  absolute  velocity  Wa  of  the  boat 
is  compounded  of  the  relative  velocity  v^ei  imparted  to  it  by  the 
rower  (Wrei  =  w)  and  the  transport  velocity  »tr>  which  is  the  velocity 
of  the  stream  (wtr  =  v): 

V^  =  Vre\  +  Vu=  U+V. 

The  projections  of  the  absolute  velocity  on  the  coordinate  axes  are 
(according  to  the  theorem  of  the  projection  of  a  vector  sum) 

=  “  sin  a-f-i;,  Vay^  =  u  cos  a. 

As  both  projections  are  constant,  the  displacements  of  the  boat 
along  the  coordinate  axes  are 

Xi  =  {u  sin  a  -I-  y)  j/i  =  (u  cos  a)  t. 

When  the  boat  reaches  the  opposite  bank,  y^  =  h,  whence  the 
duration  of  the  crossing  is 

t  ^ 

*  u  cos  a 

Obviously  t^  will  have  the  least  value  when  cos  a  =  1,  i.e.,  when 
a  =  0.  Consequently,  in  order  to  cross  the  river  in  the  shortest  time, 
the  rower  should  steer  his  boat  perpendicular  to  the  bank.  This  time 
is 


Assuming  a  =  0  and  t  =  inun  in  the  expression  for  Xj,  we  have: 


Thus,  the  boat  will  reach  the  other  bank  at  a  point  5  at  a  distance 
Xi  downstream  from  Oy^  directly  proportional  to  v  and  h  and  inver¬ 
sely  proportional  to  u. 

Problem  83.  At  a  given  instant,  the  arm  OM  of  a  recording  mecha¬ 
nism  makes  an  angle  a  with  the  horizontal  and  the  pencil  M  has 
a  velocity  v  directed  perpendicular  to  OM  (Fig.  213).  The  drum  with 
the  paper  rotates  about  a  vertical  axis  with  an  angular  velocity  ©. 
Determine  the  velocity  u  of  the  pencil  on  the  paper  if  the  radius 
of  the  drum  is  a. 


16* 
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Solution.  The  absolute  velocity  of  the  pencil  is  =  v.  Velocity  v 
can  be  regarded  as  the  geometrical  sum  of  the  velocity  of  the  pencil 
relative  to  the  paper  (i.e.,  the  required  velocity  u)  and  the  trans¬ 
port  velocity  t>tr»  which  is  equal  to  the  velocity  of  the  point  of  the 
paper  with  which  the  pencil  coincides  at  the  given  moment;  its 
magnitude  is  Vtr  =  (oa. 

From  the  theorem  on  the  composition  of  velocities  we  have  v  = 
=  M  Wtr.  whence  u  =  v  -\-  (— ftr)-  Constructing  a  parallelogram 
with  vectors  v  and  (— Wtr)  as  its  sides,  we  obtain,  the  required  velo¬ 
city  u.  As  the  angle  between  v  and  ( — t>tr)  is  90°  —  a,  in  magnitude 

M  =  |/ n* -f- (1)2  a* -j- 2i;  (1)  a  sin  a. 

The  angle  between  u  and  the  direction  of  Vtr  can  now  be  determi¬ 
ned  by  the  law  of  sines. 


Fig.  213  Fig.  214 

Problem  84.  The  end  15  of  a  horizontal  rod  AB  is  hinged  to  a  block 
sliding  along  the  slot  of  a  rocker  OC  and  turns  the  latter  round  axis  O 
(Fig.  214).  The  distance  from  O  to  AB  is  h.  Find  the  dependence  of 
the  angular  velocity  of  the  rocker  on  the  velocity  v  of  the  rod  and 
angle  (p. 

Solution.  The  absolute  velocity  of  the  slide  block  equals  the 
velocity  v  of  the  rod.  It  can  be  regarded  as  compounded  of  the  relative 
velocity  t^ei  of  the  block  in  its  motion  in  the  slot  of  the  rocker  and 
the  transport  velocity  which  is  the  velocity  of  the  point  of  the 
rocker  with  which  the  block  coincides  at  the  given  time.  The  directi¬ 
ons  of  these  velocities  are  along  OB  and  perpendicular  to  OB,  respec¬ 
tively.  We  obtain  Wrei  and  Wtr  by  resolving  velocity  v  along  them. 
From  the  parallelogram  we  find  that  in  magnitude  ftr  =  v  cos  (p. 

But,  on  the  other  hand,  the  transport  velocity  ntr  =  (H’OB  — 
=  (ah/cos  (p,  where  o)  is  the  angular  velocity  of  the  rocker.  Equating 
these  two  expressions  of  ntr,  we  obtain  the  angular  velocity; 

(0  =  y  COS^  (p. 
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§  91’*’.  Composition  of  Accelerations 


Let  us  determine  the  dependence  between  the  relative  and  trans¬ 
port  accelerations  of  a  particle.  From  Eq.  (74)  we  obtain: 

Let  us  compute  the  derivatives  in  the  right-hand  side  of  the  equa¬ 
tion  which,  as  we  shall  see,  are  in  the  most  general  case  not  equal  to 
Wjei  and  Wtr-  For  this  we  need  the  expressions  of  vectors  »'rei,  Wrei» 
VtT,  and  Wtr- 

Let  the  position  of  particle  M  with  respect  to  the  moving  coordina¬ 
te  axes  Oxyz  in  Fig.  215  be  given  by  its  x,  y,  z  coordinates.  Since  in 
computing  Vrei  and  w^ei  the  motion  of  the  moving  axes  is  disregarded 


(they  can  be  assumed  fixed),  the  projections  of  vectors  Vrei  and  Wrei 
on  axes  Oxyz  in  any  transport  motion  are  then  given  by  the  Eqs.  (15') 
and  (17')  from  §  64.  Consequently, 

Vtei  =  xi  +  yJ  +  zk,  Wrei  =  xi  +  yj  +  zk,  (76) 


where  i,  j  and  h  are  the  unit  vectors  of  axes  Oxyz. 

The  further  calculation  depends  on  the  nature  of  the  transport 
motion.  First,  let  us  consider  the  case  when  it  is  translational. 

Composition  of  Accelerations  in  Translational  Motion  of  Transport. 
If  a  moving  reference  system  Oxyz  is  in  translational  motion  relative 
to  a  fixed  system  O^x^y^z^  (Fig.  215a),  then,  obviously,  at  any  position 
of  particle  M, 

Vii  =  Vo,  Wtr  =  Wo,  (77) 

where  Vq  and  w©  are  the  velocity  and  acceleration  of  the  origin  0. 

Besides,  as  the  axes  Oxyz  are  in  translational  motion,  the  unit 
vectors  remain  continually  parallel  to  themselves  and,  hence,  are  con¬ 
stant.  Then  from  Eqs.  (76)  and  (77)  we  obtain: 


^Vrel 

dt 


xi-{-yj  +  zk=-Wre\, 


dvxr  _  dVQ 
dt  dt 


Wo  =  Wti, 
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Consequently,  from  Eq.  (75)  we  obtain: 

Wa  =  Wrel+Wtr.  (78) 

Thus,  in  translational  motion  of  transport  the  absolute  acceleration 
of  a  particle  is  equal  to  the  geometrical  sum  of  its  relative  and  transport 
accelerations.  The  result  is  analogous  to  that  of  the  theorem  of  the 
composition  of  velocities. 

Composition  of  Accelerations  in  Non-translational  Motion  of  Trans¬ 
port.  Coriolis  Theorem.  Assume  first  that  the  motion  of  transport 
(i.e.,  the  motion  of  the  moving  reference  system  Oxyz)  is  rotational 
with  an  angular  velocity  (o  (Fig.  215&).  In  this  case  axis  OD  may 
either  be  fixed  (§  74)  or  it  may  be  the  instantaneous  axis  of  rota¬ 
tion  (when  point  O  is  fixed;  see  §  86).  In  both  cases  the  unit  vectors 
i,  j,  k  are  no  longer  constant  as,  rotating  together  with  the  coordinate 
axes,  they  change  their  directions,  which  had  not  been  taken  into 
account  in  computing  Wrei-  Therefore  we  obtain  from  Eqs.  (76), 
which  are  valid  for  any  motion  of  transport: 

=  (xiVyJ+zk)  +  (i^  +  y^  +  z^)=w,,i  +  Wu 

where  Wj  denotes  the  second  bracket  in  the  right-hand  side  of  the 
equation.  Calculating  with  the  help  of  the  Poisson  equations  (69), 
we  obtain: 

iOi  =  x((o-l-i)  +  i/((i)  X  i)-f  z((i)  X  fe)  =  ®  X  (xi-ryj-^,  zk)  —  (ox  Vyei, 
and  finally, 

=Wrel  +  Wi.  where  Wi  =  a)X«>rel-  (”<9) 

In  this  equation  the  quantity  takes  into  account  the  change 
in  vector  «rei  only  in  the  relative  motion  of  the  particle  M,  and 
the  new  member  takes  into  account  the  change  of  vector  t?rei  in 
its  rotation  together  with  the  trihedron  Oxyz  around  the  axis  OD, 
i.e.,  in  the  motion  of  transport  (see  also  Fig.  221a). 

Furthermore,  in  rotational  motion  the  velocity  and  acceleration 
of  any  point  m  fixed  with  respect  to  axes  Oxyz  are  determined  by 
Eqs.  (67)  and  (68),  the  same  as  for  the  points  of  a  rigid  body.  But 
according  to  Eqs.  (73),  Wrei  =  t’m  and  =  Wjn,  hence  Eqs.  (67) 
and  (68)  yield 

vtr  =  ®xr,  'MJtr  =  (®xr)-f(®  X  wtt)i  (80) 

where  r  is  the  radius  vector  of  point  m  coincident  at  the  given  instant 
with  the  radius  vector  of  the  moving  particle  M.  Hence, 
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As  the  derivative  in  the  left-hand  side  of  the  equation  is  a  member  of 
the  right-hand  side  of  Eq.  (75),  which  gives  the  absolute  acceleration 
of  particle  Af,  i.e.,  its  acceleration  in  the  coordinate  system  Ox^y^Zi, 
the  derivative  of  the  radius  vectorr  in  the  right-hand  side  yields  the 
velocity  of  M  in  the  same  coordinate  system,  i.e.,  its  absolute 

it* 

velocity.  Consequently,  here  57  =  =  ^^rei  +  and  besides, 

^  =  e;  therefore 

dt 

^-^  =  (ex  r)  +  (O)  X  Vti)  -I-  (o)  X  t>rel)- 

From  this,  taking  into  account  the  second  of  Eqs.  (80),  we  obtain: 

■^^  =  M’tr-|-'*»2,  where  ^e>2  =  «>  X  t>rel-  (81) 

The  quantity  M?tr  takes  into  account  the  change  in  vector  Wtr  only 
in  the  motion  of  transport,  because  it  is  computed  as  the  acceleration 
of  point  m,  fixed  in  the  reference  frame  Oxyz.  But  the  new  member 
u\  takes  into  account  the  change  in  vector  Vtr  that  occurs  in  the 
relative  motion  of  particle  M,  since  as  a  result  of  that  motion  M 
moves  from  position  m  to  a  new  position  mj,  where  the  value  of  t^tr  is 
different  (see  also  Fig.  221fc). 

We  examined  the  case  of  rotational  motion  of  transport.  But  in 
the  most  general  case,  too,  when  the  motion  of  transport,  as  motion 
of  a  free  rigid  body  (see  §  88),  is  the  resultant  of  translational  and 
rotational  motions,  Eqs.  (79)  and  (81)  remain  of  the  same  form,  with 
the  only  difference  being  that  in  Eq.  (81)  Wtr  is  calculated  according 
to  Eq.  (72)  instead  of  Eq.  (80). 

Now  substituting  the  quantities  (79)  and  (81)  into  Eq.  (75),  we 
obtain: 

Wa  =  Wre\-TWir  +  Wi-rtC2-  (82) 

Let  us  introduce  the  notation 

«Ocor  =  «»l-rW2  =  2(0)  X  Wrel)-  (83) 

The  quantity  Wcor,  which  characterises  the  rate  of  change  of  the 
vector  of  relative  velocity  »rei  in  the  motion  of  transport  and  the 
rate  of  change  of  the  vector  of  the  transport  velocity  Vtr  in  the 
relative  motion,  is  called  the  supplementary,  or  Coriolis,  acceleration 
of  the  particle.  Then,  from  Eq.  (82)  we  obtain 

Wa  =  M’rel  -f  Wtr  -|-  Wcor-  (84) 

Eq.  (84)  expresses  the  Coriolis  theorem 

*>  Gaspard  Gustave  de  Coriolis  (1792-1843),  a  French  scientist  famous  for 
his  works  in  theoretical  and  applied  mechanics. 
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The  absolute  acceleration  of  a  particle  is  equal  to  the  geometrical  sum 
of  three  accelerations',  the  relative  acceleration,  which  characterises  the 
time  rate  of  change  o/*  the  relative  velocity  in  the  relative  motion,  the 
transport  acceleration,  which  characterises  the  time  rate  of  change  of 
the  transport  velocity  in  the  transport  motion,  and  the  Coriolis  accele¬ 
ration,  which  characterises  the  time  rate  of  change  of  the  relative  velocity 
in  the  transport  motion  and  of  the  transport  velocity  in  the  relative 
motion. 

If  the  motion  of  transport  is  translational,  ®  =  0  and  iOcor  =  0* 
and  Eq.  (84)  becomes  Eq.  (78). 

Calculation  of  Relative,  Transport,  and  Coriolis  Accelerations. 
We  examined  the  question  of  computing  the  relative  and  transport 
accelerations  of  a  particle  in  proving  the  theorem;  these  quantities 
are  determined  according  to  the  known  equations  of  kinematics. 


Fig.  216 

For,  since  in  calculating  the  motion  of  the  moving  axis  can  be 
disregarded,  Wrei  is  computed  by  the  conventional  methods  of  parti¬ 
cle  kinematics  (§§  64,  67).  In  calculating  M>tr,  the  relative  motion  of 
the  particle  can  be  disregarded,  consequently  Wtr  is  computed  as 
the  acceleration  of  a  point  belonging  to  a  certain  rigid  body  fixed 
relative  to  the  reference  frame  Oxyz  and  moving  together  with  it, 
i.e.,  by  the  methods  of  rigid-body  kinematics  (§§  76,  84,  87,  88). 
The  Coriolis  acceleration  is  calculated  from  Eq.  (83): 

*OCor=2(®  X  Wrel),  (85) 

where  ®  is  the  angular  velocity  of  the  motion  of  transport. 

Thus,  the  Coriolis  acceleration  of  a  particle  is  equal  to  the  double 
vector  product  of  the  angular  velocity  of  the  motion  of  transport  and  the 
relative  velocity  of  the  particle.  If  the  angle  between  the  vectors  tVei 
and  fi)  is  a,  then  in  magnitude 

wcoi  =  2(oi;rei  sin  a.  (86) 

The  vector  Wcor  is  of  the  same  sense  as  the  vector  ©  x  Wrei) 
i.e.,  normal  to  the  plane  through  vectors  ©  and  «rei  in  the  direction 
from  which  a  counterclockwise  rotation  would  be  seen  to  carry  vector 
©  into  vector  Vrei  through  the  smaller  angle  (Fig.  216a). 
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It  can  also  be  seen  from  Fig.  216a  that  the  direction  of  vector  Wcor 
can  be  obtained  by  projecting  vector  Vrei  on  plane  P,  which  is  nor¬ 
mal  to  (0,  and  turning  the  projection  v^i  through  90°  in  the  direction 
of  the  rotation  of  transport. 

If  the  relative  path  is  a  plane  curve  moving  in  its  plane,  then 
angle  a  =  90°  (Fig.  2166)  and  in  magnitude 

lacor  =  12(0-i;rel|.  (86') 

It  can  be  seen  from  Fig.  2166  that  in  this  case  the  direction  of  w>cor 
can  be  obtained  by  turning  the  vector  of  the  relative  velocity 
through  90°  in  the  direction  of  the  rotation  of  transport  (i.e.,  clock¬ 
wise  or  counterclockwise  depending  on  the  sense  of  the  rotation). 


To  illustrate  the  above,  Fig.  217  shows  the  direction  of  the  Corio¬ 
lis  acceleration  of  a  ball  M,  moving  in  a  tube  AB  for  the  cases  when 
the  tube  itself  turns  in  the  plane  of  the  diagram  (Fig.  217a)  and 
when  it  describes  a  cone  (Fig.  2176). 

From  Eq.  (86)  we  see  that  the  Coriolis  acceleration  is  zero  when: 

(1)  (0=0,  i.e.,  if  the  motion  of  transport  is  translational  [Eq.  (78)1 
or  if  the  angular  velocity  of  the  rotation  of  transport  becomes  zero 
at  a  given  instant; 

(2)  Orel  =  0,  i.e.,  if  there  is  no  relative  motion  or  if  the  relative 
velocity  becomes  zero  at  a  given  instant; 

(3)  angle  a  =  0  or  a  =  180°,  i.e.,  if  the  relative  motion  is  paral¬ 
lel  to  the  axis  of  the  rotation  of  transport  or  if  vector  Wrei  is  parallel 
to  that  axis  at  a  given  instant. 

§  92.  Solution  of  Problems 

(A)  Translational  Motion  of  Transport.  When  the  motion  of 
transport  is  translational  the  nature  of  the  problems  and  the  methods 
of  their  solution  are  analogous  to  the  problems  on  the  composition 
of  velocities  (§  90). 
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Problem  85.  A  wedge  moving  horizontally  with  an  acceleration  Wi 
pushes  up  a  rod  moving  in  vertical  slides  (Fig.  218).  Determine  the 
acceleration  of  the  rod  if  the  angle  of  the  wedge  is  a. 

Solution.  The  absolute  acceleration  Wa  of  point  A  is  directed 
vertically  up.  It  can  be  regarded  as  consisting  of  a  relative  accelera¬ 
tion  Wrei  directed  along  the  side  of  the  wedge  and  a  transport  acce¬ 
leration  wtr.  which  is  equal  to  the  acceleration  of  the  wedge  Wi.  As 


the  motion  of  transport  of  the  wedge  is  translational,  by  drawing 
a  parallelogram  on  the  basis  of  Eq.  (78)  and  taking  into  account 
that  mtr  =  u’l,  we  obtain: 


Wa  =  tan  a, 

which  is  the  acceleration  of  the  rod. 

(B)  Rotational  Motion  of  Transport.  Let  us  investigate  in  general 
form  the  determination  of  when  the  motion  of  transport  is  a  ro¬ 
tation  about  a  fixed  axis. 

Let  a  particle  M  move  along  a  relative  path  AMB  on  the  surface 
of  a  body  (say  a  sphere)  rotating  with  retardation  about  an  axis  BA 
(Fig.  219).  In  order  to  find  the  absolute  acceleration  of  the  particle 
at  a  given  time  t^,  we  must  know  for  that  instant:  (1)  the  position 
of  the  particle  on  the  curve  AB,  (2)  the  relative  velocity  Vrei  of 
the  particle,  (3)  the  angular  velocity  (o  and  the  angular  acceleration  e 
of  the  body  (i.e.,  ©  and  e  of  the  motion  of  transport).  If  these  quan¬ 
tities  are  not  given,  they  should  be  determined  from  the  conditions 
of  the  problem. 

The  next  step  is  to  depict  the  moving  particle  in  its  position  at 
time  <1  and  show  vectors  Vrei  and  ®  in  the  diagram.  The  further 
computations  are  then  as  follows. 
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(1)  Determination  of  tOrei-  Mentally  stop  the  rotation  of  the 
body  and  calculate  the  acceleration  of  the  particle  in  its  motion 
along  AB  according  to  the  formulas  of  particle  kinematics.  If  AB 


is  given,  then  (§  67) 


n  ‘^rel 


where  prei  is  the  radius  of  curvature  of  AB  at  point  M.  If  the  relati¬ 
ve  motion  is  described  by  the  coordinate  method,  then  y^ei  and 
K7rei  are  calculated  according  to  the  formulas  of  §  64. 

(2)  Determination  of  Wxx-  Calculating  the  acceleration  of  that 
point  of  the  body  with  which  the  particle  M  coincides  at  the  given 
moment,  we  obtain  the  transport  acceleration  from  the  formulas  of 
rigid-body  kinematics  (§  76): 


U7tr  ==  he,,  wxr  =  h<3^. 


where  h  =  MD  is  the  distance  of  M  from  the  axis  of  rotation  at 
time  ti. 

(3)  Determination  of  wcor-  The  calculation  is  according  to  the 
procedure  explained  in  §  91. 

(4)  Determination  of  Wa-  Draw  all  the  computed  vectors  on  the 
diagram  (taking  into  account  their  directions).  From  Coriolis  the¬ 
orem  we  have 

Wa  =  wlai  -f  wl*ei  +  Wu  -f  wfr  +  «Ocor- 

If  it  i^  difficult  to  obtain  the  sum  of  the  vectors  in  the  right  side 
of  the  equation  geometrically,  draw  an  arbitrary  set  of  rectangular 
axes  Mxyz  (see  Fig.  219)  and  compute  the  projections  of  all  the 
component  vectors  on  these  axes.  Then,  from  the  theorem  of  the 
projection  of  a  vector  sum,  we  have 


and  finally 


Wax  =  S  Wix,  Way  =  2  “'az  =  S  “'iz. 

Wa  =  V wlx  +  wly  -j-  wlz. 


Note:  In  computing  Wa  be  careful  not  to  assume  that 


Wa  =  V  H-  l^tr  T  «^Cor, 


as  in  the  general  case  vectors  iOrei.  wtr,  and  Wcor  are  not  mutually 
perpendicular. 

Problem  86 .  The  rocker  OA  in  Fig.  220  turns  with  a  constant  angu¬ 
lar  velocity  (o  about  axis  0.  Block  B  slides  along  the  slot  with 
a  constant  relative  velocity  u.  Determine  the  dependence  of  the 
absolute  acceleration  of  the  block  on  its  distance  x  from  O. 

Solution.  Stopping  the  rocker  at  time  ti,  we  find  that  the  relative 
motion  of  the  block  along  it  is  uniform  and  rectilinear;  consequently 
=  0. 
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For  the  block,  the  motion  of  the  rocker  is  that  of  transport;  con¬ 
sequently,  the  transport  acceleration  of  the  block  is  equal  to 
the  acceleration  of  the  point  of  the  rocker  with  which  the  block 

coincides  at  the  given  time.  Since 
that  point  of  the  rocker  is  moving 
“  in  a  circle  of  radius  OB  =  x  and 
(I)  =  const.,  vector  Wtr  =  ^*tr  is 
directed  along  BO.  In  magnitude 
U’tr  =  “'■fr  -■= 

As  the  motion  is  in  a  plane,  the 
Coriolis  acceleration  wcor  =  2  wu. 
By  turning  the  vector  of  the  relati¬ 
ve  velocity  u  about  point  B  through 
a  right  angle  in  the  direction  of  the 
rotation  of  transport  (clockwise),  we  obtain  the  direction  of  Wcor* 
From  Coriolis  theorem. 


Wa  =  Wrel  +  +  ^cor- 

In  the  present  case  t<?rei  =  0  and  t»cor  is  perpendicular  to  Wtr-  Con¬ 
sequently, 

==  K^tr -f  M'cor  =  w  -f  4u2. 

Let  us  use  this  problem  as  an  example  showing  how  the  components 
of  Wcot  in  Eq.  (83),  and  W2,  appear. 

Direct  a  moving  axis  Ox  along  the 
rocker  slot  and  denote  the  sliding 
block  as  a  point  B  (Fig.  221a);  axis  Ox 
rotates  around  the  centre  O  and  is  in 
transport  motion  with  respect  to  the 
fixed  axes  Ox^y^.  As  in  this  case  the  re¬ 
lative  velocity  u  does  not  change  with 
the  displacement  of  B  along  axis  Ox,  we 
have  Wrei  =  0.  But  in  the  motion  of 
transport  vector  m  will,  in  time  dt,  ro¬ 
tate  together  with  axis  Ox  through  an 
angle  dcp  =  co  dt,  receiving  an  incre¬ 
ment  d'  u  (the  primed  d  denoting  the  ad¬ 
dition  increment).  As  the  magnitude 
of  u  does  not  change  in  the  rotation,  vec¬ 
tor  d'u  is  perpendicular  to  u,  and  \d'u\  = 

=  w-dq)  =  udidt.  As  a  result  point  B  re¬ 
ceives  an  additional  acceleration  in  the  same  direction  as  vector 
d'u,  i.e,  perpendicular  to  axis  Ox,  and  in  magnitude  is 

\d’u\ 
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The  velocity  Vu  of  point  B  in  the  motion  of  transport  (in  the 
rotation  of  axis  Ox)  changes  in  direction,  giving  the  point  the  acce¬ 
leration  of  transport  computed  above  and  shown  in  Fig.  220.  But 
vector  tJtr  also  receives  an  increment  in  the  relative  displacement  of 
point  B  to  position  B^  (Fig.  2216),  since  in  position  B  the  quantity 
^tr  =  and  in  position  B^,  Vtr  =  ©  (a:  -f-  d®)-  Consequently,  since 
dx  =  u  dt,  I  d'vti  \  —  (0  dx  =  (ou  dt.  Hence,  point  B  receives  yet 
another  acceleration  same  direction  as  vtr.  i-e.,  as  w^, 

and  is  equal  in  magnitude  to 

I  i'vu  I 


u\-- 


dt 


:©U. 


(b) 


As  vectors  and  are  of  the  same  sen¬ 
se,  adding  them  we  obtain  the  total  additi¬ 
onal  acceleration  of  point  jB  as  a  result  of 
the  change  of  vector  Vrei  in  the  motion  of 
transport  and  of  vector  t>tr  in  tbe  relative 
motion.  This  acceleration,  equdl  in  mag¬ 
nitude  to  -f-  w^,  i.e.,  2©u,  is  the  Co¬ 
riolis  acceleration  of  point  B. 

Problem  87.  The  eccentric  in  Fig.  222  is  a 
circular  disc  of  radius  R  rotating  with  a 

uniform  angular  velocity  ©  about  axis  O  through  the  rim  of  the 
disc.  Sliding  from  point  A  along  the  disc  with  a  constant  relative 
velocity  w  is  a  pin  M.  Determine  the  absolute  acceleration  of  the 
pin  at  any  time  t.  The  motions  are  directed  as  shown  in  the  diagram. 

Solution.  At  time  t  the  pin  is  at  a  distance  s  =  AM  =  ut 
from  A.  Consequently,  at  that  instant  the  angle  AOM  =  a  will  be 


Fig.  222 


_  s  _  u 

25'~‘2R 


t. 


(a) 


as  angle  a  is  equal  to  half  the  central  angle  ACM. 

Stopping  the  motion  of  the  disc  at  time  t,  we  find  that  the  relative 
motion  of  the  pin  is  along  a  circle  of  radius /Z.  As  ^rei  —  u  =  const., 


X  du 

“  It 


0, 


n 

Wrei 


u2 


(b) 


The  vector  «Orei  =  'W’rei  is  directed  along  the  radius  MC. 

For  the  pin  the  motion  of  the  disc  is  that  of  transport.  Hence,  the 
transport  acceleration  Wtr  of  the  pin  is  equal  to  the  acceleration  of 
the  point  of  the  disc  with  which  it  coincides  at  the  given  time.  This 
point  moves  in  a  circle  of  radius  OM  =  2R  cos  a.  For  the  disc,  ©  = 
=  const.,  hence  e  =  0  and 

wtr  —  OM-B  =  0,  wtT  =  OM‘(j)^=2R(ii^cosa. 

Vector  Wtr  =  wfr  is  directed  along  MO. 


(c) 
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As  the  motion  is  in  one  plane, 

U?Cor  =  2{0«.  (d) 

The  direction  of  Wcor  is  found  by  turning  vector  Vrei  =  **  round 
point  M  through  90°  in  the  direction  of  the  motion  of  transport 
(counterclockwise).  The  absolute  acceleration  of  the  pin  is 

=  •M’rel  "T  +  «Ocor- 

In  this  case  vectors  and  «»cor  are  collinear  and  can  be  re¬ 
placed  by  a  collinear  vector  of  magnitude  =  Wc^\  —  wcot- 

Adding  vectors  and  tL\t  according  to  the  parallelogram  law,  we 
obtain  finally 

ina  =  Y ufr  -f-  (U'rel  —  «’Cor)^  +  2u;tr  (“’rel  —  «^Cor)  COS  a, 

where  the  values  of  a,  Wrei,  iftn  and  Wcor  are  given  by  equations  (a), 
(b),  (c),  and  (d). 

Problem  88.  A  body  in  the  northern  hemisphere  is  translated  from 
north  to  south  along  a  meridian  with  a  velocity  ^rei  =  “  m/s  (Fig.  223). 


Determine  the  magnitude  and  direction  of  the  Coriolis  acceleration 
of  the  body  at  latitude  X. 

Solution.  Neglecting  the  dimensions  of  the  body,  we  treat  it  as 
a  particle.  The  relative  velocity  u  of  the  body  makes  an  angle  X 
with  the  earth’s  axis.  Consequently, 

a^cor  =  2(0  M  sin  X, 

where  (o  is  the  angular  velocity  of  the  earth’s  rotation. 

Thus,  the  Coriolis  acceleration  is  greatest  at  the  north  pole,  where 
X  =  90°.  As  the  body  approaches  the  equator,  the  value  of  wcot 
decreases,  till  it  reaches  zero  at  the  equator,  where  the  vector  = 
=  it  is  parallel  to  the  axis  of  rotation  of  the  earth. 

The  direction  of  Wqot  is  found  by  vector  product.  As  t»cor  = 
=  2  (o)  X  it),  we  find  that  vector  iOcor  is  perpendicular  to  the  plane 
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through  vectors  u  and  ®,  i.e.,  perpendicular  to  the  meridian  plane, 
and  is  directed  eastwards,  from  where  the  shortest  turn  from  vector  o) 
to  vector  u  is  seen  counterclockwise. 

The  question  of  how  the  Coriolis  acceleration  affects  the  motion 
of  bodies  at  the  earth’s  surface  is  studied  in  the  course  of  dynamics. 
However,  from  the  formula  obtained  it  can  be  seen  that  the  value  of 
u>cor  is  usually  small,  as  the  angular  velocity  of  rotation  of  the  earth 
is  small; 

2n 

24-3  600  ®  • 

It  is  apparent,  therefore,  that  for  motions  along  the  surface  of  the 
earth  when  the  velocity  u  is  not  very  great,  the  Coriolis  acceleration 
can,  for  all  practical  purposes,  be  neglected. 

Problem  89.  The  hypotenuse  of  the  right  triangle  ABC  in  Fig.  224 
is  AB  =  2a  =  20  cm,  and  ^  CBA  =  a  —  60°.  The  triangle  ro¬ 
tates  about  axis  Cz^  according  to  the  law  q)  =  lOf — 2P.  Particle  M 
oscillates  along  AB  about  its  middle  O,  its  equation  of  motion  being^ 
I  =  a  cos(n</3)  (axis  is  directed  along  OA).  Determine  the 

absolute  acceleration  of  the  particle  M  at  time  =  2  s. 

Solution.  (1)  Determine  the  position  of  M  on  its  relative  path  AB 
at  time  t^.  From  the  equation  of  the  motion  we  have 

^»  =  «C0S(— )  =  -2. 

i.e.,  at  time  t^  the  particle  M  is  at  the  middle  of  segment  OB^ 
Show  this  position  in  the  diagram. 

(2)  Determination  of  «rei-  As  the  relative  motion  is  rectilinear, 

II  .  /  n 

«rei  =  -J-=-^asin(^f). 

At  time  t^  =  2  s, 

Vreli  =  —  -f-  «  I  «reli  I  =  ^  1^3  Cm/S. 

The  minus  indicates  that  at  the  given  instant  t^  vector  Wrei  is 
pointed  from  M  to  B. 

(3)  Determination  of  w  and  e.  Differentiating,  we  obtain: 

(o=-^  =  10  — 4i,  (0i  =  2  s‘S 

where  (Oj  is  the  value  of  (o  at  time  =  2  s; 


The  signs  indicate  that  at  time  ti  the  rotation  is  counterclockwise 
(observed  from  the  tip  of  axis  Cz^)  and  is  retarded. 
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(4)  Determination  of  «»rei-  As  the  relative  motion  is  rectilinear, 


U^rel  —  ■ 


•  acos 


(t‘) 


n2 


At  time  =  2  s,  «^reii  =  -jg"  ®  em/s' 


(5)  Determination  of  w^.  For  the  particle  M  the  motion  of  the 
triangle  is  that  of  transport,  and  the  transport  acceleration  of  M 
is  equal  to  the  acceleration  of  the  point  of  the  triangle  with  which  M 
coincides  at  the  given  time.  This  point  of  the  triangle  moves  in 
a  circle  of  radius  MD  =  h,  and  at  time  4  =  2  s. 


id-  c 

/i  =  -2-sina  =  5 cm. 

Thus,  at  the  given  instant, 

H’tr  =  efe  =  — 10  j/3  cm/s^,  xvit  =  (o%  =  10 1/3  cm/s^. 


Vector  Wu  is  normal  to  plane  ABC  in  the  direction  opposite 
to  that  of  the  rotation  of  the  triangle.  Vector  Wu  is  directed  along 
MD  towards  the  axis  of  rotation  Cz^. 

(6)  Determination  of  Wcor-  The  magnitude  of  wcor  at  time  =  2  s 
is 

M^cor  =  2 1  ©Urei  1  si n  a  =  lOjt  cm/s^, 

as  in  this  case  the  angle  between  Vrei  and  axis  Cz^  is  a. 

Projecting  vector  Wrei  on  a  plane  perpendicular  to  Cz^  (the  projec¬ 
tion  lies  along  MD)  and  turning  the  projection  through  a  right  angle 
in  the  direction  of  the  rotation  of  transport,  i.e.,  counterclockwise, 
we  obtain  the  direction  of  Wcot  (which  in  the  present  case  coincides 
with  the  direction  «Otr)- 

(7)  Determination  of  w^.  The  absolute  acceleration  of  the  parti¬ 
cle  M  at  time  is 

Wa  =  Wrel  +  «Otr  +  ■+  Wcor- 

In  order  to  determine  the  value  of  w^,  draw  a  set  of  axes  Mxyz 
(see  Fig.  224)  and  calculate  the  projections  of  all  the  vectors  on 
them.  We  obtain: 

Wax  ~  wqoi  + 1  I  =  lOji  -(- 10  V^3  »  48 . 7  cm/s^, 

Waj,  —  u^rei  sin  a  —  u^tr  =  — 10  3  «  — 12.6  cm/s^ 

Waz  =  —  «^iei  COS a  =  —  —  2.7  cm/s^, 

and,  finally,  _ 

Wa  —  Y  ^Ix  +  wly  -f  »  50 .4  cm/s^. 

Vector  Wa  can  be  constructed  according  to  its  rectangular  compo¬ 
nents  along  the  coordinate  axes  Oxyz. 
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§  93.  Composition  of  Translational  Motions 

If  a  body  moves  with  respect  to  a  set  of  moving  axes  Oxyz  (see 
Fig.  209)  which  are  in  transport  motion  relative  to  a  fixed  system 
Ox^y^Zi,  the  resulting  absolute  motion  of  the  body  is  called  resultant, 
or  combined,  motion  (see  §  89). 

Tlie  problem  of  kinematics  in  this  case  is  to  determine  the  rela¬ 
tion  between  the  relative,  transport,  and  absolute  motions.  As  we 
know,  the  main  kinematic  characteristics  of  the  motion  of  a  body 
are  its  translational  and  angular  velocities  and  accelerations.  We 
shall  confine  ourselves  to  establishing  only  the  relations  between 
the  translational  and  angular  velocities  of  the  motions. 

Consider  first  the  case  when  the  relative  motion  of  a  body  is  a  tran¬ 
slation  with  a  velocity  Vx  and  the  motion  of  transport  is  also  a  trans¬ 
lation  with  a  velocity  v^.  Then  in  the  relative  motion  all  the  points 
of  the  body  will  have  a  velocity  Vi,  and  in  the  motion  of  transport,  Vj.. 
From  the  theorem  of  the  composition  of  velocities,  in  the  absolute 
motion  all  the  points  of  the  body  will  have  the  same  velocity 
V  =  Vx  i.e.,  the  absolute  motion  will  be  that  of  translation. 

Thus,  the  resultant  motion  of  two  translational  motions  with  veloci¬ 
ties  Vx  and  Vg  is  also  a  translation  with  a  velocity  v  =  Vx v^. 

The  composition  of  velocities  in  this  case  is  reduced  to  a  problem 
in  particle  kinematics  (§  90). 


§  94.  Composition  of  Rotations  About  Two 
Parallel  Axes 

Consider  the  case  of  a  relative  rotational  motion  of  a  body  with 
an  angular  velocity  ©i  about  a  shaft  aa'  mounted  on  a  crank  ha 
(Fig.  225a),  and  a  rotational  motion  of  transport  of  the  crank  ha 
round  axis  hh'  with  an  angular  velocity  ©2-  ^  axes  aa'  and  hh'  are 
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parallel,  the  body  will  be  in  plane  motion  perpendicular  to  the  axes. 
Let  us  investigate  the  cases  of  rotations. 

(1)  Rotations  of  Same  Sense.  The  figure  S  in  Fig.  225&  is  a  cross 
section  of  a  body  perpendicular  to  the  axes  of  rotation.  Let  us  denote 
the  points  of  intersection  of  the  axes  of  rotation  with  the  section  by 
the  letters  A  and  B.  It  will  be  readily  noticed  that,  as  A  lies  on  the 
axis  Aa' ,  its  velocity  is  due  only  to  the  rotation  about  axis  Bb\ 
whence  Vj^  —  to^-AB.  Similarly,  —  (Oi'AB.  Vectors  Va  and  Vb 


are,  of  course  parallel,  both  being  perpendicular  to  AB,  and  of  oppo¬ 
site  sense.  Therefore,  point  C  (see  §  81,  Fig.  180&)  is  the  instantaneous 
centre  of  zero  velocity  {Vc  =  0),  and,  consequently,  axis  Cc',  which 
is  parallel  to  both  Aa*  and  BV ,  is  the  instantaneous  axis  of  rotation 
of  the  body. 

The  angular  velocity  w  of  the  absolute  rotation  of  the  body  about 
axis  Cc’  and  the  position  of  the  axis,  i.e.,  of  point  C,  can  be  determi¬ 
ned  from  Eq.  (55)  of  §  81: 


_ Vb  _  I'A 

BC  ~  AC 


By  virtue  of  the  properties  of  proportions,  we  obtain: 


^a+vb  __  va+vb 
AC+BC  AB 

Substituting  Va  =  (02’AB  and  Vg  =  (Oi'AB  into  the  last  two 
equations,  -we  finally  obtain: 


0)  —  (l)i  -f-  (02, 

COj  0)2  © 

'bc~~ac'~~ab’ 


(87) 

(88) 


Thus,  if  a  body  participates  simultaneously  in  two  rotations  of  same 
sense  about  parallel  axes,  the  resultant  motion  will  he  an  Instantaneous 
rotation  with  an  angular  velocity  (o  =  (Oi  -H  ft)2  about  an  instanta- 
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neous  axis  parallel  to  the  two  given  axes;  the  position  of  this  axis  is 
determined  by  the  ratio  (88). 

The  instantaneous  axis  of  rotation  Cc'  moves  with  time,  describing 
a  cylindrical  surface. 

(2)  Rotations  of  Opposite  Sense.  Again  draw  a  section  S  of  the 
body  under  consideration  (Fig.  226)  and  let  us  assume  that  (0i  >  ©j. 
Then,  reasoning  in  the  same  way  as  above,  we  find  that  the  magnitudes 
of  the  velocities  of  points  A  and  B  are,  respectively,  —  ©* -AB 


Fig.  226 


Fig.  227 


and  Vb  =  ©i  ’AB,  the  two  velocities  being  parallel  and  of  same 
sense.  The  instantaneous  axis  of  rotation  passes  through  point  C 
(Fig.  226)  and 

_  Vb  —  ^A 

BC  AC  BC—AC  ’ 
or 


© 


vb—va 

AB 


Substituting  the  values  of  and  Vg  in  these  equations,  we  obtain 
finally: 


©  =  ©,  —  ©2, 


(89) 


Cdj  0)2  Cd 

'bc"~~ac~'ab’ 


(90) 


Thus,  in  this  case,  too,  the  resultant  motion  is  an  instantaneous 
rotation  with  absolute  angular  velocity  ©  =  ©^  —  ©2  about  the 
axis  Cc',  the  position  of  which  is  specified  by  the  ratio  (90). 

These  results  show  that  in  rotations  about  parallel  axes  the  vectors 
of  the  angular  velocities  are  compounded  like  the  vectors  of  parallel 
forces  (§  17). 

(3)  Rotation  Couple.  Consider  the  special  case  of  rotations  of 
opposite  sense  about  parallel  axes  (Fig.  227)  in  which  ©1  =  ©j. 
Such  a  combination  of  rotations  is  called  a  rotation  couple,  and  vectors 
©1  and  ©2  make  an  angular  velocity  couple.  In  this  case  we  have 

17* 
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—  <^i'AB.  Then  (see  §  81,  Fig.  180a)  the  instantaneous 
centre  of  zero  velocity  lies  at  infinity  and  all  points  of  the  body  have 
the  same  velocity  i;  ==  oHi-AB. 

Thus,  the  resultant  motion  of  the  body  will  be  a  translation  (or 
an  instantaneous  translation)  with  a  velocity  v  equal  in  magnitude 
to  (a^'AB  and  normal  to  the  plane  through  vectors  <»i  and  Wg;  the 
direction  of  vector  v  is  determined  in  the  sa¬ 
me  way  as  the  direction  of  the  moment  m  of 
a  force  couple  in  statics  (§45).  Thus,  a  rotation 
couple  is  equivalent  to  a  translation  {or  an  in¬ 
stantaneous  translation)  with  a  velocity  v  equ¬ 
al  to  the  moment  of  the  corresponding  angular 
velocity  couple. 

An  example  of  such  motion  is  the  tran- 
slatory  displacement  of  a  bicycle  pedal  DE 
with  respect  to  the  bicycle  frame  (Fig.  228) 
resulting  from  the  relative  rotation  of  the  pe¬ 
dal  about  axle  A  mounted  on  the  crank  BA  and  the  rotational  mo¬ 
tion  of  transport  of  the  crank  about  axle  B.  The  angular  velocities 
©1  and  ©2  of  these  rotations  are  equal  in  magnitude,  as  at  any  in¬ 
stant  the  angle  cp^  of  rotation  of  the  pedal  relative  to  the  crank  is 
equal  to  the  angle  (pj  of  rotation  of  the  crank.  The  velocity  of  the 
pedal’s  translational  motion  will  he  v  =  m^-AB. 


§  95'’'.  Toothed  Spur  Gearing 

The  results  obtained  in  the  preceding  section  can  be  used  for  the 
kinematic  calculation  of  spur  gearing  transmissions.  Let  us  consider 
the  main  types  of  such  transmissions. 

(1)  A  common  gear  train  is  one  in  which  all  the  gears,  which  are 
meshed  successively,  rotate  on  fixed  axes.  One  of  the  gears  (e.g.,  gear  1 
in  Fig.  229)  is  the  driving  gear,  or  driver,  and  the  others  are  the 
driven  gears  or  followers.  In  the  case  of  external  (Fig.  229a)  or 
internal  (Fig.  2296)  gearing  with  two  wheels  we  have  I  ©i  = 
=  I  ©2  |r2,  as  the  velocity  of  the  point  of  engagement  A  is  the  same 
for  both  gears.  Since  the  number  of  teeth  z  of  the  gears  is  proportional 
to  their  radii,  and  taking  into  account  that  the  rotation  of  the  gears 
is  in  the  same  direction  in  the  case  of  internal  engagement  and  in 
opposite  directions  in  the  case  of  external  engagement,  we  have:*’ 

/  ©1  \  _ _ _  r2  _  Z2 

V  cd2  /ext  ri  zj  ’  \  ©2  Mnt  rj  zi  ' 

*)  In  all  the  formulas  of  this  section,  ©  is  the  algebraic  (numerical)  value 
of  the  angular  velocity,  “plus”  indicating  counterclockwise  rotation  and  “minus” 
indicating  clockwise  rotation. 


261 


Ch.  25]  Resultant  Motion'  of  a  Rigid  Rody 

For  a  train  of  three  external  gears  (Fig.  229c)  we  have 

_©i _ ^  _ 

(1)2  rj  ’  03  r2  ’ 

whence 

(Oi  _  rs  _ ^3 

%  ~  rj  “  • 

Consequently,  the  ratio  of  the  angular  velocities  of  the  end  gears 
in  a  straight  drive  is  inversely  proportional  to  their  radii  (the  number 


of  teeth)  and  does  not  depend  on  the  radii  of  intermediate  gears 
(idlers). 

From  the  results  obtained  it  follows  that  in  a  straight  drive  consi¬ 
sting  of  n  gears 


©n  ^  ri 


(-1) 


k 

*1 


(91) 


where  k  is  the  number  of  external  engagements  (in  the  case  of 
Fig.  229a  there  is  one  external  engagement,  in  Fig.  229c  there  are 
two  external  engagements,  in  Fig.  2296  there  are  no  external  engage¬ 
ments). 

The  gear  ratio  of  a  toothed  drive  is  the  quantity  im  which  gives 
the  ratio  of  the  angular  velocity  of  the  driver  to  that  of  the  follower; 

=  (92) 

For  a  straight  drive  the  value  of  ii„  is  given  by  the  right  side  of 
Eq.  (91). 

(2)  An  epicyclic,  or  planetary  gear  train  (see  Fig.  230),  is  one  in 
which  gear  2  is  fixed  while  the  other  successively  engage<i  gears  are 
connected  by  a  link  AR,  called  an  arm,  which  rotates  about  the  axis 
of  the  fixed  gear. 

(3)  A  differential  gear  train  is  again  of  the  type  in  Fig.  230,  with 
the  difference  that  gear  2  also  rotates  about  its  axis  independently 
of  the  arm  AB. 

Epicyclic  and  differential  gear  trains  can  be  calculated  by  mentally 
giving  the  fixed  plane  Ax^y^  a  rotation  with  an  angular  velocity 
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— (o^B  equal  in  magnitude  and  opposite  in  sense  to  the  angular 
velocity  of  the  arm  AB. 

Then,  by  the  results  of  §  94,  the  arm  will  be  fixed  in  this  resultant 
motion  and  any  gear  of  radius  r?,  will  have  an  angular  velocity 
(0^  =  (Oh  —  o>ajb>  where  ©h  is  the  absolute  angular  velocity  of  this 
gear  relative  to  the  axes  Axii/i.  The  axes  of  all  the  gears  will  be  fixed 
and  the  dependence  between  (for  diBerent  A's)  can  be  found  either 


by  equating  the  velocities  of  the  points  of  engagement  or  directly 
from  Eq.  (91). 

Epicyclic  and  difierential  gear  trains  can  also  be  calculated 
with  the  help  of  instantaneous  centres  of  zero  velocity  (§  81). 

Problem  90.  In  the  epicyclic  gear  train  in  Fig.  230,  gear  I  of  radius 
is  fixed  and  arm  AB  rotates  with  an  angular  velocity  ©ab-  Determine 
the  angular  velocity  of  gear  5  of  radius  rg. 

Solution.  Let  us  denote  the  absolute  angular  velocities  of  the  gears 
with  respect  to  the  axes  Axiy^  as  ©i  (©i  =  0),  ©a,  and  ©3.  Rotating 
the  whole  plane  Ax^y^  with  an  angular  velocity  — ©ab»  we  obtain: 

©1  =  0  —  ©ABi  ©2  =  ®2  —  ©aBj 
©3  =  ©3  —  ©aB»  =  0. 

The  number  of  external  engagements  in  the  resulting  common 
gear  train  is  =  2.  Then,  from  Eq.  (91), 

©1  _  '•3 —  ©AB  __  Tz 

'■  U1  ■  —  • 

©3  '‘1  ©3  “©AS  '"1 

From  this  we  find  the  absolute  angular  velocity  of  gear  3: 

©3=(l  — -^)®AB- 

If  rg  >  Tj,  the  direction  of  rotation  of  gear  3  is  the  same  as  that 
of  the  arm;  if  <  r^,  it  is  opposite.  If  ri  =  r^,  we  obtain  ©3  =  0,  and 
gear  3  is  in  translatory  motion. 
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The  relative  angular  velocity  of  gear  3  (with  respect  to  arm  AB) 
is  found  from  Eq.  (87).  As  the  absolute  velocity  ©3  =  ©reu  +  ©as 
(the  angular  velocity  ©^b  of  the  arm  is  the  transport  velocity  for 
gear  3),  then 

e>rel3  =  W3  —  ®  AB  — - zr  ®  AB- 


At  rg  =  Tj,  we  obtain  ©reu  =  — ©ab-  The  relative  ©reis  and 
transport  ©^g  angular  velocities  form  a  couple,  which  in  another 
way  leads  us  to  the  same  conclusion  that  the  resultant  motion  of 
gear  3  in  this  case  is  a  translation  with 
a  velocity  v  =  (o^b-AB. 

Alternative  solution*^  The  velocity  of 
point  B  of  gear  3  is  Vg  =  (ri  +  2r3  + 

+  '■3)  ©ab-  We  shall  determine  the  velocity 
of  point  K  of  the  gear,  which  is  the  point  of 
engagement  of  gears  2  and  3.  The  velocity 
of  gear  2  is  i^c  =  (ri  +  r^)  ©ab-  The  instan¬ 
taneous  centre  of  zero  velocity  of  the  gear 
is  at  point  P^,  where  it  coincides  with 
gear  1.  Consequently,  Vk  =  2.Vc  =  2  (r^  -f 
H-ra)  ©ab- 

Then,  by  Eq.  (56)  (|  81), 

-ogl 


©3  = 


I  vb- 


BK 


>•3— 

'■3 


©AB- 


The  same  result  can  be  obtained  by  constru-  Fig.  231 

cting  the  centre  of  zero  velocity  P^  of  gear  3. 

Problem  91 .  The  reduction  gear  in  Fig.  231  consists  of  (a)  a  fixed 
gear  7,  (b)  two  pairs  of  twin  pinions  2  and  3  mounted  on  a  link  connec¬ 
ted  with  the  driving  shaft  AC  (the  engagement  of  pinions  2  and  1  with 
gear  1  is  internal),  (c)  a  gear  4  mounted  on  the  driven  shaft  B.  The 
number  of  teeth  in  the  gears  are:  Zj  =  120,  =  40,  Z3  =  30,  —  50. 

The  driving  shaft  makes  «a  =  1  500  rpm.  Determine  the  rpm  of  the 
driven  shaft  B. 

Solution.  Let  us  denote  the  absolute  angular  velocities:  of  shaft  AC 
together  with  the  link  as  ©a’,  of  gear  4  together  with  shaft  B  as  ©b; 
of  the  pinions  2  and  3  as  ©33  (these  gears  rotate  as  a  single  body). 
Gear  1  has  an  angular  velocity  ©^  =  0.  Rotating  plane  Zjj/i,  parallel 
to  which  the  mechanism  moves,  with  an  angular  velocity  —  ©a»  -we 
obtain  that  the  link  in  this  imaginary  motion  is  fixed  (©a  =  0) 
and  the  velocities  of  the  gears  are 

©J  =  0  —  ©A,  ©23  =©23 — ©At  ©4  =  ©B  —  ®A- 


*>  -\]i  alternative  solution  is  given  to  show  the  possibility  of  employing 
the  methods  of  §  81.  Problems  91  and  92  could  also  have  been  solved  this  way, 
but  usually  this  solution  is  more  involved  (especially  for  Problem  92). 
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Writing  now  Eg.  (91)  for  gears  1  and  2,  and  3  and  4,  we  obtain: 

Ml  _  M23  _  Z4 

(023  *  “4  ^3 

Multiplying  the  two  equations,  we  have: 

_  _  3224  QJ,  —<>>A  _  _  32^4 

®4  3)23  ’  (!)£ — (0^  2j23  ’ 

whence,  taking  into  account  that  the  number  of  rpm  is  proportional 
to  (0,  we  find; 

”b=  (l  raA  =  4200  rpm. 

Problem  92.  Solve  the  last  problem,  assuming  that  gear  I  rotates 
at  «!  =  1  100  rpm  in  the  same  direction  as  shaft  AC  (a  differential 
reduction  gear). 

Solution.  The  sequence  of  the  solution  is  the  same  as  in  Problem  91, 
with  the  sole  difference  that  now  (Oj  0  and  ©i  and  ©a  are  of  same 
sense.  Consequently,  ©^  =  ©^  —  ©^. 

As  a  result,  the  ratio 

©1 _ 3324 

©4  3123  * 

obtained  in  Problem  91,  gives 

©1 — ©A  2324 

©B— ©A  *133  ’ 

whence,  passing  to  rpm,  we  find 

^  ("a  —  wi)  -=  2  220  rpm. 

If  gear  1  rotates  in  the  opposite  direction  to  that  of  shaft  AC, 
the  sign  of  in  the  result  obtained  should  be  changed. 


§  96"'.  Composition  of  Rotations  About  Intersecting  Axes 

Let  the  relative  motion  of  body  1  in  Fig.  232a  be  a  rotation  with 
angular  velocity  ©^  about  an  axis  a^a  mounted  on  a  crankshaft  2, 
and  let  the  motion  of  transport  be  the  rotation  of  the  crankshaft  with 
angular  velocity  ©g  about  axis  b^b,  which  intersects  with  axis  a^a 
at  0.  Schematically  such  a  case  of  composition  of  rotations  about 
intersecting  axes  is  shown  in  Fig.  2326. 

It  is  obvious  that  in  this  case  the  velocity  of  point  0,  as  lying 
simultaneously  on  both  axes,  is  zero.  Consequently,  the  resultant 


Ch.  15\ 


Resultant  Motion  of  a  Rigid  Body 


265 


motion  of  the  body  is  a  motion  about  the  fixed  point  O,  which  for 
every  infinitesimal  time  interval  represents  an  infinit^imal  turn 
with  an  angular  velocity  ©  about  an  instantaneous  axis  through 
point  O  (§  86). 

To  determine  vector  a,  calculate  the  velocity  of  any  point  M 
of  the  body  whose  radius  vector  is  OM  =  r.  In  the  relative  motion 
about  axis  Oa,  point  M,  by  Eq.  (67),  has  a  velocity  v^ex  =  X  r; 


Fig.  232 

in  the  motion  of  transport  about  axis  Oh  the  velocity  of  the  point 
is  Vti  =  ©2  X  **•  Hence,  the  absolute  velocity  of  M  is 

»a  =  Vrel  +  Vtr=  (<»1  4-«>2)  X  r. 

But  as  the  resultant  motion  of  the  body  is  an  instantaneous  rota¬ 
tion  with  an  angular  velocity  ©,  we  must  have: 

t)a  =  ®  X  r. 

Similar  results  can  be  obtained  for  every  point  of  the  body  (i.e.,  for 
any  value  of  r).  We  conclude,  therefore,  that 

©  =  ©1  "1?  ©2*  (93) 

Thus,  the  resultant  of  rotational  motions  about  two  axes  intersecting 
at  any  point  O  is  an  instantaneous  rotation  about  an  axis  Oc  through  O 
the  angular  velocity  ©  of  which  is  the  geometrical  sum  of  the  relative 
angular  velocity  and  the  transport  angular  velocity.  The  instantaneous 
axis  of  rotation  Oc  is  collinear  with  vector  ©,  i.e.,  it  is  directed  along 
the  diagonal  of  a  parallelogram  with  vectors  ©i  and  ©2  as  its  sides. 

Axis  Oc  changes  its  position  with  time,  describing  a  conic  surface 
with  its  apex  at  0. 

If  a  body  takes  part  simultaneously  in  instantaneous  rotations 
about  several  axes  intersecting  at  O,  by  consecutively  applying  Eq. 
(93)  we  arrive  at  the  conclusion  that  the  resultant  motion  is  an 
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instantaneous  rotation  about  an  axis  through  0,  and  the  angular 
velocity  of  that  motion  is 


0)  —  ®i  +  ©g  -f-  .  .  •  +  Wn-  (94) 

Problem  93.  Determine  the  absolute  angular  velocity  of  the  roller 
in  Fig.  233  (see  Problem  80,  §  87),  if  its  radius  AC  =  R,  OA  =  I, 

and  the  velocity  of  point  A  is 
Solution.  The  absolute  motion  of 
the  roller  is  the  result  of  its 
relative  rotation  about  axis  OA 
vifith  an  angular  velocity  (Oj  and 
the  transport  rotation  of  crank  OA 
about  axis  OB  with  an  angular  ve¬ 
locity  where 


(02  = 


oa 

I 


The  instantaneous  axis  of  rota¬ 
tion  and,  consequently,  the  vector 
of  the  absolute  angular  velocity  co  are  directed  along  OC,  as  the 
velocity  of  point  C  is  zero  (see  Problem  80).  Constructing  a  paralle¬ 
logram,  we  find  that  to  =  (02/sin  a. 

As  sin  a  =  -7=  we  obtain  finally: 


(0  = 


lA. 

R 


14- 


i?2 

Z2 


The  same  result  can  be  obtained  (taking  into  account  that  OC  is  the 
instantaneous  axis  of  rotation)  from  the  equation  =  (oh,  where 
h  =  I  sin  a. 

The  motion  of  the  roller  represents  a  succession  of  infinitesimal 
turns  with  an  angular  velocity  to  round  axis  OC  which  continuously 
•changes  its  position,  describing  a  circular  cone  with  its  apex  at  O. 


§  97"'.  Euler  Kinematic  Equations 

Let  us  use  the  results  of  the  previous  section  to  determine  the 
angular  velocity  ®  of  a  body  rotating  about  a  fixed  axis  (§  86)  if  the 
motion  is  given  by  Eqs.  (65). 

Draw  the  fixed  axes  Oxiy^z^  and  axes  Oxyz  rigidly  connected  with 
the  body  and  moving  with  it  (Fig.  234)  and  indicate  the  Euler  angles 
<p,  \j),  and  0.  As  the  angles  change  with  time,  the  body  performs  rota¬ 
tions  about  axes  Oz,  Oz^  and  OK  (see  §  86);  denote  the  angular  velo¬ 
cities  of  these  rotations,  respectively,  by  ®i,  Wj*  ®3  repre- 
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sent  them  as  vectors  directed  along  the  respective  axes.  In  magni¬ 
tude, 

c?q)  •  dib  *  dQ 


(0,  =  -^=(p,  (02  =  -:5r='P.  ®3=— =  0*  (95) 

By  Eq.  (94)  the  body’s  angular  velocity  at  the  given  instant  is 
ft)  =  %  -f  toj.  (96) 

To  determine  vector  ft),  find  its  projections  on  the  moving  axes 
Oxyz.  From  Eq.  (96)  we  have: 

(Ox  =  (Oj *  (02X  "f”  (O3X, 

(Off  =  (Oiff  +  (02ff  “f*  (Osff , 

(Oz  =  (Ojz  -f-  (02J  (O3Z. 

The  projections  of  vectors  ft)i  and  0)3  are  determined  at  once  (see 
Fig.  234  and  the  notations  (95)]: 

(Oix  =  (Oij,  =  0,  CO,z  =  (p,  (O3*  =  0COSq), 

(03ff=  —  Qsinq),  01)32  =  0. 

To  determine  the  projections  of 
(Og,  draw  through  axes  Oz^  and  Oz 
a  plane  intersecting  plane  Oxy 
along  OL.  As  OK  is  perpendicular 
to  the  plane  zOz^,  it  is  also  perpen¬ 
dicular  to  the  line  OL  (^z  KOL=90°, 
and  ^  LOy  —  9).  Then,  proje¬ 
cting  vector  ft)2  on  OL  and  in 
turn  projecting  that  projection 
on  axes  Ox  and  Oy,  we  obtain 


iX,  1 

Z»  * 


(97) 


Fig.  234 

[see  Eqs.  (5)  in  §  81: 
•  •  • 

0)2x  =  'psin6sin<p,  (i)2ff  =  sin  6  cos  9,  Wgz  = )()  cos  0. 


Substituting  the  projections  into  the  right-hand  sides  of  Eqs.  (97), 
we  finally  obtain: 


(0^  =  9  sin  0  sin  9  0  cos  9, 

ft)j,  =  9  sin  0  cos  9  —  0  sin  9, 
ft)^  ==  9  4-  9  cos  0. 


(98) 


Eqs.  (98)  are  called  the  Euler  kinematic  equations  and  they  give 
the  projections  of  the  body’s  angular  velocity  on  the  moving  axes 
Oxyz  in  terms  of  the  Euler  angles.  It  is  readily  apparent  from  Eqs.  (98) 
that  knowing  Eqs.  (65)  we  can  determine  (o,;,  (Oy,  and  Wz,  i.e.,  vector 
ft),  as  was  indicated  in  §  86. 
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§  98'\  Composition  of  a  Translation  and  a  Rotation. 
Screw  Motion 

Let  us  examine  the  resultant  motion  of  a  rigid  body  having  a  trans¬ 
lation  and  a  rotation.  An  example  is  presented  in  Fig.  235,  where  the 
relative  motion  of  body  i  is  a  rotation  with  angular  velocity  about 
axis  Aa  mounted  on  the  platform  2,  and  the  translational  motion 

of  transport  is  that  of  the  platform 
with  velocity  v.  Also  taking  part  si¬ 
multaneously  in  two  such  motions  is 
the  wheel  3  for  which  the  relative 
motion  is  the  rotation  about  its  axis 
and  the  motion  of  transport  is  that 
of  the  platform.  Depending  on  the 
size  of  the  angle  between  vectors  «> 
and  V  (for  the  wheel  it  is  90®),  three 
cases  are  possible. 

(1)  The  Velocity  of  the  Transla¬ 
tion  is  Perpendicular  to  the  Axis  of 
Rotation  {v  ±  ®).  Let  the  resultant  motion  of  the  body  consist  of 
a  rotation  about  an  axis  Aa  with  an  angular  velocity  t*  and  a  transla¬ 
tion  with  a  velocity  v  perpendicular  to  ®  (Fig.  236).  It  is  evident 

a 


Fig.  236  Fig.  237 

that  with  respect  to  plane  P,  which  is  perpendicular  to  Aa,  this  is 
plane  motion,  which  is  discussed  in  detail  in  Chapter  12.  If  point  A 
is  taken  as  the  pole,  the  motion,  like  any  plane  motion,  will  actually 
consist  of  a  translation  with  a  velocity  =  v,  i.e.,  the  velocity 
of  the  pole,  and  a  rotation  round  the  axis  Aa  through  the  pole. 
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Vector  V  can  be  replaced  by  a  couple  of  angular  velocities  ®',  ®" 
(§  94),  where  =  ®,  and  =  — ®.  The  distance  AP  can  be  found 
from  the  equation  y  =  ©'  ’AP,  whence  (taking  into  account  that 
©'  =  ©) 

AP  =  ^.  (99) 

The  resultant  of  vectors  ®  and  ®"  is  zero,  and  we  find  that  the 
motion  of  the  body  can  be  treated  as  an  instantaneous  rotation  about 
axis  Pp  with  an  angular  velocity  ®'  =  ®.  This  result  was  obtained 
earlier  in  another  way  (§  81).  Comparing  Eqs.  (53)  and  (99),  we  will 
readily  notice  that  point  P  is  the  instantaneous  centre  of  zero  velo¬ 
city  {Vp  =  0)  for  section  {S)  of  the  body.  Thus,  we  see  once  again 
that  the  rotation  of  the  body  about  Aa  and  Pp  is  with  the  same 
angular  velocity  ®,  i.e.,  the  rotational  component  of  a  motion  does 
not  depend  on  the  choice  of  the  pole  (§  77). 

(2)  Screw  Motion  (v  ||  ®).  If  the  resultant  motion  of  a  body  consists 
of  a  rotation  about  an  axis  .4a  with  an  angular'velocity  ®  and  a  trans¬ 
lation  with  a  velocity  v,  directed  parallel  to  Aa  (Fig.  237),  it  is 
called  screw  motion.  Axis  A  a  is  called  the  axis  of  the  screw.  When 
vectors  v  and  ®  are  in  the  same  direction,  then,  according  to  the 
rule  for  the  notation  of  ®,  the  screw  is  right-handed;  if  they  are 
of  opposite  sense,  the  screw  is  left-handed. 

The  translatory  displacement  of  any  point  of  the  body  lying  on 
the  axis  of  the  screw  during  one  complete  turn  is  called  the  pitch  h  of 
the  screw.  If  v  and  ©  are  constant,  the  pitch  of  the  screw  is  said 
to  be  constant.  Denoting  the  time  of  one  complete  turn  as  T,  we  obtain 
in  this  case  vT  —  h,  and  (oT  —  2n,  whence 

h==2n  —  . 

(0 

Any  point  Af  of  a  screw  with  a  constant  pitch  not  lying  on  the  axis 
of  the  screw  describes  a  screw  line.  The  velocity  of  such  a  point  M 
lying  at  a  distance  r  from  the  axis  of  the  screw  is  compounded  of  the 
translatory  velocity  v  and  the  rotational  velocity  ©r  perpendicular 
to  it.  Consequently, 

Velocity  Vm  is  tangent  to  the  screw  line.  If  the  cylindrical  surface 
along  which  point  M  moves  is  cut  along  its  generator  and  spread 
out,  the  screw  lines  will,  evidently,  turn  into  straight  lines  inclined 
at  an  angle  a  to  the  base  of  the  cylinder  such  that  tan  a  =  hUnr. 

(3)  The  Velocity  of  Translation  Makes  an  Arbitrary  Angle  With  the 
Axis  of  Rotation.  In  this  case  the  resultant  motion  of  the  body 
(Fig.  238a)  is  the  same  as  discussed  in  Sec.  88  (the  most  general 
motion  of  a  free  rigid  body). 
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Let  us  resolve  vector  v  (Fig.  2386)  into  its  components:  (1)  v'  col- 
linear  with  ta  {v'  =  V  cos  a)  and  (2)  v "  perpendicular  to  <»  (i; "  = 
=  y  sin  a).  Velocity  v"  can  be  replaced  by  an  angular  velocity 
couple  such  that  ta'  =  ®  and  to"  =  —  o  (as  in  Fig.  236),  and  vectors 
wand  ©"can  be  discarded.  The  distance  is  found  from  formula  (99): 

v”  ysina 

AC  =  —  = - . 

0)  (0 

The  body  is  thus  left  with  a  rotation  with  an  angular  velocity  ©' 
and  a  translation  with  a  velocity  v' .  Thus,  the  distribution  of  the 


velocities  of  all  the  points  of  the  body  at  any  given  instant  is  the 
same  as  in  a  screw  motion  about  axis  Cc  with  an  angular  velocity 
©'  =  ©  and  a  translatory  velocity  v'  =  v  cos  a. 

As  a  result  of  these  operations  (Fig.  2386),  we  have  passed  from 
pole  A  to  pole  C,  which  demonstrates  that  even  in  the  most  general 
motion  of  a  body  the  angular  velocity  does  not  depend  on  the  choice 
of  the  pole  (©'  =  ©),  and  only  the  translatory  velocity  is  affected 
(v'=i^v). 

As  in  the  motion  of  free  rigid  bodies  v,  ©,  a  in  general  change  con¬ 
tinuously,  so  will  the  position  of  axis  Cc,  which  is  therefore  called 
the  Instantaneous  screw  axis.  Thus,  the  motion  of  a  free  rigid  body 
can  also  be  treated  as  the  resultant  of  a  series  .of  instantaneous  screw 
motions  about  continuously  changing  screw  axes. 
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Introduction  to  Dynamics. 
Laws  of  Dynamics 


§  99.  Basic  Concepts  and  Definitions 

Dynamics  is  the  section  of  mechanics  which  treats  of  the  laws  of 
motion  of  material  bodies  subjected  to  the  action  of  forces. 

The  motion  of  bodies  from  a  purely  geometrical  point  of  view  was 
discussed  in  kinematics.  Unlike  kinematics,  in  dynamics  the  motion 
of  bodies  is  investigated  in  connection  with  the  acting  forces  and 
the  inertia  of  the  material  bodies  themselves. 

The  concept  of  force  as  a  quantity  characterising  the  measure 
of  mechanical  interaction  of  material  bodies  was  introduced  in  the 
course  of  statics.  But  in  statics  we  treated  all  forces  as  constant, 
without  considering  the  possibility  of  their  changing  with  time. 
In  real  systems,  alongside  of  constant  forces  (gravity  can  generally 
be  regarded  as  an  example  of  a  constant  force),  a  body  is  often  sub¬ 
jected  to  the  action  of  variable  forces  whose  magnitudes  and  directions 
change  when  the  body  moves.  Variable  forces  may  be  the  applied 
(active)  forces  or  the  reactions  of  constraints. 

Experience  shows  that  variable  forces  may  depend  in  some  specific 
ways  on  time,  on  the  position  of  a  body,  and  on  its  velocity  (examples 
of  dependence  on  time  are  furnished  by  the  tractive  force  of  an  elect¬ 
ric  locomotive  whose  rheostat  is  gradually  switched  on  or  oS  or  the 
force  causing  the  vibration  of  the  foundation  of  a  motor  with  a  poorly 
centred  shaft;  the  Newtonian  force  of  gravitation  or  the  elastic  force 
of  a  spring  depending  on  the  position  of  a  body;  the  resistance  expe¬ 
rienced  by  a  body  moving  through  air  or  water  depends  on  the  velocity. 
In  dynamics  we  shall  deal  with  such  forces  alongside  of  constant 
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forces.  The  laws  for  the  composition  and  resolution  of  variable  forces 
are  the  same  as  for  constant  forces. 

The  concept  of  inertia  of  bodies  arises  when  we  compare  the  results 
of  the  action  of  an  identical  force  on  difierent  material  bodies. 
Experience  shows  that  if  the  same  force  is  applied  to  two  diHerent 
bodies  initially  at  rest  and  free  from  any  other  actions,  in  the  most 
general  case  the  bodies  will  travel  difierent  distances  and  acquire 
difierent  velocities  in  the  same  interval  of  time. 

Inertia  is  the  property  of  material  bodies  to  resist  a  change  in  their 
velocity  under  the  action  of  applied  forces.  If,  for  example,  the  velocity 
of  o.ne  body  changes  slower  than  that  of  another  body  subjected  to  the 
same  force,  the  former  is  said  to  have  greater  inertia,  and  vice  versa. 

The  quantitative  measure  of  the  inertia  of  a  body  is  a  physical  quantity 
called  the  mass  of  that  body.*^  In  mechanics  mass  mis  treated  as  a  quan¬ 
tity  which  is  positive  and  constant  for  every  body.  The  units  of  mass 
will  be  discussed  in  §  101. 

In  the  most  general  case  the  motion  of  a  body  depends  not  only 
on  its  total  mass  and  the  applied  forces;  the  nature  of  motion  may 
also  depend  on  the  shape  of  the  body  or,  more  precisely,  on  the  mutual 
position  of  its  particles  (i.e.,  on  the  distribution  of  mass). 

In  the  initial  course  of  dynamics,  so  as  to  neglect  the  influence 
of  the  shape  (distribution  of  the  mass)  of  a  body,  the  concept 
of  a  material  point,  or  particle  is  introduced. 

A  particle  is  a  material  body  (a  body  possessing  mass)  the  size  of 
which  can  be  neglected  in  investigating  its  motion. 

Actually  any  body  can  be  treated  as  a  particle  when  the  distances 
travelled  by  its  points  are  very  great  as  compared  with  the  size 
of  the  body  itself.  For  example,  in  studying  the  motion  of  a  planet 
about  the  sun  or  determining  the  range  of  an  artillery  shell,  etc., 
the  planet  or  shell  can  be  treated  as  particles.  Furthermore,  as  will 
be  shown  in  the  dynamics  of  systems,  a  body  in  translational  motion 
can  always  be  considered  as  a  particle  of  mass  equal  to  the  mass 
of  the  whole  body.  Finally,  the  parts  into  which  we  shall  men¬ 
tally  divide  bodies  in  analysing  any  of  their  dynamical  characte¬ 
ristics  can  also  be  treated  as  material  points. 

Obviously,  the  investigation  of  the  motion  of  a  single  particle 
should  precede  the  investigation  of  systems  of  particles,  and  in 
particular  of  rigid  bodies.  Accordingly,  the  course  of  dynamics  is 
conventionally  subdivided  into  particle  dynamics  and  the  dynamics 
of  systems  of  particles. 


*)  Mass  is  also  a  measure  of  a  body’s  gravitational  properties  as,  according 
to  the  law  of  universal  gravitation,  two  bodies  attract  each  other  with  a  force 
varying  directly  as  the  product  of  their  masses  and  inversely  as  the  square  of 
the  distance  between  them. 
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§  100.  The  Laws  of  Dynamics 

The  study  of  dynamics  is  based  on  a  number  of  laws  generalising 
the  results  of  a  wide  range  of  experiments  and  observations  of  the 
motions  of  bodies — laws  which  have  been  verified  in  the  long  course 
of  human  history.  These  laws  were  first  systematised  and  formulated 
by  Isaac  Newton  in  his  classical  work  Principia  Mathematica  published 
in  1687. 

The  First  Law  (the  Inertia  Law),  discovered  by  Galileo  in  1638, 
states:  A  particle  free  from  any  external  influences  continues  its  state 
of  rest  or  uniform  rectilinear  motion,  except  and  so  far  as  it  is  compelled 
to  change  that  state  by  impressed  forces.  The  motion  of  a  body  not 
subjected  to  any  force  is  called  motion  under  no  forces,  or  inertial 
motion. 

The  inertia  law  states  one  of  the  basic  properties  of  matter:  that 
of  being  always  in  motion.  It  establishes  the  equivalence,  for  mate¬ 
rial  bodies,  of  the  states  of  rest  and  of  motion  under  no  forces.  It 
follows,  then,  that  if  F  =  0,  a  particle  is  at  rest  or  moves  with 
a  velocity  of  constant  magnitude  and  direction  {v  =  const.);  the 
acceleration  of  the  particle  is,  evidently,  zero  {w  =  0);  if  the  motion 
of  a  particle  is  not  uniform  and  rectilinear,  there  must  be  some 
force  acting  on  it. 

A  frame  of  reference  for  which  the  inertia  law  is  valid  is  called 
an  inertial  frame  (or,  conventionally,  a  fixed  frame).  Experience 
shows  that,  for  our  solar  system,  an  inertial  frame  of  reference  has 
its  origin  in  the  centre  of  the  sun  and  its  axes  pointed  towards  the 
so-called  “fixed”  stars.  In  solving  most  engineering  problems  a  suf¬ 
ficient  degree  of  accuracy  is  obtained  by  assuming  any  frame  of 
reference  connected  with  the  earth  to  be  an  inertial  system.  The 
validity  of  this  assumption  will  be  proved  in  Chapter  20. 

The  Second  Law  (the  Fundamental  Law  of  Dynamics)  establishes 
the  mode  in  which  the  velocity  of  a  particle  changes  under  the  action 
of  a  force:  The  product  of  the  mass  of  a  particle  and  the  acceleration 
imparted  to  it  by  a  force  is  proportional  to  the  acting  force",  the  accele¬ 
ration  takes  place  in  the  direction  of  the  force. 

Mathematically  this  law  is  expressed  by  the  vector  equation 

mw  =■  F.  (1) 

The  dependence  between  the  magnitudes  of  the  acceleration  and 
the  force  is 

mw  =  F.  (2) 

The  second  law  of  dynamics,  like  the  first,  is  valid  only  for  an 
inertial  frame.  It  can  be  immediately  Seen  from  the  law  that  the 
measure  of  the  inertia  of  a  particle  is  its  mass,  since  two  difierent 
particles  subjected  to  the  action  of  the  same  force  receive  the  same 
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acceleration  only  if  their  masses  are  equal;  if  their  masses  are  difie- 
rent,  the  particle  with  the  larger  mass  (i.e.,  the  more  inert  one)  will 
receive  a  smaller  acceleration,  and  vice  versa. 

A  set  of  forces  acting  on  a  particle  can,  as  we  know,  be  replaced 
by  a  single  resultant  22  equal  to  the  geometrical  sum  of  those  forces. 
In  this  case  the  equation  expressing  the  fundamental  law  of  dynamics 
acquires  the  form 

mw  —  B  oT  mw  =  2  (3) 

This  result  can  also  be  obtained  by  applying,  instead  of  the  paral¬ 
lelogram  principle,  the  law  of  independent  action  of  forces,  according 
to  which  each  of  a  number  of  forces  acting  on  a  particle  imparts 
to  it  the  same  acceleration  as  it  would  have  imparted  if  acting  alone. 

Weight  and  Mass.  All  bodies  close  to  the  surface  of  the  earth  are 
subject  to  the  force  of  gravity  JP,  equal  in  magnitude  to  a  body’s 
weight.  It  has  been  established  experimentally  that  under  the  action 
of  force  P  all  bodies  falling  to  the  earth  (from  a  small  height  and 
in  vacuo)  possess  the  same  acceleration  g;  this  is  known  as  the 
acceleration  of  gravity  or  of  free  fall*K  Applying  Eq.  (2),  for  free  fall 
we  have 

p 

P  =  mg  OT  m  =  —  .  (4) 

Eq.  (4)  gives  the  body’s  mass  in  terms  of  its  weight,  and  vice  versa; 
it  ^tablishes  that  a  body's  weight  is  the  product  of  its  mass  and  accele¬ 
ration  of  gravity,  and  its  mass  is  the  quotient  of  its  weight  divided  by  the 
acceleration  of  gravity.  Weight,  like  the  acceleration  of  gravity  g, 
changes  with  latitude  and  altitude;  mass  is  a  constant  for  every 
given  body  (or  particle). 

The  Third  Law  (the  Law  of  Action  and  Reaction)  establishes  the 
character  of  mechanical  interaction  between  material  bodies.  For 
two  particles  it  states:  Two  particles  exert  on  each  other  forces  equal 
in  magnitude  and  acting  in  opposite  directions  along  the  straight  line 
connecting  the  two  particles. 

It  should  be  noted  that  the  forces  of  interaction  between  free  par¬ 
ticles  (or  bodies)  do  not  form  a  balanced  system,  as  they  act  on  diffe¬ 
rent  objects.  For  example,  if  a  piece  of  iron  and  a  magnet  are  placed 
near  each  other  on  a  smooth  surface,  they  will  move  towards  each 
other  under  the  influence  of  their  mutual  attraction  and  not  remain 
at  rest.  Since  the  magnitude  of  the  force  acting  on  each  body  is  the 
same,  it  follows  from  the  second  law  of  dynamics  that  the  accelera¬ 
tions  of  the  two  bodies  will  be  inversely  proportional  to  their  masses. 


•)  The  law  of  free  fall  of  bodies  was  discovered  by  Galileo.  The  value  of  g 
varies  for  different  localities,  depending  on  geographic  latitude  and  elevation 
above  sea  level.  At  sea  level  on  the  latitude  of  Moscow  g  —  9.8156  m/s‘. 
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The  third  law  of  dynamics,  which  establishes  the  character  of 
interaction  of  material  particles,  plajre  an  important  part  in  the 
dynamics  of  systems. 

§  101.  Systems  of  Units 

Three  basic  units  are  sufficient  for  the  measurement  of  all  mecha¬ 
nical  quantities.  Two  of  these  are,  conventionally,  the  units  of  length 
and  time,  already  introduced  in  the  course  of  kinematics  (§  58). 
The  third  most  suitable  unit  is  either  mass  or  force.  As,  given  Eq.  (2), 
these  units  cannot  both  be  arbitrary,  two  basically  different  systems 
of  units  are  possible. 

First  Type  of  Unit  Systems.  The  primary  units  in  these  systems 
are  the  unit  of  length,  the  unit  of  time  and  the  unit  of  mass,  with 
force  measured  by  a  derived  unit. 

To  this  type  of  system  belongs  the  International  System  of  Units 
(SI),  in  which  the  basic  mechanical  units  are  the  metre  (m),  the 
kilogram  of  mass  (kg),  and  the  second  (s).  The  unit  of  force  is  thus 
a  derived  unit,  called  the  newton  (N),  and  is  the  force  that  imparts 

to  a  mass  of  1  kg  an  acceleration  of  1  m/s®  (iN  = 

Another  similar  system  is  the  CGS,  widely  used  in  physics,  in 
which  the  basic  units  are  the  centimetre,  gram  of  mass  and  second, 
and  force  is  a  derived  unit  called  the  dyne. 

Second  Type  of  Unit  Systems.  The  basic  units  in  these  systems  are 
the  unit  of  length,  the  unit  of  time,  and  the  unit  of  force,  mass  being 
a  derived  unit. 

To  these  systems  belongs  the  mkg(f)s  system,  used  extensively  in 
engineering,  in  which  the  basic  units  are  the  metre  (m),  the  kilogram 
of  force  (kgf)  and  the  second  (s).  In  this  system  the  unit  of  mass  is 

1  i.e.,  a  mass  to  which  a  force  of  Ij  kgf  imparts  an  acceleration 

of  1  m/s®. 

The  equivalence  between  the  units  of  force  in  the  SI  and  mkg(f)s 
systems  is;  1  kgf  »  9.8  N,  and  1  N  »  0.102  kgf. 

The  difference  between  the  two  types  of  systems  is  that  in  the  one 
the  mass  unit  is  taken  as  a  primary  dynamical  unit,  while  in  the 
other  force  is  a  primary  unit 

§  102.  The  Problems  of  Dynamics  for  a  Free  and  a 
Constrained  Particle 

The  problems  of  dynamics  for  a  free  particle  are;  (1)  kpowing  the 
equation  of  motion  of  a  particle,  determine  the  force  acting  on  it 
(the  first  problem  of  dynamics);  (2)  knowing  the  forces  acting  on  a  par- 

18* 
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tide,  determine  its  equation  of  motion  {the  second,  or  principal, 
problem  of  dymmics). 

Both  problems  are  solved  with  the  help  of  Eq.  (1)  or  (3),  which 
express  the  fundamental  law  of  dynamics,  since  they  give  the  rela¬ 
tion  between  acceleration  w,  i.e.,  the  quantity  characterising  the 
motion  of  a  particle,  and  the  forces  acting  on  it. 

In  engineering  it  is  often  necessary  to  investigate  the  constrained 
motion  of  a  particle,  i.e.,  cases  when  constraints  attached  to  a  particle 
compel  it  to  move  along  a  given  fixed  surface  or  curve. 

In  such  cases  we  shall  use,  as  in  statics,  the  axiom  of  constraints 
which  states  that  any  constrained  particle  can  be  treated  as  a  free  body 
detached  from  its  constraints  provided  the  latter  is  represented  by  their 
reactions  N.  Then  the  fundamental  law  of  dynamics  for  the  constrained 
motion  of  a  particle  takes  the  form 


mw  =  S  (^) 

where  F%  denotes  the  applied  forces  acting  on  the  particle. 

For  constrained  motion,  the  first  problem  of  dynamics  will  usually 
be:  determine  the  reactions  of  the  constraints  acting  on  a  particle 
if  the  motion  and  applied  forces  are  known.  The  second  (principal) 
problem  of  dynamics  for  such  motion  will  pose  two  questions,  namely, 
knowing  the  applied  forces,  to  determine:  (a)  the  equation  of  motion 
of  the  particle  and  (b)  the  reaction  of  its  constraints. 


§  103.  Solution  of  the  First  Problem  of  Dynamics 
(Determination  of  the  Forces  if  the  Motion 
is  Known) 

If  the  acceleration  of  a  moving  particle  is  given,  the  applied  force 
or  the  reaction  of  the  constraint  can  be  immediately  found  from 
Eq.  (1)  or  (5).  To  calculate  the  reaction  it  is  also  necessary  to  know 
the  applied  forces.  When  the  acceleration  is  not  specified  but  the 
equation  of  motion  is  known,  it  is  necessary  first  to  calculate  the 
acceleration  from  the  formulas  of  kinematics  (see  §§  64,  67)  and  then 
to  find  the  force  (or  reaction). 

Problem  94.  A  balloon  of  weight  P  descends  with  an  accelera¬ 
tion  w.  What  weight  (ballast)  Q  must  be  thrown  overboard  in  order 
to  give  the  balloon  an  equal  upward  acceleration? 

Solution.  The  forces  acting  on  the  falling  balloon  are  its  weight  P 
and  buoyancy  force  P  (Fig.  239a).  Projecting  Eq.  (5)  on  the  vertical, 
we  obtain: 


—  w  =  P-F. 

g 
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After  the  ballast  has  been  thrown  down  (Fig.  239&),  the  weight 
of  the  balloon  becomes  P—Q,  the  buoyancy  force  remaining  the 
same.  Hence,  taking  into  account  that  now  the  balloon  is  rising. 


we  have: 


Eliminating  the  unknown  force  F  from  the  equations,  we  obtain: 


Problem  95.  An  elevator  of  weight  P  (Fig.  240)  starts  ascending 
with  an  acceleration  w.  Determine  the  tension  in  the  cable. 


u>\ 


a 


Fig.  239  Fig.  240 

Solution.  Considering  the  lift  as  a  free  body,  replace  the  action 
of  the  constraint  (the  cable)  by  its  reaction  T.  From  Eq.  (5)  we  obtain: 

^w^T-P, 

whence 

T-p(l+i). 

If  the  lift  starts  descending  with  the  same  acceleration,  the  ten¬ 
sion  in  the  cable  will  be 

i 

Problem  96.  The  radius  of  curvature  of  a  bridge  at  point  A  is 
(Fig.  241).  Determine  the  pressure  exerted  on  the  bridge  at  A  by  an 
automobile  of  mass  m  moving  with  a  velocity  v. 

Solution.  The  normal  acceleration  of  the  car  at  point  A  is  u>„  = 
==  vVR.  Acting  on  it  are  the  force  of  gravity  P  and  the  reaction 
of  the  constraint  If.  Then,  from  Eq.  (5)  projected  on  the  normal, 

=mg  —  N, 
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whence. 

The  pressure  on  the  bridge  is  equal  to  N  in  magnitude  but  is 
directed  downward. 

Problem  97.  A  crank  OA  of  length  I  (Fig.  242)  rotates  with  a  uni¬ 
form  angular  velocity  o)  and  translates  the  slotted  bar  K  of  weight  P 


Fig.  241  Fig.  242 


along  slides  1,1' .  Neglecting  friction,  determine  the  pressure  exerted 
by  the  slide  block  A  on  the  slotted  bar. 

Solution.  The  position  of  the  bar  is  specified  by  its  coordinate 

X  —  I  cos  (at. 

Eq.  (5)  for  the  motion  of  the  bar  in  terms  of  its  projection  on  axis  x 
gives  mwx  =  Qx-  But  “'x  =  5^  =  — cos  wi  ==  — (n^x;  whence, 
^  Qx=  —Qy 

— —  (i?x  =  —  Q,  Q  =  — 

g  ^  g 

Thus,  the  pressure  of  the  slide  block  on  the  slotted  bar  is  propor¬ 
tional  to  its  distance  x  from  O. 

The  examples  show  that  the  first  problem  of  dynamics  is  fairly 
simple.  If  the  acceleration  of  the  moving  particle  is  not  given,  it 
can  be  determined  by  purely  kinematic  computations.  Therefore, 
and  also  because  of  its  practical  importance,  the  second  problem  is 
considered  the  principal  problem  of  dynamics. 


Chapter  17 
Differential  Equations 
of  Motion  for  a  Particle 
and  Their  Integration 


§  104.  Rectilinear  Motion  of  a  Particle 


We  know  from  kinematics  that  in  rectilinear  motion  the  velocity 
and  acceleration  of  a  particle  are  continuously  directed  along  the 
same  straight  line.  As  the  direction  of  acceleration  is  coincident 
with  the  direction  of  force,  it  follows  that  a  free  particle  will  move 
in  a  straight  line  whenever  the  force  acting  on  it  is  of  constant  direc¬ 
tion  and  the  velocity  at  the  initial  moment  is  either  zero  or  is  colli- 
near  with  the  force. 

Consider  a  particle  moving  rectilinearly  under  the  action  of  an 
applied  force  B  =  The  position  of  the  particle  on  its  path  is 


Fig.  243 


specified  by  its  coordinate  x  (Fig.  243).  In  this  case  the  principal 
problem  of  dynamics  is:  knowing  B,  find  the  equation  of  motion  of 
the  particle  x  =  /  (f).  Eq.  (3)  gives  the  relation  between  x  and  R. 
Projecting  both  sides  of  the  equation  on  axis  Ox,  we  obtain: 

mwx  =  =  S  Fhx, 


or,  as 


m 


W 


(6) 


Eq.  (6)  is  called  the  differential  equation  of  rectilinear  motion  of 
a  particle**.  It  is  often  more  convenient  to  replace  Eq.  (6)  with  two 


*>  This  is  a  differential  equation,  as  the  required  quantity  x  is  under  the 
derivative  symbol.  Eq.  (6)  can  be  u.sed  to  solve  the  first  problem  of  dynamics: 
knowing  the  equation  of  motion  x  =  f  (t)  for  a  particle,  determine  the  applied 
force  Fx- 
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differential  equations  containing  first  derivatives; 

<^x 
dt 


m- 


■=3^i 


hx  » 


■Vx. 


(7) 

(7') 

Whenever  the  solution  of  a  problem  requires  that  the  velocity  be 
found  as  a  function  of  the  coordinate  x  instead  of  time  t  (or  when  the 
forces  themselves  depend  on  x),  Eq.  (7)  is  converted  to  the  variable  x. 


dx 

dt 


As 


dv. 


dt 


X  _ 


*>x 

dx 


dx 

dt 


dv. 


=  Vx,  Eq.  (7)  takes  the  form 


mvx- 


dvx 

dx 


ftx- 


(8) 


The  principal  problem  of  dynamics  is,  essentially,  to  develop  the 
equation  of  motion  x  =  f  {t)  for  a  particle  from  the  above  equations, 
the  forces  being  known.  For  this  it  is  necessary  to  integrate  the  cor¬ 
responding  differential  equation.  In  order  to  make  clear  the  nature 
of  the  mathematical  problem,  it  should  be  recalled  that  the  forces 
in  the  right  side  of  Eq.  (6)  can  depend  on  time  t,  on  the  position 

dx 

of  the  particle  x,  and  on  the  velocity  (see  §  99).  Consequently, 

in  the  general  case  Eq.  (6)  is,  mathematically,  a  differential  equation 
of  the  second  order  of  the  form 

$■=*('•  w 

The  equation  can  be  solved  for  every  specific  problem  after  deter¬ 
mining  the  form  of  its  right-hand  member,  which  depends  on  the 
applied  forces.  When  Eq.  (9)  is  integrated  for  a  given  problem,  the 
general  solution  will  include  two  constants  of  integration  Ci  and  Cj, 
and  the  general  solution  will  be 

x=  fit.  Cl,  Ca).  (10) 

To  solve  a  concrete  problem,  it  is  necessary  to  determine  the 
values  of  the  constants  Cj  and  C^.  For  this  we  introduce  the  SQ-called 
initial  conditions. 

Investigation  of  any  motion  begins  with  some  specified  instant 
called  the  initial  time  t  =  0,  usually  the  moment  when  the  motion 
under  the  action  of  the  given  forces  starts.  The  position  occupied  by 
a  particle  at  the  initial  time  is  called  its  initial  displacement,  and  its 
velocity  at  that  time  is  its  initial  velocity  (a  particle  can  have  an  initial 
velocity  either  because  at  time  t  =  0  it  was  moving  under  no  force 
or  because  up  to  time  t  =  0  it  was  subjected  to  the  action  of  some 
other  forces).  To  solve  the  principal  problem  of  dynamics,  we  must 
know,  besides  the  applied  forces,  the  initial  conditions,  i.e.,  the 
position  and  velocity  of  the  particle  at  the  initial  time. 
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In  the  case  of  rectilinear  motion,  the  initial  conditions  are  specified 
in  the  form 

at  f  =  0,  X  =  ajp  and  =  i^o-  (11) 

From  the  initial  conditions  we  can  determine  the  constants 
and  Cg  and  find  the  partial  solution  of  Eq.  (9),  which  gives  the  equa¬ 
tion  of  motion  of  the  particle: 

X  =  f  {t,  Xg,  Vg).  (12) 

The  following  simple  example  will  explain  the  above. 

Let  there  be  a  force  Q  of  constant  magnitude  and  direction  acting 
on  a  particle.  Then  Eq.  (7)  acquires  the  form 


As  Qx  =  const.,  multiplying  both  members  of  the  equation  by  df 
and  integrating,  we  obtain:*’ 


Vx  —  -^t-\-Ci. 

Substituting  the  value  of  y*  into  Eq.  (7'),  we  have: 

at  m* 

Multiplying  by  dt  and  integrating  once  again,  we  obtain: 


(13) 


(14) 


This  is  the  general  solution  of  Eq.  (9)  for  the  specific  problem  in 
the  form  given  by  Eq.  (10). 

Now  let  us  determine  the  integration  constants  and  Cg,  assu¬ 
ming  for  the  specific  problem  that  the  initial  conditions  are  given 
by  (11).  Solutions  (13)  and  (14)  must  satisfy  any  moment  of  time, 
including  i  =  0.  Therefore,  substituting  zero  for  t  in  Eqs.  (13)  and 
(14),  we  should  obtain  Vg  and  Xg  instead  of  y*  and  x,  i.e.,  we  should 
have 

These  equations  give  the  values  of  the  constants  Cg  and  Cg  which 
satisfy  the  initial  conditions  of  a  given  problem.  Substituting  these 
values  into  Eq.  (14),  we  finally  obtain  the  relevant  equation  of 
motion  in  the  form  expressed  by  Eq.  (12): 

x  =  Xo-f  yot  +  -|--^t=*.  (15) 


*)  We  assume  that  the  constant  of  integration  has  been  transposed  from 
the  left  to  the  right  and  included  in  Cg. 
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We  see  from  Eq.  (15)  that  a  particle  subjected  to  a  constant  force 
performs  uniformly  variable  motion.  This  could  have  been  foreseen; 
for,  if  0  =  const.,  w  =  const.,  too.  An  example  of  this  type  of 
motion  is  the  motion  of  a  particle  under  the  force  of  gravity,  in 

which  case  in  Eq.  (15)  ^  =  g  and  axis  Ox  is  directed  vertically 
down. 


§  105.  Solution  of  Problems 

Solution  of  problems  of  dynamics  by  integrating  the  differential 
equations  of  motion  includes  the  following  operations: 

(1)  Writing  the  Differential  Equation  of  Motion.  For  this, 

(a)  Choose  an  origin  (usually  coinciding  with  the  initial  position 
of  the  particle)  and  draw  a  coordinate  axis  along  the  line  of  motion, 
as  a  rule  in  the  direction  of  motion;  if,  for  the  applied  forces,  a  par¬ 
ticle  has  a  position  of  equilibrium,  it  is  convenient  to  choose  the 
origin  to  coincide  with  the  position  of  static  equilibrium. 

(b)  Depict  the  moving  particle  in  an  arbitrary  position  (but  such 
that  a:  >•  0  and  >  0;  the  latter  condition  is  important  when  the 
applied  forces  include  forces  depending  on  velocity),  and  draw  all 
the  forc^  acting  on  the  particle. 

(c)  Compound  the  projections  of  all  the  forces  on  the  coordinate 
axis  and  substitute  the  sum  into  the  right  side  of  the  differential 
equation  of  motion.  It  is  important  to  express  all  the  variable  forces  in 
terms  of  the  quantities  {t,  x  or  v)  on  which  they  depend. 

(2)  Integrating  the  Differential  Equation  of  Motion.  The  integration 
is  carried  out  according  to  the  rules  of  higher  mathematics,  depen¬ 
ding  on  the  form  of  the  obtained  equation,  i.e.,  on  the  form  of  the 
right-hand  member  of  Eq.  (9).  When  besides  the  constant  forces 
there  is  one  variable  force  that  depends  only  on  time  t,  or  only  on 
distance  x,  or  only  on  velocity  v,  the  equation  of  rectilinear  motion 
can  generally  be  integrated  by  the  method  of  separating  the  variables 
(see  Problems  98-100).  If  only  the  velocity  has  to  be  determined, 
it  is  often  possible  to  solve  the  problem  by  integrating  either  Eq.  (7) 
or  Eq.  (8). 

(3)  Determining  the  Constants  of  Integration.  In  order  to  determine 
the  constants  of  integration,  it  is  necessary  from  the  conditions  of  the 
problem  to  define  the  initial  conditions  in  the  form  (11).  The  values 
of  the  constants  are  found  from  the  initial  conditions  as  shown 
in  §  104,  and  they  can  be  determined  directly  after  each  integration. 

If  the  differential  equation  of  motion  is  an  equation  with  separable 
variables,  instead  of  introducing  integration  constants  we  can  imme¬ 
diately  evaluate  the  definite  integrals  on  both  sides  of  the  equation 
over  the  appropriate  range;  an  example  is  given  in  Problem  100. 
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(4)  Determining  the  Required  Quantities  and  Analysing  the  Obtained 
Results.  In  order  to  be  able  to  analyse  the  solution  and  also  to  verify 
the  dimensions,  the  whole  solution  should  be  carried  out  in  the  most 
general  form  (in  letter  notation),  inserting  the  numerical  data  only 
in  the  final  results. 

These  general  rules  also  hold  for  curvilinear  motion. 

Let  us  consider  three  specific  problems,  in  which  the  force  depends 
on  time,  distance,  or  velocity  of  the  motion  of  the  particle. 


i.  The  Force  Depends  on  Time 

Problem  98.  A  load  of  weight  P  starts  moving  from  rest  along 
a  smooth  horizontal  plane  under  the  action  of  a  force  B  the  magnitude 
of  which  increases  in  proportion  to  the  time:  R  =  kt.  Develop  the 
equation  of  motion  of  the  load. 

Solution.  Place  the  origin  O  in  the  initial  position  of  the  load  and 
direct  the  axis  Ox  in  the  direction  of  motion  (see  Fig.  243).  Then  the 
initial  conditions  are:  at  t  =  0,  a:  =  0  and  y*  =  0.  Depict  the  load 
in  an  arbitrary  position  and  the  forces  acting  on  it.  We  have 
Rx  =  R  —  kt,  and  Eq.  (7)  takes  the  form 


Multiplying  by  dt,  we  immediately  separate  the  variables  and 
obtain: 


Vx- 


— -t-C 

•  P  2 


Substituting  the  initial  values  into  this  equation,  we  find  that 
Cl  =  0.  Then,  substituting  dxidt  for  Vx,  we  have: 


dx  _  kg  g 
dt~2P'' 


Multiplying  by  dt,  we  again  separate  the  variables  and,  integrating, 
we  find; 


X  — 


hi-  — 

2P  3 


4’^2. 


Substitution  ot  the  initial  values  gives  Cj  =  0,  and  we  obtain  the 
equation  of  motion  for  the  load  in  the  form 


X  = 


6P  ^  • 


Thus,  the  displacement  of  the  load  is  proportional  to  the  cube  of 
time. 
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2.  The  Force  Depends  on  Distance 

Problem  99.  Neglecting  the  resistance  of  air  and  friction,  deter¬ 
mine  the  time  it  would  take  a  body  to  travel  from  end  to  end  of 
a  tunnel  AB  dug  through  the  earth  along  a  chord  (Fig.  244).  Assume 
the  earth’s  radius  to  be  /?  =  6  370  km. 

Note:  The  theory  of  gravitation  states  that  a  body  inside  the  earth 
is  attracted  towards  the  centre  of  the  earth  with  a  force  F  directly 

proportional  to  the  distance  r  from 
the  centre.  Taking  into  account  that 
at  r  =  R  (i.e.,  at  the  surface  of  the 
earth)  force  F  is  equal  to  the  weight  of 
the  body  {F  —  mg),  we  find  that  in¬ 
side  the  earth 

F  =  ^r, 

where  r  =  MC  is  the  distance  of  point 
M  from  the  centre  of  the  earth. 

Solution.  Place  the  origin  O  in 
the  middle  of  the  chord  AB  (where 
a  body  in  the  tunnel  would  be  in  equilibrium)  and  direct  the  axis  Ox 
along  OA.  If  we  assume  the  chord  to  be  of  length  2a,  the  initial  con¬ 
ditions  will  be:  at  t  =  0,  a:  =  a  and  —  0. 

The  forces  acting  on  the  body  in  an  arbitrary  position  areF  and  N. 
Consequently, 

2Ffc*=-Fcosa=  - 


H 

3  ^ 

1  n  V' 

1 

_  j 

Fig.  244 


R 


■  r  cos  a  =  — 


R 


as  it  is  evident  from  the  diagram  that  r^cos  a  =  x. 

W  e  see  that  the  acting  force  depends  on  the  coordinate  x  of  point  M. 
In  order  to  separate  the  variables  in  the  differential  equation  of 
motion,  write  it  in  the  form  (8).  Then,  eliminating  m  and  introducing 
the  quantity 


R  ^  ' 


we  obtain: 


Vx 


dx 


-l^x. 


Multiplying  by  dx,  we  separate  the  variables  and,  integrating, 
obtain: 

vi-  'r2 

From  the  initial  conditions,  at  x  =  a,  Vx  —  0;  hence  Cj  =  -|-  k*a®. 
Substituting  this  expression  for  Ci,  we  have: 

Vx  =  dzky^a^  —  x^. 
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As  in  the  investigated  position  the  velocity  is  directed  from  M 
to  0,  we  see  that  p*  <  0  and  the  sign  before  the  radical  should  be 
minus.  Then,  substituting  dxfdt  for  y*,  we  have 

Separating  the  variables,  we  write  the  equation  in  the  form 


and,  integrating,  we  obtain: 

kt  —  arc  cos  —  4-  C,. 

a  *  ^ 

Substituting  the  initial  data  (at  f  =  0,  a:  =  a)  in  this  equation, 
we  find  that  =  0.  The  equation  of  motion  for  the  body  in  the 
tunnel  is 

a:  =  a  cos  kt. 

Thus,  the  body  is  in  harmonic  motion  with  an  amplitude  a. 

Now  let  us  determine  the  time  t^  when  the  body  will  reach  the 
end  B  of  the  tunnel.  At  B  the  coordinate  x  =  —  a.  Substituting 
this  value  in  the  equation  of  motion,  we  obtain  cos  kti  =  — 1, 

whence  kt^  =  n  and  =  -j.  But  we  have  assumed  k  =  Cal¬ 

culating,  we  find  that  the  time  of  the  motion  through  the  tunnel, 
given  the  conditions  of  the  problem,  does  not  depend  on  the  length 
of  the  tunnel  and  is  always  equal  to 

/  j  =  jt  A  ^  42  min  11s. 

This  extremely  interesting  result  has  given  rise  to  a  number  of 
projects — so  far  utopian — of  such  a  tunnel. 

Let  us  also  find  the  maximum  velocity  of  the  body.  From  the 
expression  for  we  see  that  v  =  fmax  at  a:  =  0,  i.e.,  at  the  origin  O. 
The  magnitude  of  the  velocity  is 

VmsiX  —  ®  • 

If,  for  example,  2ffl  =  O.li?  =  637  km,  then  y^ax  ^  395  m/s  = 
=  1422  km/h. 

The  vibration  of  a  particle  under  the  action  of  a  force  proportional 
to  distance  will  be  studied  in  greater  detail  in  Chapter  21,  where 
another  method  of  integrating  the  differential  equations  of  motion 
will  be  discussed. 
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3»  The  Force  Depends  on  Velocity 

Problem  100.  A  boat  of  mass  m.  =  40  kg  is  pushed  and  receives  an 
initial  velocity  Vg  =  0.5  m/s.  Assuming  the  r^istance  of  water  at 
low  velocities  to  be  proportional  to  the  first  power  of  the  velocity 
and  changing  according  to  the  equation  R  —  pv,  where  the  factor 
p  =  9.1  kg/s,  determine  the  time  in  which  the  velocity  will  drop 
by  one-half  and  the  distance  the  boat  will  travel  in  that  time.  Deter¬ 
mine  also  the  distance  the  boat  will  travel  till  it  stops. 

Solution.  Let  us  choose  the  origin  O  to  coincide  with  the  initial 
position  of  the  boat,  pointing  axis  Ox  in  the  direction  of  the  motion 
(Fig.  245).  In  this  case  the  initial  conditions  will  be:  at  f  =  0, 
a:  =  0  and  w*  =  Uo- 

Depict  the  boat  in  an  arbitrary  position  with  the  acting  forces 
P,  N,  and  B. 

Note.  There  are  no  other  forces  acting  on  the  boat.  The  force  which 
pushed  the  boat  acted  before  the  instant  t  =  0.  The  result  of  its 


Fig.  245 


action  is  taken  into  account  by  stating  the  initial  velocity  impar¬ 
ted  to  the  boat  by  the  force  (see  §  104).  To  be  quite  sure  about  the 
forces  actually  acting  on  a  body  during  its  motion,  always  remember 
that  a  force  is  the  result  of  the  interaction  of  bodies.  In  the  present 
case,  the  force  P  is  the  result  of  the  action  of  the  earth  on  the  boat, 
while  forces  R  and  AT  are  the  results  of  the  action  of  the  water  on  the 
boat.  No  other  material  bodies  act  on  the  boat  in  its  motion  and, 
consequently,  there  are  no  other  forces  applied  to  it.  Attention  is 
drawn  to  this  because  it  is  often  a  cause  of  errors  in  problem  solu¬ 
tions. 

Calculating  the  projections  of  the  acting  forces,  we  find: 

— 1?=  — py. 

To  determine  the  duration  of  the  motion,  we  write  differential 
equation  (7).  Noting  that  =  v,  we  have: 

dv 

m-^=-pv. 

Integrate  this  equation,  evaluating  both  sides,  after  separating 
the  variables,  for  definite  integrals.  The  lower  limit  of  each  of  the 


Differential  Equations  of  Motion 


Ch.  17] 


287 


integrals  is  the  value  of  the  integration  variable  at  the  initial  time, 
and  the  upper  is  its  value  at  an  arbitrary  time. 

Then,  taking  into  account  that  the  problem  specifies  that  at  t  =  0 
we  have  v  =  Vq,  we  obtain: 

f  —  =  — {  dt  or  In  i;  —  In  = - ^t, 

j  V  mi  ”  m  ’ 

®o  0 

whence  finally, 

f  =  (a) 

(it;  '  ' 

The  required  time  ti  is  determined  by  assuming  v  —  0.5  v^.  We 
see  that  in  this  case  the  time  does  not  depend  on  the  value  of  v^. 
As  In  2  =  0.69, 

ti  =  — In  2  «  3  s. 

P 

To  determine  the  distance,  it  is  best  to  write  the  differential 
equation  of  motion  in  the  form  (8),  as  it  immediately  establishes 
the  relation  between  x  and  v*''.  We  thus  obtain: 

_  dv 

whence,  eliminating  v  and  separating  the  variables  and  taking  into 
account  that  v  =  when  x  =  0,  we  obtain: 

V  X 

- ^  \  dx  or  v  —  Vo=  — 

m  J  ^  m 

Vo  0 

Consequently, 

^==-^(^0-1^).  (b) 

Assuming  v  =  0.5  Vq,  we  find  the  required  displacement: 

11 

2(i 

To  find  the  distance  travelled  by  the  boat  till  it  stops,  in  equation 
(b)  we  assume  u  =  0.  Then  x,  =  ^  =  2.2  m. 

Determining  the  duration  of  the  motion  until  complete  rest,  we 
find  from  equation  (a)  that  at  y  =  0,  =  oo.  This  means  that,  under 

the  given  law  of  resistance,  R  =  py,  the  boat  will  approach  its  final 

*)  The  distance  can  also  be  found  by  rewriting  Eq.  (a)  as  an  expression  of 

_JL, 

the  velocity  v  in  terms  of  time  t  in  the  form  v=voe  ”*  ,  and  then  substitut¬ 
ing  dx/dt  for  ;;  and  integrating  the  new  equation,  but  this  solution  is  more 
involved. 
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position  (specified  by  the  coordinate  asymptotically.  Actually,  the 
duration  of  the  motion  till  complete  rest  is  finite,  as,  with  the  decrease 
of  velocity,  the  resistance  equation  changes  and  the  dependence  of  v 
on  t  changes  accordingly  (see,  for  example.  Problem  110  in  §  118). 

Another  important  example  of  motion  under  the  action  of  a  force 
depending  on  velocity  is  discussed  in  the  next  article. 


§  106*^*.  Body  Falling  in  a  Resisting  Medium  (in  Air) 


A  body  moving  in  some  medium  is  subjected  to  a  resistance, 
which  depends  on  the  shape  and  size  of  the  body,  its  velocity,  and 
the  properties  of  the  medium. 

Experience  shows  that  at  velocities  which  are  not  very  small  and 
not  approaching  the  velocity  of  sound,  the  resistance  is  proportional 
to  the  square  of  the  velocity  v  and  can  be  expressed  by 
the  formula  *' 


= -y  c*p5i;2, 


(16) 


where  p  is  the  density  of  the  medium  (  for  air  at  1.5°C 


and  760  mm  Hg  pressure,  p 


1  kgf-s^ 


)• 


S  m*  is  the 


Fig.  246 


area  of  the  projection  of  the  body  on  a  plane  perpen¬ 
dicular  to  the  direction  of  motion  (the  middle  section), 
and  c-c  is  a  dimensionless  resistance  factor  depending 
on  the  shape  of  the  body.  For  example,  for  a  parachute 
Cx  =  1.4,  for  -a  sphere  c*  =  0.5,  for  highly  streamlined  spindle- 
shaped  bodies  c*  <  0.03. 

Let  us  consider  a  body  falling  in  the  atmosphere  from  a  low  height 
in  comparison  with  the  earth’s  radius  (low  enough  to  assume  the 
weight  P  of  the  body  and  the  density  of  the  air  p  to  be  constant). 

Directing  the  coordinate  axis  Ox  vertically  down  (Fig.  246),  let  us 
investigate  how  the  velocity  of  fall  depends  on  the  displacement  x, 
assuming  =  0. 

The  forces  acting  on  the  falling  body  are  P  and  R;  consequently, 


1 


CxpSlP'. 


In  order  to  obtain  directly  the  dependence  of  v  on  x,  we  write  the 
diflerential  equation  of  motion  in  the  form  (8).  Then,  taking  into 
account  that  u*  —  v,  we  have 

P  dv  n  1  -p  ® 


•)  For  fall  in  air,  formula  (16)  holds  for  velocities  up  to  300  m/s. 
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Introducing  the  expression 


2P 

c*p5 


the  previous  equation  takes  the  form 

dv 


dx 


■g 


c-i) 


or,  after  separating  the  variables, 

vdv  _ 

— 1)2 


(17) 


Integrating,  we  have 

ln(fl2_i;2)=  _2-^a:  +  C,. 


According  to  the  initial  conditions,  as  a:  ==  0,  the  velocity  y  =  0, 
consequently  Cj  =  In  a^.  Substituting  this  value  for  Cj,  we  obtain: 


or 


and  finally 


v  —  aV^  (l— e  ^ 


(18) 


Formula  (18)  gives  the  dependence  of  velocity  on  displacement  for 
a  body  falling  in  the  atmosphere. 

— 2— ic 

As  X  increases,  the  quantity  e  ““  decreases  and  tends  to  zero  as 
a;  oo.  It  follows,  then,  that  the  velocity  of  fall  v  increases  as  x 
increases,  tending  to  a  constant  value  a.  This  quantity  is  called  the 
limiting  velocity  of  fall  and  is  denoted  yum.  From  Eq.  (17)  we  find  that 

■'""“/S'- 

Thus,  at  y^  =  0,  a  body  falling  in  air  cannot  exceed  a  limiting 
velocity  yum-  The  greater  the  weight  of  a  body  and  the  smaller  the 
values  of  c*,  p,  and  S,  the  greater  the  limiting  velocity  of  fall. 

Let  us  determine  the  speed  with  which  the  velocity  of  a  falling 
body  approaches  its  limiting  value.  For  this  see  Table  1,  which 


19—5562 


290 


PARTICLE  DYNAMICS 


[Part  3 


Table  1 


V 

i;2 

Mim 

"llm 

0 

0 

0.5 

0.80 

1.0 

0.93 

1.2 

0.95 

1.5 

0.97 

2.0 

0.99 

gives  the  dependence  of — upon -/-ar,  as  calculated  from  Eq.  (18). 

•’Um  ‘’lim 

It  follows  from  the  table  that 

at  -^*=1.2,  i;  =  0.95  uum, 

““  (20) 

at  -^*  =  2.0,  i>=0.99  viim. 

nim 

Consequently,  the  velocity  of  fall  approaches  its  limiting  value 
fairly  rapidly,  if  only  the  quantities  and  S  are  not  very  small 
(see  Problem  101). 

The  existence  of  a  limiting  velocity  of  fall  can  be  established  by  the 
following  simple  reasoning;  The  velocity  of  a  falling  body  in  air 
increases;  consequently,  force  R  increases.  If  we  consider  that  force  R 
cannot,  obviously,  be  greater  than  the  weight  of  the  body  P  (see 
Fig.  246),  then  ifum  =  P.  Substituting  the  expression  for  /?am  from 

Eq.  (16),  we  obtain  -^Csp^Uiim  =  P,  whence  we  obtain  the  value  of 

i;nm  as  in  Eq.  (19).  This  reasoning,  however,  provides  no  clue  to  the 
rate  with  which  the  velocity  of  fall  u  tends  towards  This  impor¬ 
tant  characteristic  can  be  obtained  only  from  Eq.  (18). 

Problem  101 .  Determine  the  limiting  velocity  of  fall  of  a  parachute 
jumper  weighing  P  =  75  kgf  (weight  of  parachute  included)  (a)  in 
free  fall,  assuming  S  =  0.4  m*,  c*  =  1.0;  (b)  with  open  canopy, 
assuming  5  =  36  m®,  c*  =  1.4. 
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Determine  for  both  cases  the  distance  Hi  after  which  the  jumper 
will  have  attained  a  velocity  Uj  =  0.95yiim  (i-e.,  5%  less  than  the 
limiting  velocity),  and  the  distance  at  which  his  velocity  of 
fall  1^2  =  0.99yiim. 

Solution.  Determine  the  limiting  velocity  of  fall  from  Eq.  (19), 
assuming  for  air  p  =  .  We  find  Hi  and  H^  from  Eq.  (20). 

As  Vi  —  0.95yii,„  at  -^x  =  1.2,  the  required  distance  Hi  =  1.2  —  . 

‘’lim  ^  6 

Similarly,  we  find  that  Hi=2  . 

Performing  the  necessary  computations,  we  find: 

(a)  in  free  fail  uun,  »  55  m/s.  Hi  370  m,  H^  «  610  m; 

(b)  with  open  canopy  ^  5  m/s.  Hi  uti  3  m,  H2  ^  ^  va. 

We  see  that  when  the  resistance  is  great,  the  limiting  velocity  is 

rapidly  achieved. 


§  107.  Curvilinear  Motion  of  a  Particle 

Consider  a  free  particle  moving  under  the  action  of  forces  Fi,  ..., 
Fn-  Let  us  draw  a  fixed  set  of  axes  Oxyz  (Fig.  247).  Projecting 
both  members  of  the  equation  mw  =  ^Fk  on  these  axes,  and  taking 
into  account  that  etc. ,  we  obtain 

the  differential  equations  of  curvilinear  mo¬ 
tion  of  a  body  in  terms  of  the  projections  on 
rectangular  cartesian  axes: 

(21) 

As  the  forces  acting  on  the  particle  may 
depend  on  time,  the  displacement  or  the 

velocity  of  the  particle,  then  by  analogy  with  Eq.  (9)  in  §  104, 
the  right-hand  members  of  Eq.  (21)  may  contain  the  time  f, 
the  coordinates  x,  y,  z  of  the  particle,  and  the  projections 

of  its  velocity  ^ Furthermore,  the  right  side  of  each  equa¬ 
tion  may  include  all  these  variables. 

Eqs.  (21)  can  be  used  to  solve  both  the  first  and  the  second  (princi¬ 
pal)  problems  of  dynamics.  To  solve  the  principal  problem  of  dyna¬ 
mics  we  must  know,  besides  the  acting  forces,  the  initial  conditions, 
i.e.,  the  position  and  velocity  of  the  particle  at  the  initial  time.  The 

19* 


Fig.  247 
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initial  conditions  for  a  set  of  coordinate  axes  Oxyz  are  specified  in  the 
form 


at  «  =  0, 


Z  =  Zo,  1 
Vz  =  Vzo.  j 


(22) 


X  —  Xq,  y  —  !/q, 

Vy—Vyo, 

Knowing  the  acting  forces,  by  integrating  Eq.  (21)  we  find  the 
coordinates  x,  y,  z  of  the  moving  particle  as  functions  of  time 
i.e.,  the  equation  of  motion  for  the  particle.  The  solutions  will 
contain  six  constants  of  integration  Cj,  Cj,  .  .  Cg,  the  values 
of  which  must  be  found  from  the  initial  conditions  (22).  An  example 
of  integrating  Eqs.  (21)  is  given  in  §  108. 

Differential  equations  of  motion  can  also  be  written  in  terms  of 
projections  on  the  axes  of  other  coordinate  systems  as,  for  instance, 
in  §  118. 


§  108.  Motion  of  a  Particle  Thrown  at  an  Angle  to  the 
Horizon  in  a  Uniform  Gravitational  Field 


Let  us  investigate  the  motion  of  a  projectile  thrown  with  an  initial 
velocity  Vg  at  an  angle  a  to  the  horizon,  considering  it  as  a  material 
particle  of  mass  m,  neglecting  the  resistance  of  the  atmosphere, 
assuming  that  the  horizontal  range  and  height  of  path  are  small 
compared  with  the  radius  of  the  earth,  and  considering  the  gravita¬ 
tional  field  to  be  uniform  {P  = 
=  const.). 

Place  the  origin  of  the  coordi¬ 
nate  axes  O  at  the  initial  position 
of  the  particle,  direct  axis  y  verti¬ 
cally  up,  axis  X  in  the  plane  through 
Oy  and  vector  Vq,  and  axisz  perpen¬ 
dicular  to  the  first  two  (Fig.  248). 
The  angle  between  vector  Vg  and 
axis  X  will  be  a. 

Depict  the  moving  particle  M 
anywhere  on  its  path.  Acting  on  the 
particle  is  only  the  force  of  gravity  F  (see  note  to  Problem  100, 
p.  286),  the  projections  of  which  on  the  coordinate  axes  are 


Pz  =  0. 


d^x 


Px  =  0,  Py  =  —P  =  —mg, 

Substituting  these  values  into  Eqs.  (21),  noting  that  ^ 
etc.,  and  eliminating  m,  we  obtain: 

^  —  0 
dt  ~  ’  dt 


dox 

dt 


=  0, 


dv 
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Multiplying  these  equations  by  dt  and  integrating,  we  find: 

Vy  =  "f"  ^2  “  ^3* 

The  initial  conditions  of  our  problem  have  the  form: 

a:  =  0,  y  =  0,  z  =  0, 

at  t  =  0, 

Vx  —  ^0  cos  a,  Vy  =  Vo  sin  a,  v^  =  0. 

Satisfying  the  initial  conditions,  we  have: 

Cl  =  Vo  cos  a,  Cj  =  Vo  sin  a,  Cg  =  0. 

Substituting  these  values  of  Cj,  C^,  and  Cg  in  the  solutions  above 

and  replacing  Tjc,  Vy,  v^  by  we  arrive  at  the  equations 

dx  dy  .  .  dz  n 

-^  =  i;ocosa,  -^  =  voSina—gt,  -^  =  0. 

Integrating,  we  obtain 

a:  ==  Pq*  cos  a  +  C4,  i/  =  i;o<sina — ^  +  ^5,  z  —  Co- 

Substituting  the  initial  conditions,  we  have  C4  =  Cg  =  C,  =  0. 
And  finally  we  obtain  the  equations  of  motion  of  particle  Af  in  the 
form 

ar  =  i;o<cosa,  y  =  i;otsina  — z  =  0.  (23) 


From  the  last  equation  it  follows  that  the  motion  takes  place  in  the 
plane  Oxy. 

Knowing  the  equations  of  motion  of  a  particle,  it  is  possible  to 
determine  all  the  characteristics  of  the  given  motion  by  the  methods 
of  kinematics. 

(1)  Path.  Eliminating  the  time  t  between  the  first  two  of  Eqs.  (23), 
we  obtain  the  equation  of  the  path  of  the  particle: 


y 


=  a:tan  a — 


gx^ 

2vl  cos2  a 


(24) 


This  is  an  equation  of  a  parabola  the  axis  of  which  is  parallel  to 
axis  y.  Thus,  a  heavy  particle  thrown  at  an  angle  to  the  horizon  in  a 
vacuum  follows  a  parabolic  path  (Galileo). 

(2)  Horizontal  Range.  The  horizontal  range  is  the  distance  OC  =  X 
along  axis  x.  Assuming  in  Eq.  (24)  y  =  0,  we  obtain  the  points  of 
intersection  of  the  path  with  the  x  axis.  From  the  equation 


we  obtain 


^(ta»«--2;^S2«  )=Q 

x.^  2i;gcos2«tantt 
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The  first  solution  gives  point  O,  the  second  point  C.  Consequently 
X  =  Xg,  and  finally 

X  =  -^sin2a.  (25) 

From  Eq.  (25)  we  see  that  the  horizontal  range  X  is  the  same  for 
angle  P,  where  2p  =  180°  —  2a,  i.e.,  if  P  =  90°  —  a.  Consequently, 
a  particle  thrown  with  a  given  initial  velocity  can  reach  the  same 
point  C  by  two  paths:  flat  (low)  (a  <  45°)  or  curved  (high)  (P  = 
=  90°  -  a  >  45°). 

With  a  given  initial  velocity  ,  the  maximum  horizontal  range 
in  a  vacuum  is  obtained  when  sin  2a  =  1,  i.e.,  when  angle  a  =  45°. 

(3)  Height  of  Path.  If  in  Eq.  (24)  we  assume  x  —  ^X  =  y  sin  a  cos  a, 
we  obtain  the  height  H  of  the  path: 

H  =  ^sm2a.  (26) 

(4)  Time  of  Flight.  It  follows  from  Eq.  (23)  that  the  total  time 
of  flight  is  defined  by  the  equation  X  =  VoT  cos  a.  Substituting  the 
expression  for  X,  we  obtain: 

r  =  ^sina.  (27) 

At  the  maximum  range  angle  a*  =  45°,  all  the  quantities  become, 
respectively, 

=  =  ^  =  r*  =  -^^/2.  (28) 

g  ■>  4g  4  ’  g  f  / 

These  results  can  be  used  to  estimate  the  flight  characteristics  of 
missiles  (rockets)  with  a  horizontal  range  of  200  to  600  km,  as  at 
such  ranges  (and  at  a  «  45°)  a  projectile  travels  most  of  its  path 
in  the  stratosphere,  where  atmospheric  resistance  can  be  neglected. 
At  closer  ranges  the  resistance  of  the  air  has  a  considerable  effect, 
while  at  ranges  exceeding  600  km  the  gravitational  force  can  no 
longer  be  considered  constant. 

Example.  It  is  known*)  that  at  an  altitude  of  20  km  a  vertically 
launched  German  V-2  rocket  had  a  velocity  Uj,  1  700  m/s  and 
an  angle  a  »  45°  (the  rocket  was  inclined  by  means  of  special  instru¬ 
ments  and  control  vanes).  The  further  flight  of  the  rocket  was  actually 
motion  of  a  projectile  in  a  vacuum.  Therefore,  from  Eqs.  (28),  its 
characteristics  must  have  been 

X*  «  300  km,  H*  «  75  km,  T*  «  245  s. 

These  results  are  very  close  to  the  actual  performance  of  V-2  rockets. 


*>  See  Ballistics  of  the  Future  by  J.  M.  Kooy  and  J.  W.  H.  Uytenbogaart. 
The  Technical  Publishing  Company  H.  Stam.  Haarlem— Holland. 


Chapter  18 
General  Theorems 
of  Particle  Dynamics 


In  solving  many  problems  of  dynamics  it  will  be  found  that  the 
so-called  general  theorems,  representing  corollaries  of  the  fundamental 
law  of  dynamics,  are  more  conveniently  applied  than  the  method 
of  integration  of  differential  equations  of  motion. 

The  importance  of  the  general  theorems  is  that  they  establish 
visual  relationships  between  the  principal  dynamic  characteristics 
of  motion  of  material  bodies,  thereby  presenting  broad  possibilities 
for  analysing  the  mechanical  motions  widely  employed  in  practical 
engineering.  Furthermore,  the  general  theorems  make  it  possible 
to  study  for  practical  purposes  the  specific  aspects  of  a  given  pheno¬ 
menon  without  investigating  the  phenomenon  as  a  whole.  Finally, 
the  use  of  the  general  theorems  makes  it  unnecessary  to  carry  out 
for  every  problem  the  operations  of  integration  performed  once  and 
for  all  in  proving  the  theorems,  which  simplifies  the  solution.  Let 
us  see  how  these  theorems  apply  to  one  material  particle. 


§  109.  Momentum  and  Kinetic  Energy  of  a  Particle 


The  basic  dynamic  characteristics  of  particle  motion  are  momentum 
(or  linear  momentum)  and  kinetic  energy. 

The  momentum  of  a  particle  is  defined  as  a  vector  quantity  mv  equal 
to  the  product  of  the  mass  of  the  particle  and  its  velocity.  The  vector  mv 
is  directed  in  the  same  direction  as  the  velocity,  i.e.,  tangent  to  the 
path  of  the  particle. 

The  kinetic  energy  of  a  particle  is  defined  as  a  quantity  equal  to  half 
the  product  of  the  mass  of  the  particle  and  the  square  of  its  velocity 


The  units  of  measurement  of  these  quantities  are:. 
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(a)  In  the  SI  system 

kg-m/s  (fpr  mv),  and  kg-m^/s^  ; 

(b)  In  the  mkg(f)s  system 

-^^•^  =  kgf-s  (for  my),  and  ^?^-^  =  kgf-m  (for^). 

The  reason  for  the  introduction  of  two  dynamic  characteristics  is 
that  a  single  characteristic  does  not  cover  all  the  aspects  of  particle 
motion. 

For  example,  knowing  the  momentum  of  an  automobile  (i.e.,  the 
quantity  Q  =  mv,  but  not  the  separate  values  of  m  and  v)  and  the 
force  acting  on  it  when  it  slows  down,  we  can  determine  the  time 
it  will  take  for  the  car  to  stop;  the  information,  however,  is  not 
enough  to  determine  the  path  travelled  during  the  braking  time. 
Conversely,  knowing  the  initial  kinetic  energy  of  the  car  and  the 
braking  force,  we  can  determine  the  braking  distance,  but  not  the 
time  of  the  braking*>. 


§  110.  Impulse  of  a  Force 

The  concept  of  impulse  (or  linear  impulse)  of  a  force  is  used  to 
characterise  the  efiect  on  a  body  of  a  force  acting  during  a  certain 
interval  of  time.  First  let  us  introduce  the  concept  of  elementary 
impulse,  i.e.,  impulse  in  an  infinitesimal  time  interval  dt.  Elementary 
impulse  is  defined  as  a  vector  quantity  dS  equal  to  the  product  of  the 
vector  of  the  force  F  and  the  time  element  dt: 

dS  =F  dt.  (29) 

The  elementary  impulse  is  directed  along  the  action  line  of  the 
force. 

The  impulse  8  of  any  force  during  a  finite  time  interval  t^  is  com¬ 
puted  as  the  integral  sum  of  the  respective  elementary  impulses: 

(30) 

0 

Thus,  the  impulse  of  a  force  in  any  time  interval  t^  is  equal  to  the 
integral  of  the  elementary  impulse  over  the  interval  from  zero  to  ti. 

In  the  special  case  when  the  force  F’  is  of  constant  magnitude  and 
direction  \f  =  const.),  we  have  8  =  Ft^.  In  the  general  case  the 
magnitude  of  an  impulse  can  be  computed  from  its  projections. 


•>  See  Problem  103  (§  115). 
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We  can  find  the  projections  of  an  impulse  on  a  set  of  coordinate 
axes  if  we  remember  that  an  integral  is  the  limit  of  a  sum,  and  the 
projection  of  a  vector  sum  on  an  axis  is  equal  to  the  sum  of  the  pro¬ 
jections  of  the  component  vectors  on  the  same  axis.  Hence, 

**  1* 

Sy=^Fydt, 

0  0 

With  these  projections  we  can  construct  the  vector  S  and  find 
its  magnitude  and  the  angles  it  makes  with  the  coordinate  axes. 
The  dimension  of  linear  impulse  are:  kg-m/s  in  SI  units,  and  kgf-s 
in  mkg(f)s  units. 

To  solve  the  principal  problem  of  dynamics,  it  is  important  to 
establish  the  forces  whose  impulses  can  be  computed  without  knowing 
the  equation  of  motion  of  the  particle  moving  under  the  action  of 
those  forces.  From  Eq.  (31)  it  is  apparent  that  to  these  forces  belong 
only  constant  forces  and  forces  depending  on  time. 

In  order  to  calculate  the  impulses  of  forces  depending  on  the  coor¬ 
dinates  or  the  velocity  of  a  particle,  we  have  to  know  the  equations 
of  its  motion,  i.e.,  x  =  f^  (t),  y  —  f^  {t),  z  =  /s  {t).  By  expressing 
X,  y,  z  or  Vxt  Vy,  through  t,  we  can  compute  the  integrals  (31). 
Without  knowing  the  equation  of  motion  of  a  particle,  i.e.,  without 
solving  the  principal  problem  of  dynamics,  the  impulse  of  such 
forces  cannot  be  calculated. 


§  111.  Theorem  of  the  Change  in  the  Momentum 
of  a  Particle 

dv 

As  the  mass  of  a  particle  is  constant  and  its  acceleration  w  = 

Eq.  (3),  which  expresses  the  fundamental  law  of  dynamics,  can  be 
expressed  in  the  form 

(32) 

Eq.  (32)  at  the  same  time  states  the  theorem  of  the  linear  momentum 
of  a  particle  in  differential  form:  The  derivative  of  the  linear  momentum 
of  a  particle  with  respect  to  time  equals  the  geometric  sum  of  the  forces 
acting  on  that  particle.  Let  us  solve  the  equations. 

Let  a  particle  of  mass  m  moving  under  the  action  of  a  force 
B  =  (Big-  249)  have  a  velocity  Vq  at  time  <  =  0,  and  at  time  t^ 
let  its  velocity  be  Vi.  Now  multiply  both  sides  of  Eq.  (32)  by  dt 
and  take  definite  integrals.  On  the  right  side,  where  we  integrate 
with  respect  to  time,  the  limits  are  zero  and  on  the  left  side,  where 
we  integrate  the  velocity,  the  limits  are  the  respective  values  of  Vq 
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and  Vi-  As  the  integral  of  d  (mv)  is  m^v,  we  have: 

mvi  —  mvo  =  2  j 

(I 

By  Eq.  (30),  the  integrals  on  the  right  side  are  the  impulses  of  the 
acting  force.  Hence,  we  finally  have: 


mvi  —  mvo  =  S-Sh-  (33) 

Eq.  (33)  states  the  theorem  of  the  change  in  the  linear  momentum 
of  a  particle  in  final  form:  The  change  in  the  momentum  of  a  particle 


during  any  time  interval  is  equal  to  the  geometrical  sum  of  the  impulses 
of  all  the  forces  acting  on  the  particle  during  that  interval  of  time 
(Fig.  249). 

In  problem  solutions,  projection  equations  are  often  used  instead 
of  the  vector  equation  (33).  Projecting  both  sides  of  Eq.  (33)  on 
a  sot  of  coordinate  axes,  we  have: 


mv^x  —  mvcx  =  S 

mviy  mvoy  =  2  ^hy 

mvu  —  mvoz  =  2  ^hz- 


(34) 


In  the  case  of  rectilinear  motion  along  the  x  axis,  the  theorem  is 
stated  by  the  first  of  these  equations. 


§  112.  Work  Done  by  a  Force.  Power 

The  concept  of  work  is  introduced  as  a  measure  of  the  action  of 
a  force  on  a  body  in  a  given  displacement,  specifically  that  action 
which  is  represented  by  the  change  in  the  magnitude  of  the  velocity 
of  a  moving  particle. 
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First  let  us  introduce  the  concept  of  elementary  work  done  by 
a  force  in  an  inhnitesimal  displacement  ds.  The  elementary  work 
done  by  a  force  F  (Fig.  250)  is  defined  as  a  scalar  quantity 

dA  =  Fxds,  (35) 

where  is  the  projection  of  the  force  on  the  tangent  to  the  path 
in  the  direction  of  the  displacement,  and  ds  is  an  infinitesimal  dis¬ 
placement  of  the  particle  along  that  tangent. 

This  definition  corresponds  to  the  concept  of  work  as  a  characte¬ 
ristic  of  that  action  of  a  force  which  tends  to  change  the  magnitude 
of  velocity.  For  if  force  F  is  resolved  into 
components  F^  and  Fn,  only  the  compo¬ 
nent  Fx,  which  imparts  the  particle  its 
tangential  acceleration,  will  change  the 
magnitude  of  the  velocity.  As  for  com¬ 
ponent  Fn,  it  either  changes  the  direction 
of  the  velocity  vector  v  (gives  the  particle 
its  normal  acceleration)  or,  in  the  case  of 
constrained  motion,  changes  the  pressure 
on  the  constraint.  Component  F„  does  not 
affect  the  magnitude  of  the  velocity,  or,  Fig.  250 

as  they  say,  force  F„  “does  no  work”. 

Noting  that  Fx  =F'*cosa,  we  further  obtain  from  Eq.  (35): 

dA  —  F  ds  cos  a.  (36) 

Thus,  the  elementary  work  done  by  a  force  is  equal  to  the  product  of  the 
projection  of  that  force  on  the  direction  of  displacement  of  the  particle 
and  the  infinitesimal  displacement  ds  (Eq.  35)  or,  the  elementary  work 
done  by  a  force  is  the  product  of  the  magnitude  of  that  force,  the  infini¬ 
tesimal  displacement  ds,  and  the  cosine  of  the  angle  between  the  direction 
of  the  force  and  the  direction  of  the  displacement  (Eq.  36). 

If  angle  a  is  acute,  the  work  is  of  positive  sense.  In  particular, 
at  a  =  0,  the  elementary  work  dA  =  F  ds. 

If  angle  a  is  obtuse,  the  work  is  of  negative  sense.  In  particular, 
at  a  =  180°,  the  elementary  work  dA  =  — F  ds. 

If  angle  a  =  90°,  i.e.,  if  a  force  is  directed  perpendicular  to  the 
displacement,  the  elementary  work  done  by  the  force  is  zero. 

The  sign  of  the  work  has  the  following  meaning:  the  work  is  posi¬ 
tive  when  the  tangential  component  of  the  force  is  pointed  in  the 
direction  of  the  displacement,  i.e.,  when  the  force  accelerates  the 
motion;  the  work  is  negative  when  the  tangential  component  is 
pointed  opposite  the  displacement,  i.e.,  when  the  force  retards  the 
motion. 

As  we  know  from  kinematics,  the  vector  of  the  elementary  displa¬ 
cement  of  a  particledr  =  V  dt,  andds  =  \  v  \  dt,  whence  ds  =  |  dr  |. 
Using  the  concept  of  the  scalar  product  of  two  vectors  employed  in 
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vector  algebra*^  Eq.  (36)  can  be  represented  in  the  form 

dA  =  F-dr.  (36') 


Consequently,  the  elementary  work  done  by  a  force  equals  the  scalar 
product  of  the  force  vector  and  ilie  vector  of  the  elementary  displacement 
of  its  point  of  application. 

Let  us  now  find  the  analytical  expression  for  elementary  work. 
For  this  we  resolve  force  F  into  components  Fy,  parallel  to 
the  coordinate  axes  (Fig.  251;  the  force  F  is  not  shown  in  the  diag¬ 
ram).  The  infinitesimal  displacement  MM'  =  ds  is  compounded 
of  the  displacements  dx,  dy,  dz  parallel  to  the  coordinate  axes,  where 
X,  y,  z  are  the  coordinates  of  point  M.  The  work  done  by  force  F  in 
the  displacement  ds  can  be  calculated  as  the  sum  of  the  work  done  by 
its  components  F*,  Fy,  F^  in  the  displacements  dx,  dy,  dz.  But  the 

work  in  the  displacement  dx  is  done  on¬ 
ly  by  component  F*  and  is  equal  to 
Fx  dx.  The  work  in  the  displacements  dy 
and  dz  is  calculated  similarly.  Thus,  we 
finally  obtain 

dA  =  Fxdx  Fydy  +  F^dz.  (37) 

Eq.  (37)  gives  the  analytical  expression 
of  the  elementary  work  done  by  a  force. 

Eq.  (37)  can  be  obtained  directly  from 
Eq.  (36')  if  the  scalar  product  is  ex¬ 
pressed  in  terms  of  the  projections  of  the 
vectors.  Then,  taking  into  account  that 
the  projections  of  the  radius  vector  r  of  point  M  on  the  axes 
Oxyz  are  equal  to  its  cartesian  coordinates  x,  y,  z,  we  obtain  at 
once  (see  the  footnote)  dA  =  F^dx  A-  Fydy  F^dz. 

The  work  done  by  a  force  in  any  finite  displacement  MqM^  (see 
Fig.  250)  is  calculated  as  the  integral  sum  of  the  corresponding  ele¬ 
mentary  works  and  is  equal  to 

(Ml) 

■d(MoMi)=  j  Fxds,  (38) 

(Mo) 


or 


(Ml) 

-^(MoMi)  j  (Fxdx-\- Fydy  A  Fzdz). 
(Mo) 


(38') 


Thus,  the  work  done  by  a  force  in  any  displacement  MqMi  is  equal 
to  the  integral  of  the  elementary  work  taken  along  this  displacement. 


*>  The  scalar  product  of  two  vectors  a  and  ft  is  a  scalar  quantity  equal 
to  the  product  of  the  magnitudes  of  those  vectors  and  the  cosine  of  the  angle  a 
between  them,  i.e.,  a-b  =  ab -cos  a.  The  scalar  product  in  terms  of  the  pro¬ 
jections  of  the  multiplied  vectors  has  the  form  a.b=  axbxA 
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The  limits  of  the  integral  correspond  to  the  values  of  the  variables 
of  integration  at  points  Afo  and  Mi  (or,  more  exactly,  the  integral 
is  taken  along  the  curve  MgMi,  i.e.,  it  is  curvilinear). 

If  the  quantity  is  constant  {F^  =  const.),  then  from  Eq.  (38), 

denoting  the  displacement  MqMi  hy  the  symbol  s^,  we  obtain: 

A(MoMi)  =  F  xSj.  (38") 

In  particular,  such  a  case  is  possible  when  the  acting  force  is  con¬ 
stant  in  magnitude  and  direction  (F  =  const.)  and  the  point  of 


application  is  in  rectilinear  motion  (Fig.  252).  In  this  case  F^  = 
=  F  cos  a  —  const.,  and  the  work  done  by  the  force  .4(MoMi)  = 
=  Fsi  cos  a. 

The  unit  of  work  in  the  SI  system  is  the  joule  (1 J  =  IN-m),  and 
in  the  mkg(f)s  system,  the  kgf-m. 

In  order  to  solve  the  principal  problem  of  dynamics,  it  is  impor¬ 
tant  to  establish  the  forces  whose  work  can  be  calculated  immedia¬ 
tely  without  knowing  the  equa¬ 
tion  of  motion  of  the  particle  on 
which  they  are  acting  (compare 
with  §  110).  From  Eq.  (38')  it  can 
be  seen  that  to  these  forces  be¬ 
long  only  constant  forces  and  forces 
which  depend  on  the  position  (coor¬ 
dinates)  of  a  moving  particle. 

In  order  to  calculate  the  work 
done  by  forces  depending  on  time 
or  velocity  of  a  particle,  we  must 
know  the  equation  of  its  motion, 
i.e.,  the  coordinates  x,  y,  z  as  functions  of  time.  Then  all  the  variables 
can  be  expressed  through  the  time  t  and  the  integral  (38')  may  be  calcu¬ 
lated.  Without  knowing  the  equation  of  motion  of  the  particle, 
i.e.,  without  solving  the  principal  problem  of  dynamics,  the  work 
done  by  such  forces  cannot  be  determined. 

Graphical  Method  of  Calculating  Work.  If  a  force  depends  on  the 
displacement  s  and  a  graph  is  given  showing  the  dependence  of  F^ 
on  s  (Fig.  253),  the  work  done  by  a  force  F  can  be  calculated  ^aphi- 
cally.  Let  a  particle  at  Mq  be  at  a  distance  Sq  from  the  origin,  and 
at  Ml  let  its  displacement  be  Si.  Then,  from  Eq.  (38),  taking  into 


Fig.  253 
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account  the  geometric  interpretation  of  integration,  we  have: 

*i 

I  Fxds=a, 

«o 

where  a  is  the  product  of  the  shaded  area  in  Fig.  253  and  a  scale 
factor. 

Power.  The  term  power  is  defined  as  the  work  done  by  a  force  in 
a  unit  of  time  (the  time  rate  of  doing  work).  If  work  is  done  at  a  con¬ 
stant  rate,  the  power 

where  ti  is  the  time  in  which  the  work  A  is  done.  In  the  general  case. 

Thus,  power  is  the  product  of  the  tangential  component  of  a  force 
by  the  velocity. 

The  unit  of  power  in  the  SI  system  is  the  watt  (1  W  =  1  J/s), 
and  in  the  mkg(f)s  system,  the  kgf-m/s.  In  engineering  the  unit  of 
power  commonly  used  is  horsepower  (hp),  which  is  equal  to 
75  kgf-m/s,  or  736  W. 

The  work  done  by  a  machine  can  be  expressed  as  the  product 
of  its  power  and  the  time  of  work.  This  has  given  rise  to  the  commonly 
used  technical  unit  of  work,  the  kilowatt-hour  (1  kW-h  = 
3.6- 10«  J  «  367100  kgf-m). 

It  can  be  seen  from  the  equation  W  =  v  that  if  a  motor  has 
a  given  power  W,  the  tractive  force  F^  is  inversely  proportional 
to  the  velocity  v.  That  is  why,  for  instance,  on  an  upgrade  or  poor 
road  an  automobile  goes  into  lower  gear,  thereby  reducing  the  speed 
and  developing  a  greater  tractive  force  with  the  same  power. 


§  113.  Examples  of  Calculation  of  Work 

The  examples  considered  below  give  results  which  can  be  used 
immediately  in  solving  problems. 

(1)  Work  Done  by  Gravity.  Let  a  particle  M  subjected  to  the  force 
of  gravity  P  move  from  a  point  (a:o,  Po,  Zo)  to  »  point  Mi  {xi,  pi,  z^). 
Choose  a  coordinate  system  so  that  the  axis  Oz  points  vertically  up 
(Fig.  254).  Then  P^  =  0,  Py  =  0,  P^  =  — P-  Substituting  these 
expressions  into  Eq.  (38')  and  taking  into  account  that  the  integra- 
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tion  variable  is  z,  we  obtain: 

(Ml)  zi 

^(MoM,)=  J  (  — P)rfz=  — P  J  dz  =  P(zo  — Zt). 


(Mo) 


zo 


If  point  Mq  is  higher  than  Mi,  then  Zq  —  H  —  where  h  is  the 
vertical  displacement  of  the  particle;  if  Mq  is  helow  Mi,  then 
Zo  —  2i  =  — (2i  —  2o)  =  —h.  Fi¬ 
nally  we  have: 

■4(MoMi)  =  ±  Ph.  (39) 

Thus,  the  work  done  by  gravity  is 
equal  to  the  product  of  the  magni¬ 
tude  of  the  force  and  the  vertical 
displacement  of  the  point  to  which 
it  is  applied,  taken  with  fhe  app¬ 
ropriate  sign.  The  work  is  positive 
if  the  initial  point  is  higher  than  the 
final  one  and  negative  if  it  is  lower. 

It  follows  from  this  that  the  work 
done  by  gravity  does  not  depend 

on  the  path  along  which  the  point  of  its  application  moves.  Forces 
possessing  this  property  are  called  conservative  forces  (see  §  151). 

(2)  Work  Done  by  an  Elastic  Force.  Consider  a  weight  M  lying  in 
a  horizontal  plane  and  attached  to  the  free  end  of  a  spring  (Fig.  255a). 


Fig.  254 


Al 


Let  point  O  on  the  pldne  represent  the  position  of  the  end  of  the 
spring  when  it  is  not  in  tension  {AO  =  l^  is  the  length  of  the  unexten¬ 
ded  spring)  and  let  it  be  the  origin  of  our  coordinate  system.  Now 
if  we  draw  the  weight  from  its  position  of  equilibrium  O,  stretching 
the  spring  to  length  I,  acting  on  the  weight  will  be  the  elastic  force 
of  the  spring  F  directed  towards  O.  According  to  Hooke’s  law,  the 
magnitude  of  this  force  is  proportional  to  the  extension  of  the  spring 
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Al  =  I  —  Iq.  As  in  our  case  Al  =  x,  in  magnitude 
F  =  c  I  A/  I  =  c  I  X  |. 

The  factor  c  is  called  the  stiffness  of  the  spring,  or  the  spring  con¬ 
stant,  and  its  dimension  is  [c]  =  kgf/cm.  Numerically,  t^e  stifiness  c 
is  equal  to  the  force  required  to  extend  the  spring  by  1  cm. 

Let  us  find  the  work  done  by  the  elastic  force  in  the  displacement 
of  the  weight  from  position  (x^)  to  position  [x^.  As  in  this 
case  Fx  =  —F  =  —cx,  Fy  =  F^  =  0,  substituting  these  expres¬ 
sions  into  Eq.  (38')  we  obtain: 

(Mi)  XI 

AmoMi)=  j  (  —  cx)dx=  —c  ^  xdx  =  Y(x^  —  x^). 

(Mo)  *0 

[The  same  result  could  be  obtained  from  the  graph  of  F  depending 
on  X  (Fig.  2556)  by  calculating  the  area  a  of  the  shaded  trapezium 
in  the  diagram  and  taking  into  account  the  sign  of  the  work.]  In  the 
obtained  formula  Xq  is  the  initial  extension  of  the  spring  Aim, 
and  Xi  is  the  final  extension  Affm.  Hence, 

■A(MoMi)  =  -|-  [ (A ^In)^  —  (A^fin)*) ,  (40) 

i.e.,  the  work  done  by  an  elastic  force  is  equal  to  half  the  product  of  the 
stiffness  and  the  difference  between  the  squares  of  the  initial  and  final 
extensions  {or  compressions)  of  a  spring. 

The  work  is  positive  if  |  Aim  1>  j  A  ffin  j,  i.e.,  when  the  end 
of  the  spring  moves  towards  the  position  of  equilibrium,  and  nega¬ 
tive  when  I  AZin  |  <  |  Afnn  |,  i.e.,  when  the  end  of  the  spring  moves 
away  from  the  position  of  equilibrium. 

It  can  be  proved  that  Eq.  (40)  holds  for  the  case  when  the  displace¬ 
ment  of  point  M  is  rtot  rectilinear.  It  follows,  therefore,  that  the 
work  done  by  the  force  F  depends  only  on  the  quantities  Aim  and 
Alfin  and  does  not  depend  on  the  actual  path  travelled  by  M.  Con¬ 
sequently,  an  elastic  force  is  also  a  conservative  force. 

(3)  Work  Done  by  Friction.  Consider  a  particle  moving  on  a  rough 
surface  (Fig.  256)  or  a  rough  curve.  The  magnitude  of  the  frictional 
force  acting  on  the  particle  is  fN,  where  /  is  the  coefficient  of  friction 
and  N  is  the  normal  reaction  of  the  surface.  Frictional  force  is  direc¬ 
ted  opposite  to  the  displacement  of  the  particle,  whence  Fu  t  = 
=  — fN,  and  from  Eq.  (38), 

(Ml)  (Ml) 

>l(MoM,)=—  j  —  j  fN  ds. 

(Mo)  (Mo) 

If  the  friction  force  is  constant,  then  A(MoMi)  =  —Fus,  where  s 
is  the  length  of  the  arc  along  which  the  particle  moves. 
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Thus,  the  work  done  by  kinetic  friction  is  always  negative.  It  depends 
on  the  length  of  the  arc  MqM^,  and  consequently  friction  is  a  non¬ 
conservative  force. 

(4)*  Work  Done  by  a  Gravitational  Force.  Treating  the  earth 
(a  planet)  as  a  homogeneous  sphere  (or  a  sphere  of  homogeneous 
concentric  layers),  a  particle  M  of  mass  m  above  or  on  the  surface 
is  subject  to  a  gravitational  (attractive)  force F*  directed  towards  the 
centre  0  (Fig.  257)  and  varies  as  the  inverse  square  of  distance  r 
from  point  M  to  O: 

The  coefficient  k  can  be  determined  from  the  condition  that  at  the 
surface  of  the  earth  (r  =  R,  where  R  is  the  radius  of  the  earth)  the 


Fig.  256  '  Fig.  257 


force  of  attraction  equals  mg,  where  g  is  the  acceleration  of  gravity 
at  the  surface  of  the  earth,  in  which  case 

mg  =  k-^,  or  k  =  gR.^. 

Let  us  first  calculate  the  elementary  work  done  by  force  F.  It  will 
be  observed  from  Fig.  257  that  the  elementary  displacement  MM' 
of  point  M  can  be  resolved  into  a  displacement  Ma,  equal  in  magni¬ 
tude  to  the  increment  dr  of  the  distance  OM  =  r  and  directed  along 
OM,  and  a  displacement  Mb  perpendicular  to  OM  and,  consequently, 
to  force  F  (see  also  §  71,  Fig.  155).  As  the  work  done  by  force  Fin 
the  latter  displacement  is  zero  and  the  displacement  Ma  is  in  the 
opposite  direction  of  the  force, 

dA^  —Fdr=  —  k-^dr.  (41) 

20-5562 
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Assume  now  that  the  particle  moves  from  point  M^,  for  which 
r  =  To,  to  point  Mi,  where  r  =■  r^.  Then, 

(Ml)  Ti  n 

^(MoMi)=  j  <fA=  — A/re  j -^  =  A:7re  j  , 

(Mo)  To  ro 

and,  finally, 

(41') 

The  work  is  positive  when  Tq  >  Tj,  i.e..  when  the  particle’s  final 
position  is  closer  to  the  surface  than  the  initial,  and  negative  when 
To  <  Tj.  As  Eq.  (41')  shows,  the  work  done  by  a  gravitational  force 
does  not  depend  on  the  particle’s  path.  The  gravitational  force  is, 
therefore,  a  conservative  force. 


§  114.  Theorem  of  the  Change  in  the  Kinetic  Energy  of 

a  Particle 

Consider  a  particle  of  mass  m  displaced  by  acting  forces  from 
a  position  M^  where  its  velocity  is  Uq  to  o  position  My  where  its 
velocity  is  Wj. 

To  obtain  the  required  relation,  consider  the  equation  mw  = 
which  expresses  the  fundamental  law  of  dynamics.  Projecting  this 
equation  on  the  tangent  M^,  to  the  path  of  the  particle  in  the  direc¬ 
tion  of  motion,  we  obtain; 

mw.,  = 

The  tangential  acceleration  in  the  left  side  of  the  equation  can  be 
written  in  the  form 

dv  dv  ds  _  dv 

^  dt  ds  dt  ds 

whence,  we  have: 

Multiplying  both  sides  of  the  equation  by  ds,  bring  m  under  the 
differential  sign.  Then,  noting  that  Pfn^ds  =  dA),,  where  dAj,  is  the 
elementary  work  done  by  the  force  we  obtain  an  expression  of  the 
theorem  of  the  change  in  kinetic  energy  in  differential  form: 

Integrating  both  parts  in  the  limits  of  corresponding  values  of  the 
variables  at  points  M^  and  Mi,  we  finally  obtain: 

mvf  mvl  ^ 

“2 - 2“  ^  2j  -^(MoMD-  (42) 
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Eq.  (42)  states  the  theorem  of  the  change  in  the  kinetic  energy  of 
a  particle  in  the  final  form:  The  change  in  the  kinetic  energy  of  a  par¬ 
ticle  in  any  displacement  is  equal  to  the  algebraic  sum  of  the  work  done 
by  all  the  forces  acting  on  the  particle  in  the  same  displacement. 

The  Case  of  Constrained  Motion.  If  the  motion  of  a  particle  is 
constrained,  then,  from  Eq.  (5),  the  right  side  of  Eq.  (42)  will  include 
the  work  done  by  the  given  (active)  forces  and  the  work  done  by 
the  reaction  force  of  the  constraint.  Let  us  limit  ourselves  to  the  case 
of  a  particle  moving  on  a  fixed  smooth  surface  or  curve.  In  this  case 
the  reaction  (see  Fig.  256)  is  normal  to  the  path  of  the  particle* 
and  =  0.  Then  by  Eq.  (38),  the  work  done  by  the  reaction  force 
of  a  fixed  smooth  surface  {or  curve)  in  any  displacement  of  a  particle  is 
zero,  and  from  Eq.  (42)  we  obtain; 

mv\  mi>o  vi  AS 

“2 - 2“^  2j  (42  ) 

Thus,  in  a  displacement  of  a  particle  on  a  fixed  smooth  surface  {or 
curve)  the  change  in  the  kinetic  energy  of  the  particle  is  equal  to  the  sum 
of  the  work  done  in  this  displacement  by  the  active  forces  applied  to  that 
particle. 

If  the  surface  (curve)  is  not  smooth,  the  work  done  by  frictional 
force  will  be  added  to  the  work  done  by  the  active  forces  (see  §  113). 
If  the  surface  (curve)  is  itself  in  motion,  the  absolute  displacement 
of  the  particle  M  may  not  be  perpendicular  to  N  and  the  work  done 
by  the  reaction  N  will  not  be  zero  (for  instance,  the  work  done  by 
the  reaction  of  the  floor  of  an  elevator). 


§  115.  Solution  of  Problems 

The  first  thing  in  approaching  any  problem  is  to  see  whether  one 
of  the  above  theorems  can  be  directly  applied  to  solve  it.  The  follo¬ 
wing  considerations  should  be  borne  in  mind. 

The  theorem  of  the  change  in  the  momentum  of  a  particle  is  con¬ 
veniently  used  to  solve  problems  in  which: 

(a)  the  acting  forces  are  constant  or  depend  only  on  time; 

(b)  the  given  and  required  quantities  include  the  acting  forces,  the 
duration  of  the  motion,  and  the  initial  and  final  velocities  of  the  par¬ 
ticle  (i.e.,  F,  t,  Vo,  and  Vi). 

The  theorem  .of  the  change  in  the  kinetic  energy  of  a  particle  is 
conveniently  used  to  solve  problems  in  which: 

(a)  the  acting  forces  are  constant  or  depend  only  on  the  distance; 

(b)  the  given  and  required  quantities  include  the  acting  forces, 
the  displacement  of  the  particle  and  the  velocities  at  the  beginning 
and  the  end  of  the  displacement  (i.e.,  F,  s,  Vq,  and  Vi). 

20* 
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Both  theorems  can  be  combined  to  solve  problems  in  which  both 
the  time  of  motion  and  the  displacement  of  a  particle  are  given  (or 
required). 

if  the  acting  forces  include  a  force  depending  on  the  velocity,  the 
principal  problem  of  dynamics  cannot  be  solved  with  the  help  of 
any  of  the  general  theorems  (it  is  impossible  immediately  to  calculate 
the  work  done  by,  or  the  impulse  of,  a  force).  In  this  case  the  method 
of  integration  of  differential  equations  should  be  used  (Chapter  17). 

The  following  steps  for  the  solution  may  be  suggested: 

(1)  From  the  statement  of  the  problem  determine  the  theorem  which 
can  be  used  for  its  solution. 

(2)  Depict  the  moving  particle  in  an  arbitrary  position  together 
with  all  the  active  forces  and  the  reactions  of  the  constraints  (in  the 

case  of  constrained  motion). 

(3)  Calculate  with  the  correspon¬ 
ding  formulas  the  impulses  or  work 
done  by  all  the  forces  during  the 
motion. 

(4)  Applying  Eq.  (34)  or  (42), 
write  the  appropriate  equations  and 
find  the  required  quantities.  In  the 
computations  special  attention 
should  be  paid  to  expressing  all  the 
quantities  in  the  same  system  of 
units. 

The  theorems  proved  above  are  also  convenient  to  determine  the 
impulses  or  the  work  done  by  the  forces  acting  on  a  particle  from  the 
change  in  its  momentum  or  kinetic  energy  (the  first  problem  of 
dynamics). 

Problem  102.  A  load  of  weight  —  0.1  kgf  moves  in  a  circle  with 
a  constant  velocity  v  =  2  m/s.  Determine  the  impulse  and  the  work 
done  by  the  force  acting  on  the  load  during  the  time  the  load  takes 
to  travel  one  quarter  of  the  circle. 

Solution.  From  the  theorem  of  the  change  in  momentum, 

8  =  mvi  —  mVf). 

Constructing  geometrically  the  difference  between  these  momenta 
(Fig.  258),  we  find  from  the  right-angled  triangle: 

But  from  the  conditions  of  the  problem  ^1  =  ^0  =  v,  consequently 
5=  -yy  1^2  =  0.029  kgf-s. 
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From  Eq.  (42)  we  determine  the  work; 


Problem  103.  A  load  of  mass  m  lying  on  a  horizontal  plane  is 
suddenly  pushed  and  imparted  an  initial  velocity  v^.  The  motion 
of  the  load  is  then  retarded  by  a  constant  force  F.  Determine  the 
time  it  takes  the  load  to  stop  and  how  far  it  will  have  travelled. 

Solution.  From  the  conditions  of  the  problem  we  see  that  the  first 
of  our  theorems  can  be  used  to  calculate  the  time  of  the  motion  and 
the  second  to  determine  the  distance. 

Depict  the  load  in  an  arbitrary  position  M  (Fig.  259),  Mq  and  Mi 
being  its  initial  and  final  positions.  Acting  on  the  load  are  its  weight  F, 
the  reaction  of  the  plane  N,  and  the  oppos¬ 
ing  force  F.  Pointing  axis  Ox  in  the  direc¬ 
tion  of  the  motion,  we  have  fromEq.  (34); 

mvix  —  mVex^'^Sx- 

In  this  case  nx*  =  0  (vi  is  the  velocity  at 
the  instant  when  the  load  stops)  and  = 

=  Vq.  Force  F  is  the  only  one  projected 
on  axis  x.  As  it  is  constant,  Sy.  =  Fji  =—Fti,  where  ti  is  the  bra¬ 
king  time.  Substituting  these  expressions  into  our  equation,  we 
obtain  — mvo  =  —Fti,  whence  the  required  time  is 

mvQ  (a) 

—  p  • 


M 

_u 

0  -H- 

n 

\m 

Mo 

Fig. 

259 

To  determine  the  braking  distance  we  use  the  theorem  of  the  change 
in  the  kinetic  energy; 

mi4  VI  4 
2  2 


Here  again  Ui  =  0  and  only  force  f'  does  any  work;  A  (F)  =  — Fs, 
where  s  is  the  braking  distance.  The  work  done  by  forces  J?  and  y 
is  zero  as  they  are  perpendicular  to  the  displacement.  Hence  we 

obtain  =  —Fsi,  and  the  braking  distance  is 


S,: 


2F 


(b) 


We  see  from  equations  (a)  and  (b)  that  the  braking  time  for  a  given 
force  F  is  proportional  to  the  initial  velocity  v^,  and  the  braking 
distance  is  proportional  to  the  square  of  the  initial  velocity. 

If  the  braking  force  is  a  frictional  force  and  the  coefficient  of  fric¬ 
tion  /  is  known,  then  F  —  fP  =  fmg,  and  equations  (a)  and  (b)  give 
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Note  that  if  we  were  given  the  initial  momentum  =  mvo 
(for  example,  Qo  =  2  kg-m/s)  instead  of  the  mass  m  and  initial 
velocity  Vg,  knowing  F  we  could  find  the  braking  time  from  equa¬ 
tion  (a),  but  the  data  would  be  insufficient  to  determine  the  braking 
distance  Sj. 

Conversely,  if  we  knew  the  initial  kinetic  energy  of  the  load 

To  =1^  and  the  force we  could  determine  the  braking  distance  Sj 

from  formula  (b),  but  we  would  not  be  able  to  determine  the  braking 
time  ti.  This  was  mentioned  in  §  109. 

Problem  104.  The  resultant  B  of  all  the  forces  acting  on  the  piston 
in  Fig.  260  changes  during  a  certain  time-interval  according  to  the 
equation  R  =  OAP  (1  —  kt),  where  P  is  the  weight  of  the  piston, 

V/////////////////////////V//. 

rH!3  \ 

Fig.  260 


t  is  the  time  in  seconds,  and  k  a  factor  equal  to  1.6  s"^.  Determine  the 
velocity  of  the  piston  at  time  —  0.5  s,  if  at  time  fo  =  0  it  was 
Vo  =  0.2  id/s. 

Solution.  As  the  acting  force  depends  on  the  time  and  the  given 
and  required  quantities  include  ^i,  no*  we  make  use  of  Eq.  (34): 

mVix  —  mvox  =  Sx-  (a) 

In  this  case 

*1  ti 

J  B,d<  =  0.4i>  J  (l-&t)di  =  0.4P^(l— 

0  0 

Furthermore,  Vox  =  ^o,  1^1*  =  1^1,  P  =  mg.  Substituting  these 
expressions  into  Eq.  (a)  and  taking  into  account  that  A:  =  1.6  s”^ 
and  ti  —  0.5  s,  we  obtain 

2^i  =  yo+0.4  gti  (1  —  «  1.4  m/s. 

Problem  105.  A  weight  attached  to  a  string  of  length  I  (Fig.  261a) 
is  displaced  from  the  vertical  at  an  angle  <Po  and  released  from  rest. 
Determine  the  velocity  of  the  weight  at  the  instant  when  the  thread 
makes  an  angle  (p  with  the  vertical. 

Solution.  As  the  conditions  of  the  problem  include  the  displace¬ 
ment  of  the  weight,  defined  by  the  angle  through  which  the  thread 
passes,  and  the  velocities  Vq  and  v^,  we  make  use  of  the  theorem  of  the 
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change  in  kinetic  energy: 

mvl  mvS  j 

“2 - T~~2i 

Acting  on  the  weight  is  the  force  of  gravity  JP  and  the  reaction  of 
the  thread  JV.  The  work  done  by  force  JV  is  zero,  as  =  0.  For 
force  P  we  have  from  Eq.  (39):  A  (P)  —  Ph  —  mgh.  As  =  0,  we 

obtain  ^  =  mgh,  whence 

Vi  = 

This  is  the  famous  formula  of  Galileo.  Evidently,  the  result  is  the 
same  for  the  velocity  y  of  a  freely  falling  weight  (Fig.  2616). 

In  our  problem  6  =  Z  cos  cp  —  Z  cos  cpo,  and  finally 

1^1  =  y  2gl  (cos  <p  —  cos  q)o). 

Problem  106.  The  length  Zo  of  an  uncompressed  valve  spring  is 
6  cm.  When  the  valve  is  completely  open,  it  is  lifted  to  a  height 


s  =  0.6  cm  and  the  length  of  the  compressed  spring  is  Z  =  4  cm 
(Fig.  262).  The  stiffness  of  the  spring  is  c  =0.1  kgf/cm  and  the  weight 
of  the  valve  is  P  =  0.4  kgf.  Neglecting  the  gravitational  and  resi¬ 
sting  forces,  determine  the  velocity  of  the  valve  at  the  moment  of 
its  closure. 

Solution.  The  elastic  force  F  acting  on  the  valve  depends  on  the 
displacement  s  of  the  valve,  which  is  given.  Therefore,  weuseEq.  (42): 

mu?  mu?  jt 
-2 - ^  = 

According  to  the  conditions  of  the  problem,  the  only  force  doing 
work  is  the  elastic  force  of  the  spring.  Hence,  from  Eq.  (40),  we  have: 

'4(MoMt)  =  y  [  ( AZjn)^  —  ( AZf in)2] . 
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In  our  case 

A/in  =  Io  —  ^  =  2  cm,  AZ(i„=/u  —  I  —  s=1.4  cm. 

p 

Furthermore,  Vq  —  0  and  m  —  Substituting  these  expressions 
into  Eq.  (42),  we  obtain: 

yi  =  |/  f-[(AU"-(AWl«0.22  m/s. 

In  the  computations  take  care  of  the  dimensions  (as  A/  is  in  centi¬ 
metres,  g  —  980  cm/s®). 

Problem  107.  An  elastic  beam  supporting  a  weight  at  the  centre 
of  its  span  (Fig.  263)  deflects  by  an  amount  6st  (the  static  deflection 
of  the  beam).  Neglecting  the  weight  of  the  beam,  determine  its 


Fig.  263 

maximum  deflection  6max  if  the  weight  is  dropped  on  it  from  a  height  H. 

Solution.  As  in  the  previous  problem,  we  apply  Eq.  (42).  The 
initial  velocity  Vq  and  the  final  velocity  Vi  (at  the  instant  of  the 
maximum  deflection  of  the  beam)  of  the  weight  are  each  zero,  and 
Eq.  (42)  takes  the  form 

(a) 

The  forces  doing  work  are  the  force  of  gravity  P  in  the  displa¬ 
cement  MqMi  and  the  elastic  force  P  of  the  beam  in  the  displace¬ 
ment  M'Mi.  Also,  A  (P)  =  P  {H-\-  6max).  A  (P)  =  —  •l-fimai,  as 

for  the  beam  Alin  —  0,  Alti„  =  6max-  Substituting  these  expressions 
into  equation  (a),  we  obtain: 

P(^+6max)-|6S>ax  =  0. 

But  when  the  weight  on  the  beam  is  in  equilibrium,  the  force 
of  gravity  is  balanced  by  the  elastic  force.  Consequently,  P  =  c6st, 
and  the  last  equation  can  be  written  in  the  form 


fimax  26st6niax“  26gfZf —  0. 
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Solving  this  quadratic  equation  and  taking  into  account  that 
according  to  the  conditions  of  the  problem  6max  >  0,  we  find; 

6max  —  fist -t- /sit +  2/f6st. 


It  is  interesting  to  note  that  at  /T  =  0  we  have  6n,ax  =  26,1. 
Thus,  if  the  weight  is  placed  at  the  centre  of  a  horizontal  beam,  the 
maximum  deflection  in  the  downward  motion  of  the  weight  will  be 
double  the  static  deflection.  The  beam  will  vibrate  together  with 
the  weight  about  the  position  of  equilibrium.  Resisting  forces  will 
damp  the  vibrations  till  the  system  is  balanced  at  the  position  when 
the  deflection  of  the  beam  is  equal  to  6st- 
Problem  108.  Determine  the  initial  velocity,  Vq,  that  should  be 
imparted  to  a  body  projected  vertically  up  from  the  surface  of  the 
earth  for  it  to  reach  a  given  altitude  H. 

Assume  the  gravitational  force  to  be  chang¬ 
ing  inversely  to  the  square  of  the  distance 
from  the  centre  of  the  earth  and  neglect 
the  resistance  of  the  air. 

Solution.  This  problem  is  solved  by  ap¬ 
plying  the  theorem  of  the  change  in  kine¬ 
tic  energy,  the  body  being  considered  as  a 
particle: 

mi>?  mi>S  4 

2  2~  —  (u) 

Fig.  264 

where  m  is  the  mass  of  the  particle. 

Let  us  compute  the  work  done  by  force  F  not  using  Eq.  (41'). 
Place  the  origin  of  a  coordinate  system  in  the  centre  of  the  earth  (the 
centre  of  attraction)  and  direct  axis  x  in  the  direction  of  the  motion 
(Fig.  264).  Depict  the  moving  particle  M  in  an  arbitrary  position 
and  the  force  F  applied  to  it.  From  the  conditions  of  the  problem. 


where  k  is  a  scalar  factor. 

To  determine  k,  note  that  when  the  particle  is  on  the  surface  of  the 
earth  (x  —  Rq,  where  Rq  is  the  radius  of  the  earth),  the  gravitational 
force  is  mg^,  where  go  is  the  acceleration  of  gravity  at  the  surface 
of  the  earth.  Hence,  mgo  =  km/R^,  or  k  =  R^o- 
Noting  that 


whence,  according  to  Eq.  (38'),  we  obtain: 


(Mi)  «(l+ 

A(MoMt)=  j  {^—^)dx=~km  j 

(Mo) 


Bo+H 

1 

Ho 


dx 

x2 
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Integrating,  we  find: 

A  /I  1  \  kmH 

A{MoMi)-lcm  Ro(Rg  +  H)- 

This  result  may  be  immediately  obtained  from  Eq.  (41')  if  we 
take  into  account  that  in  our  case  r,,  =  Rq  and  ri  =  Rq  +  H. 

As  in  its  highest  position  the  velocity  Vi  =  0,  by  substituting 
these  expressions  of  the  work  and  of  k  in  equation  (a)  we  finally 
obtain: 

..  _ t  2goRoH 

Let  us  consider  some  special  cases. 

(a)  If  H  is  very  small  as  compared  with  /?o,  H/Rg  is  very  small. 
Dividing  the  numerator  and  denominator  by  Rq,  we  obtain* 

Thus,  at  small  values  of  H  we  obtain  Galileo’s  formula. 

(b)  Let  us  find  the  initial  velocity  which  will  carry  a  projectile 
into  infinity.  Dividing  the  numerator  and  denominator  by  JT,  we 
obtain: 


At  H  =  00  and  assuming  the  mean  radius  of  the  earth  to  be 
Ro  6  370  km,  we  obtain: 

Vo  =  y  2goRo  11.2  km/s. 

Thus,  a  body  projected  from  the  surface  of  the  earth  with  a  velo¬ 
city  of  11.2  km/s  will  escape  the  earth’s  gravitational  field 
forever. 

It  can  be  calculated  that  at  initial  velocities  lying  approximately 
within  the  limits  8  km/s  ^  ^  11  km/s  a  body  projected  at  a  tan¬ 

gent  to  the  earth’s  surface  will  not  fall  back  and  will  become  an 
artificial  satellite.  At  initial  velocities  below  8  km/s  or  when  a  body 
is  not  projected  horizontally,  it  will  describe  an  elliptical  trajectory 
and  fall  back  to  the  earth.  All  these  results  refer  to  motion  in  a  vacuum 
(see  Chapter  22). 
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§  116.  Theorem  of  the  Change  in  the  Angular  Momentum 
of  a  Particle  (the  Principle  of  Moments) 


Of  the  two  principal  dynamic  characteristics  introduced  in  §  109, 
only  mw  is  a  vector  quantity.  Often,  in  analysing  the  motion  of 
a  particle,  it  is  necessary  to  consider  the  change  not  in  the  vector  mv 
itself  but  in  its  moment.  The  moment  of  the  vector  mv  with  respect 
to  any  centre  O  or  axis  z  is  denoted  by  the  symbol  mo  {mv)  or  {mv) 

and  is  called  the  moment  of  momentum 
or  angular  momentum  with  respect  to 
that  centre  or  axis.  The  moment  of  vector 
mv  is  calculated  in  the  same  way  as  the 
moment  of  a  force.  Vector  mv  is  consi¬ 
dered  to  be  applied  to  the  moving  par¬ 
ticle.  In  magnitude  |  mo  {mv)  \  =  nwh, 
where  h  is  the  perpendicular  distance 
from  0  to  the  position  line  of  the  vector 
mv  (see  Fig.  265). 

(1)  Principle  of  Moments  About  an 
Axis*).  Consider  a  particle  of  mass  m 
moving  under  the  action  of  a  force  F. 

Let  us  establish  the  dependence  between  the  moments  of  the  vec¬ 
tors  mv  and  F  with  respect  to  any  fixed  axis  z.  From  the  formulas 
of  §  43, 

m^  {F)  =  xFy  —  yF^.  (43) 

Similarly,  form  m^  {mv),  and  taking  m  out  of  the  parentheses, 
we  have: 

TOj  {mv)  =  m  {xvy  —  yv^.  (43') 

DiSerentiating  this  equation  with  res|)ect  to  time,  we  obtain: 
^[rn,{mv)\  =  m(^  Vy-^v^)-\-\xm^-ym^) . 


The  first  member  in  the  right-hand  side  of  the  equation  is  zero,  as 
^  =  y*  and  ^  From  Eq.  (43),  the  second  member  is  equal 

to  m^  {F),  since,  from  the  fundamental  law  of  dynamics. 


m 


dv^ 

“It 


y _ p 

7“  —  ^  y’> 


Finally,  we  have: 

-^[m^{mv)]=m^{F). 


(44) 


*>  This  result  can  be  obtained  as  a  special  case  of  item  (21. 
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This  equation  states  the  principle  of  moments  about  an  axis: 
The  derivative  of  the  angular  momentum  of  a  particle  about  any  axis 
with  respect  to  time  is  equal  to  the  moment  of  the  acting  force  about  the 
same  axis.  An  analogous  theorem  can  be  proved  for  moments  about 
any  centred.  Its  mathematical  expression  is  given  below  in  Eq.  (45')» 

From  Eq.  (44)  it  follows  that  if  m^  (F)  =  0,  then  mx{mv)  =  const. , 
i.e.  if  the  moment  of  the  acting  force  about  an  axis  is  zero,  the 
angular  momentum  of  this  particle  about  this  axis  is  constant  in 
magnitude  and  direction. 

(2)*  Principle  of  Moments  About  a  Centre.  Let  us  find  for  a  particle 
moving  under  the  action  of  a  force JF’  (Fig.  265)  the  relation  between 
the  moments  of  vectors  mv  and  P  with  respect  to  any  fixed  centre  O. 
It  was  shown  at  the  end  of  §  42  that  mo  (F)  =  r  X  P.  Similarly, 

mo  (mv)  ==  r  X  mv. 

\ector  mo  (P)  is  normal  to  the  plane  through  O  and  vector  F, 
while  vector  mo  {mv)  is  normal  to  the  plane  through  0  and  vector  my. 
Difierentiating  the  expression  mo  (mv)  with  respect  to  time,  we 
obtain: 

-^(r  X  mv)=  X  my)  +  (i*  X  m-^)  =  (y  x  mv)  +  {r  X  mw). 


But  V  X  mv  =  0,  as  the  vector  product  of  two  parallel  vectors, 
and  mw  =  F.  Hence, 


-^(y  X  /rev)  =  y  x  F, 

(45) 

or 

[mo  (wv)]  =  m„  (F). 

(45') 

This  is  the  principle  of  moments  about  a  centre:  The  derivative 
of  the  angular  momentum  of  a  particle  about  any  fixed  centre  with 
respect  to  time  is  equal  to  the  moment  of  the  force  acting  on  the  particle 
about  the  same  centre.  An  analogous  theorem  is  true  for  the  moments 
of  vector  mv  and  force  F  with  respect  to  any  axis  z,  which  is  evident 
if  we  project  both  sides  of  Eq.  (45')  on  that  axis.  This  was  proved 
directly  in  item  (1).  The  mathematical  statement  of  the  theorem  of 
moments  about  an  axis  is  given  in  Eq.  (44)  above. 

A  comparison  of  Eqs.  (45')  and  (32)  shows  that  the  moments  of 
vectors  mv  and  F  are  linked  by  the  same  relationship  as  the  vectors 
fnv  and  F  themselves. 

From  Eq.  (45')  it  follows  that  ifm,o(F)  =0,  then  mo(mv)  =  const., 
i.e.,  if  the  moment  of  the  acting  force  relative  to  a  centre  is  zero, 
the  angular  momentum  of  this  particle  about  the  same  centre  is 
constant  in  magnitude  and  direction.  This  result  is  of  great  impor¬ 
tance  in  the  case  of  motion  under  the  action  of  a  central  force 
(see  §  117). 
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Problem  109.  A  bead  M  is  attached  to  a  string  MBA  whose  part  BA 
passes  through  a  vertical  pipe  (Fig.  266).  At  the  moment  when  the 
bead  is  at  a  distance  from  the  axis  z  of  the  pipe,  it  receives  an 
initial  velocity  Wo  perpendicular  to  the  plane  MBA.  At  the  same 
time  the  string  is  slowly  pulled  into  the  pipe.  Determine  the  velocity 
Vi  of  the  bead  when  its  distance  from  axis  2  is  h^. 

Solution.  Acting  on  the  bead  are  the  force  of  gravity  P  and  the 
reaction  of  the  string  T.  The  moments  of  these  forces  about  axis  z, 
which  is  coincident  with  the  pipe,  are  zero.  Then,  from  Eq.  (44), 
we  have 

-^(m^(/rew)]  =  0, 

whence  (mv)  =  mvh  —  const.  As  the  mass  m  is  constant,  it 
follows  that  during  the  motion  of  the  bead  VfJh,Q  =  whence' 

^0 

Vt=i^Vo. 

The  closer  the  bead  approaches  the  rod,  the  greater  is  its  velocity. 


§  117*®^.  Motion  Under  the  Action  of  a  Central  Force. 
Law  of  Areas 

A  central  force  is  one  whose  line  of  action  always  passes  through  a  given 
centre  O.  An  example  of  a  central  force  is  the  force  with  which  the 
planets  are  attracted  by  the  sun  or  a  satellite  by  the  earth. 


Using  Eq.  (45'),  let  us  investigate  how  a  particle  M  will  move  under 
the  action  of  a  central  force  F  (Fig.  267).  As  in  this  case  »no(P)  =  0, 
we  have  thq  {mv)  =  r  X  mv  —  const.,  or,  as  the  mass  m  is  constant, 
■^0  {v)  =  r  X  V  =  const.,  i.e.,  the  vector  mo  (v)  is  constant  both 
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in  magnitude  and  direction.  Recalling  that  vector  mo  {v)  =  r  X  v 
is  perpendicular  to  the  plane  through  vectors  r  and  v,  if  vector  r  x  v 
is  constant  in  direction,  the  radius  vector  r  =  OM  of  particle  M 
and  its  velocity  vector  v  remain  in  the  same  plane.  Hence,  the  path 
of  particle  Af  is  a  plane  curve.  Also,  |  Wo  (v)  |  =  nft  =  const. 

Thus,  a  particle  subjected  to  the  action  of  a  central  force  moves 
in  a  plane  curve;  its  velocity  v  changes  in  such  a  way  that  the  moment 
of  vector  v  about  the  centre  O  is  constant  (vh  =  const.). 

ds 

This  result  has  a  graphic  interpretation.  As  vh  =  ■—•h  and 
ds-h  =  2da,  where  da  is  the  area  of  the  little  triangle  OMM',  it 
follows  that  vh  —  2^.  The  quantity  da/dt  represents  the  rate  of 

increase  of  the  area  swept  out  by  the  radius  vector  OM  in  the  motion 

of  the  particle  M  and  is  called  the  areal  ve¬ 
locity.  In  the  present  case  this  velocity  is 
constant 

-|^  =  -j|mo(»)l  =  const.  (46) 

Thus,  in  motion  under  the  action  of  a  cen¬ 
tral  force  the  radius  vector  of  a  particle  sweeps 
Fig.  268  out  equal  areas  in  equal  intervals  of  time 

(the  Law  of  Areas).  This  applies  to  plane¬ 
tary  motion  and  is  one  of  Kepler’s  laws. 

Example.  The  orbit  of  a  planet  moving  under  the  force  of  the 
sun’s  gravity  is  an  ellipse,  with  the  sun  located  in  one  of  the  focuses  S 
(Fig.  268).  As  gravity  is  a  central  force,  the  law  of  areas  applies. 
Therefore,  at  the  point  of  closest  approach  to  the  sun,  P  (the  perihe¬ 
lion),  the  velocity  Vp  of  the  planet  is  greatest,  and  at  its  farthest 
point  A  (the  aphelion)  the  velocity  is  smallest.  This  follows  from 
Eq.  (46),  which  for  points  A  and  P  yields  v^'AS  =  Vp’PS.  The 
same  result  can  be  obtained  when  it  is  remembered  that  the  areas 
of  the  shaded  sectors  in  Fig.  268  swept  out  in  equal  times  must  be 
equal;  consequently,  in  the  same  time  the  planet  travels  a  longer 
path  in  the  neighbourhood  of  point  P  than  in  the  neighbourhood  of 
point  A. 

The  same  conclusions  hold  for  satellite  motion. 


Chapter  19 
Constrained  Motion 
of  a  Particle 


§  118.  Equations  of  Motion  of  a  Particle  Along 
a  Given  Fixed  Curve 

We  have  seen  that  some  problems  of  constrained  motion  can  be 
solved  with  the  help  of  the  general  theorems  of  dynamics.  Let  us 
consider  another  method  of  solving  such  problems,  which  can  be 
used  for  any  acting  forces  and  which  makes  it  possible  to  find  both 
the  equation  of  motion  of  a  particle  and  the  reactions  of  its  constraints. 

Let  particle  M  in  Fig.  269  be  moving  along  a  given  smooth  curve 
under  the  action  of  the  applied  forces .  .  .,F^,  let  O  be  the 
origin  of  a  frame  of  reference  lying  on  the 
curve,  and  let  the  motion  of  the  particle  be 

described  by  the  arc-coordinate  s  —  OM 
(see  §  59).  If  we  replace  the  constraint  by 
its  reaction  N,  the  fundamental  law  of  dy¬ 
namics  will  take  the  form  (see  §  102): 

mw=^'^Fl  +  lf.  (47) 

Let  us  draw  through  point  M  the  tangent 
Mt  (in  the  positive  direction  of  s),  the  prin¬ 
cipal  normal  Mn  (inward  to  the  curve), 
and  an  axis  Mb  perpendicular  to  them, 
which  is  called  the  binormal,  and  pro¬ 
ject  both  sides  of  Eq.  (47)  on  these  axes.  As  the  curve  is  smooth, 
the  reaction  N  is  perpendicular  to  it,  i.e.,  lies  in  the  plane  Mbn, 
and  consequently  =  0.  Thus  we  have: 

=  =  mwb='^Flb  +  Nb. 

But  and  Wb  =  0,  as  the  acceleration  vec¬ 

tor  w  lies  in  the  osculating  plane  Mxn.  This  gives  us  the  following 
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differential  equations  of  motion  of  a  particle  along  a  given  curve: 


+  0=2Ft„+Ni,.  (49) 


These  equations  can  be  used  to  solve  the  two  problems  of  constrai¬ 
ned  motion  mentioned  in  §  102. 

Eq.  (48),  which  does  not  contain  the  unknown  reaction  N,  is 
convenient  for  developing  the  equation  of  motion  of  a  particle  along 
a  curve,  i.e.,  the  relation  s  =  f  (t).  Eqs.  (49)  are  used  to  determine 

the  reaction  of  the  constraint  (see 
§  119). 

These  equations  can  also  be  used  if 
the  curve  is  not  smooth,  in  which 
case  the  frictional  force  should  be  ad¬ 
ded  to  the  forces  Fu- 
Eqs.  (48)  and  (49)  also  hold  for  the 
motion  of  a  free  particle,  in  which 
case  we  assume  N  —  0. 

Problem  110.  A  heavy  ring  M  sli¬ 
ding  on  a  horizontal  wire  circle  recei¬ 
ves  an  initial  velocity  Vq  tangent 
to  the  circl^  (Fig.  270).  Acting 
on  the  ring  is  a  resisting  force  F  =  kmY  v,  where  m  is  the  mass 
of  the  ring,  v  is  its  velocity,  and  A:  is  a  constant  factor.  Determine 
when  the  ring  will  come  to  a  halt. 

Solution.  Placing  the  origin  O  of  the  frame  of  reference  at  the 
initial  position  of  the  ring,  we  draw  the  ring  in  an  arbitrary  position 
and  the  axes  Mr,  Mn,  and  Mb.  Acting  on  the  ring  are  the  force  of 
gravity  F,  the  reaction  A’’,  and  the  frictional  force  F.  Writing  Eq.  (48) 
and  taking  into  account  that  P^  =  N.^  =  Q  and  F.^  —  — ^  —  — kmY v, 
we  obtain: 


m 


dv 

dt 


—  km  Y V- 


Whence,  separating  the  variables  and  taking  into  account  that 
V  =Vq  at  ^  =  0,  we  have: 


r  t 


or  2{Yv  —  Yvo) 


—  kt. 


At  the  time  t  —  t^,  when  the  ring  comes  to  a  halt,  v  =  0.  Hence, 
assuming  in  the  obtained  equation  i;  =  0,  we  have: 

,  _  2Y^o 
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For  the  given  law  of  resistance  the  duration  of  the  motion  until 
complete  rest  is  finite  (see  Problem  100  in  §  105). 

Problem  111.  In  the  preceding  problem  determine  the  distance 
the  ring  will  travel  along  the  circle  before  it  stops  if  acting  on  it 
instead  of  the  resisting  force  dependent  on  velocity  is  the  force  of 
friction  F  =  fN.  Given;  radius  of  the  circle  R  =  0.3  m,  initial 
velocity  Vq  =  2  m/s,  coefficient  of  friction  of  the  ring  on  the  circle 
/  =  0.3. 

Solution.  Placing  the  origin  O  of  the  frame  of  reference  and  drawing 
the  axes  Mx,  Mn,  and  Mh  as  in  the  previous  problem  (see  Fig.  270), 
the  forces  acting  on  the  ring  are  P,  If,  and  P,  where  P  is  now  the 
force  of  friction.  Writing  Eqs.  (48)  and  (49),  we  obtain: 

^  =  Nn,  Nb^P  =  0. 

In  magnitude  F  =  fN  =  fY Ni  +  Nn  (it  would  be  wrong  to  com¬ 
pute  the  friction  as  the  arithmetical  sum  of  forces  fNi,  and  fNn). 
Noting  that  Nj,  =  P  =  mg,  we  find: 

F  =  fm  + 

W’e  see  that  the  friction  depends,  through  the  reaction  N,  on  the 
velocity  of  the  ring.  That  is  why  this  problem  cannot  be  solved  by 
applying  the  theorem  of  the  change  in  kinetic  energy. 

In  order  to  find  immediately  the  dependence  of  s  on  v,  note  that 

-^  =  -^■^=^1;.  Then,  eliminating  m,  the  equation  of  motion 
of  the  ring  takes  the  form 

Separating  the  variables  and  evaluating  both  sides  of  the  equa¬ 
tion  for  the  respective  definite  integrals,  we  have; 

J  l/g2/J2-j_„4  R  J 

whence 

-^s  =  ln(v=‘  +  Yg^R^  +  v^)  -  In  (i;J  -1-  +  v*) , 

and  finally 

„  F  vS4-Vg^R^+vS 
2/ 

When  the  ring  stops,  i;  =  0.  Thus,  assuming  g  «  10  m/s*,  the 
required  path  is  _ 

Si  =  -^ln^!ail£^t£!:?!^.l.ln3»0.55  m. 
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§  119.  Determination  of  the  Reactions  of  Constraints 

The  reaction  of  the  constraint  when  a  particle  moves  along  a  given 
curve  is  found  with  the  help  of  Eq.  (49).  The  moving  particle  should 
be  drawn  in  the  position  for  which  the  reaction  is  to  be  determined. 
If  the  velocity  v  in  Eq.  (49)  is  not  immediately  known,  it  can  in  some 
cases  be  found  from  the  theorem  of  the  change  in  kinetic  energy 
(§  114). 

From  Eq.  (49)  it  can  be  seen  that  in  curvilinear  motion  the  dyna¬ 
mic  reaction  N,  unlike  static  reaction,  depends  not  only  on  the 


applied  active  forces  and  the  type  of  constraint  but  also  on  the 
velocity  of  the  motion. 

Problem  112.  A  load  of  weight  P  attached  to  a  string  of  length  I 
is  displaced  through  an  angle  a  from  the  vertical  to  a  position  Mo 
and  released  from  rest  (Fig.  271).  Determine  the  tension  in  the  thread 
when  the  load  is  in  its  lowest  position  Mj. 

Solution.  Depict  the  load  in  the  position  for  which  the  tension 
in  the  string  has  to  be  found,  i.e.,  in  position  Mj.  Acting  on  the 
load  is  its  weight  P  and  the  reaction  of  the  thread  T .  Draw  the  inward 
normal  M^n  and  write  Eq.  (49),  taking  into  account  that  in  the 
present  case  p  =  1.  We  have: 

Il^:=T-P,  or  T  =  P  +  ^, 


where  is  the  velocity  of  the  load  at  position  Mj.  To  determine  v^, 
we  make  use  of  Eq.  (42'): 


■y 


mi;* 

y 


A 


“moMi)- 


(a) 


On  the  section  MqMi  only  force  P  does  any  work.  Therefore, 
A^  =  Ph  =  PI  (1  —  cos  a). 
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As  fo  =  0,  substituting  the  expression  for  the  work  into  equation 
(a),  we  obtain  mv\  =  2Pl  (1  —  cos  a),  and  finally, 

T  =  P  (3  —  2  cos  a). 

In  the  special  case,  when  the  initial  angle  of  deflection  is  90®, 
the  tension  in  the  string  when  it  is  in  vertical  position  will  be  ZP, 
i.e.,  treble  the  weight  of  the  load. 

The  result  shows  that  dynamic  reactions  can 
differ  considerably  from  static  reactions. 

Problem  113.  A  grooved  track  makes  two  circu¬ 
lar  arcs  AB  and  BD  of  radius  i?  in  a  vertical 
plane;  the  tangent  BE  through  their  point  of  con¬ 
jugation  is  horizontal  (Fig.  272).  Neglecting  fric¬ 
tion,  determine  the  height  h  from  BE  at  which 
a  heavy  ball  should  be  placed  on  the  track  so 
that  it  would  shoot  out  of  the  track  at  point  Mi 
lying  at  the  same  distance  h  below  BE. 

Solution.  The  ball  will  leave  the  track  at  a  po¬ 
int  Ml  such  that  its  pressure  on  the  track  (or  the 
reaction  N  of  the  track)  is  zero.  Consequently, 
our  problem  is  reduced  to  the  determination  of 
N.  Draw  the  ball  at  Mi.  Acting  on  it  are  the 
force  of  gravity  P  and  the  reaction  of  the  track  N.  Writing  Eq.  (49) 
for  the  projection  on  the  inward  normal  Min,  we  have: 

'Ot'i  n  nr 

—^  =  Pcos(p—N. 

Since  at  the  point  of  departure  N  =  0  and  taking  into  account 
that  B  cos  <p  =  KC  =  i?  —  h,  we  obtain  the  equation  for  deter¬ 
mining  h-. 

mvl  =P  (R  —  h).  (a) 

The  value  of  mv]  can  be  found  from  the  theorem  of  the  change  in 
kinetic  energy.  As  Vq  =  0,  Eq.  (42')  gives 

mvl  _  Aa 

—2 - "(MoMi)- 

The  only  force  that  does  work  is  P,  and  A  (P)  =  P2h.  Conse¬ 
quently  mv]  =  APh.  Substituting  this  expression  of  mv,  into  equa¬ 
tion  (a),  we  obtain  Ah  =  R  —  h,  whence 

h  =  0.2  R. 

Problem  114.  A  load  M  is  attached  to  a  string  of  length  I  (Fig.  273). 
What  is  the  least  initial  velocity  Vq  perpendicular  to  the  string  that 
should  be  imparted  to  the  load  for  it  to  describe  a  complete  circle? 

Solution.  The  load  will  describe  a  complete  circle  if  nowhere  along 
its  path  (except,  possibly,  point  M')  will  the  tension  in  the  string 

21* 


m' 
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become  zero,  i.e.,  if  the  string  remains  taut.  If,  on  the  other  hand, 
at  any  point  Mi  where  Wi  =5^  0  the  tension  becomes  zero,  the  string 
will  no  longer  constrain  the  load,  which  will  continue  to  move  as 
a  free  body  (along  a  parabola). 

To  solve  the  problem  wo  must  determine  the  tension  T  in  the 
string  at  any  point  M  defined  by  angle  <p  and  then  require  that 
?’  >  0  for  any  angle  cp  ^  180°. 

Acting  on  the  load  at  point  M  are  its  weight  P  and  the  tension 
of  the  thread  T.  Writing  Eq.  (49)  for  the  projections  on  the  inward 
normal  Mn,  we  obtain; 

—^  —  T  —  Pcosq),  (a) 

where  v  is  the  velocity  of  the  load  at  point  M.  To  determine  v  we 
apply  the  theorem  of  the  change  in  kinetic  energy; 

m\A  mVQ  .  a 

In  our  case  A(M(,m)—  — Ph  =  — PI  (1  —  cos  9),  and  conse¬ 
quently, 

rnx^  —  mvl  —  2Pl  (1  —  cos  (p) . 

Substituting  this  expression  of  mtP  into  equation  (a)  and  solving 
it  for  T,  we  obtain 

T  =  P  (^_2-|-3cos(p) . 

The  least  value  of  J  is  at  (p  =  180°; 


The  condition  for  T  never  to  become  zero  (except,  possibly,  at 
point  M')  is  that  Tmin  ^  0.  Hence 

-^>5  or  i;o>1^5gZ. 

Thus,  the  least  initial  velocity  at  which  the  load  will  describe 
a  complete  circle  is  given  by  the  equation 

Vomln  =  V^gL 

Let  us  assume  that  the  load  is  attached  not  to  a  thread  but  to 
a  rigid  light  (weightless)  rod  of  length  /.In  this  case  (since,  unlike 
a  thread,  a  rod  can  work  both  in  tension  and  in  compression)  the 
load  will  describe  a  complete  circle  if  the  velocity  does  not  become 
zero  anywhere  (except,  possibly,  at  point  M').  Applying  Eq,  (42') 
for  the  displacement  M^M'  and  assuming  i;  =  0  at  point  M\  we 

obtain  — =  —mg*  2/.  Hence 

^0  rain  =  4g/. 


Chapter  20 
Relative  Motion 
of  a  Particle 


§  120.  Equations  of  Relative  Motion  and  Rest  of  a  Particle 


The  laws  of  dynamics  and  the  equations  and  theorems  based  on 
them,  which  were  obtained  in  the  previous  chapters,  are  valid  only 
for  so-called  absolute  motion  of  a  particle,  i.e.,  motion  with  respect 
to  an  inertial  (fixed)  reference  system. 

The  present  chapter  deals  with  relative  motion  of  a  particle,  i.e. , 
motion  with  respect  .to  non-inertial,  arbitrarily  moving  reference 
systems. 

Consider  a  particle  M  moving  under  the  ^  ^  ,,, — 

action  of  applied  forces  Fj,  t\,  .  .  F„  '  i  \  j 
resulting  from  its  interaction  with  other  \  IZFi, 

material  bodies.  Let  us  investigate  the  \  /  y 

motion  of  this  particle  with  respect  to  a 
set  of  coordinate  axes  Oxyz  (Fig.  274),  ^ 

which  are  in  turn  moving  in  some  known  ^ 
way  with  respect  to  a  set  of  fixed  axes  /x 

Let  us  find  the  relation  between  the  re- 
lative  acceleration  of  the  particle  Wrei  and 

the  forces  acting  on  it.  For  absolute  motion  the  fundamental  law 
of  dynamics  has  the  form 

fnwa  =  (50) 

But  we  know  from  kinematics  that  =  Wrei  +  «»tr  +  'M>cor, 
where  Wrei.  and  Wcor  are  the  relative,  transport,  and  Coriolis 
accelerations  of  the  particle.  Substituting  this  expression  of  Wa 
into  Eq.  (50)  and  assuming  for  the  future  that  Wrei  —  w,  as  this  is 
the  acceleration  of  the  relative  motion  under  consideration,  we  obtain: 

mw  =  S  jPfe  +  ( —  +  ( —  mwcor)- 

Let  us  introduce  the  following  notation: 

Ftr  =  —  mwtt,  Fcot=  —  mwcoT- 
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In  dimension  the  quantities  F\t  and  Fcor  are  forces,  which  we  shall 
call  respectively  the  transport  and  Coriolis  inertial  forces.  Then  the 
foregoing  equation  will  take  the  form 

niiO  =  2 +  Ftr  +  Fcor*  (51) 

Eq.  (51)  states  the  Fundamental  Law  of  Dynamics  for  the  relative 
motion  of  a  particle.  A  comparison  of  Eqs.  (50)  and  (51)  leads  us  to 
the  conclusion:  All  equations  and  theorems  of  mechanics  for  relative 
motion  of  a  particle  can  be  written  exactly  like  the  equations  of  absolute 
motion,  provided  that  the  transport  arid  Coriolis  inertial  forces  are 
added  to  the  forces  of  interaction  with  other,  bodies  acting  on  the  particle. 
The  addition  of  forces  Ftr  and  Fcor  takes  into  account  the  effect 
of  the  displacement  of  the  moving  axes  on  the  relative  motion  of  the 
particle. 

Let  us  consider  several  special  cases. 

(1)  If  the  moving  axes  are  in  translatory  motion,  Fcor  =  0, 
as  ©tr  =  0  (®  is  the  angular  velocity  of  rotation  of  the  moving  axes 
Oxyz),  and  the  equation  of  relative  motion  acquires  the  form 

mw  ■^'^Fk  +  Ftr- 

(2)  If  the  moving  axes  are  in  uniform  rectilinear  translational 
motion,  Ftr  =  Fcor  =  0,  and  the  equation  of  relative  motion  is  in 
the  same  form  as  the  equation  of  motion  relative  to  fixed  axes. 
Therefore,  such  a  reference  system  is  also  inertial. 

It  follows  from  this  that  it  is  impossible  to  determine  by  mechanical 
experiment  whether  a  given  reference  system  is  at  rest  or  in  uniform 
rectilinear  translatory  motion.  This  is  the  basic  principle  of  relativity 
of  classical  mechanics  discovered  by  Galileo. 

(3)  If  a  particle  is  at  rest  with  respect  to  a  moving  set  of  axes, 

=  0  and  =  0,  and  consequently  Fcor  ==  0,  since  the 

Coriolis  acceleration  iccor  =  2©tr  ^^rei  sin  a,  and  Eq.  (51)  takes  the 
form 

2Fft  +  Fir  =  0-  (52) 

Eq.  (52)  is  the  equation  of  relative  equilibrium  {rest)  of  a  particle. 
It  follows  from  it  that  equations  of  relative  equilibrium  can  be  written 
like  the  equations  of  equilibrium  in  fixed  axes,  provided  that  the  trans¬ 
port  inertial  force  is  added  to  the  forces  of  interaction  with  other  bodies 
acting  on  the  particle. 

(4)  In  developing  the  equations  of  relative  motion  for  cases  when 

Fcor  it  should  be  remembered  that 

Fcor=  —mWcoT=  —  2m(©trX  t^rel)- 

Consequently,  Fcor  is  perpendicular  to  t>rei  =  v,  and  hence 
to  the  tangent  to  the  relative  path  of  the  particle. 
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Therefore: 

(a)  the  projection  of  the  Coriolis  inertial  force  on  the  tangent  Mi 
to  the  relative  path  of  a  particle  is  always  zero  (FcorT  =  0)  and 
Eq.  (48)  for  relative  motion  (assuming  v  —  takes  the  form 

+  (53) 

(b)  the  work  done  by  the  Coriolis  inertial  force  in  any  relative 
displacement  is  zero  [see  §  112,  Eq.  (38)],  and  in  relative  motion  the 
theorem  of  the  change  in  kinetic  energy  takes  the  form  (fx  and  Vf^  denote 
relative  velocities): 

+  (54) 

In  the  general  case  both  the  transport  and  Coriolis  inertial  forces 
will  enter  into  all  the  other  equations  of  relative  motion. 

Problem  115.  Neglecting  the  mass  of  all  the  rotating  parts  of  the 
centrifugal-type  governor  in  Fig.  275  as  compared  with  the  mass 


Fig.  276 


of  the  balls  B  and  D,  determine  the  angle  a  defining  the  position 
of  relative  equilibrium  of  rod  ^5  of  length  I  if  the  governor  rotates 
with  a  constant  angular  velocity  w. 

Solution.  In  order  to  determine  the  position  of  relative  equilibrium 
(with  respect  to  a  set  of  axes  rotating  together  with  the  governor) 
add,  according  to  Eq.  (52),  the  transport  inertia  force  Ftr  to  the 
force  of  gravity  JP  and  the  reaction  N  acting  on  ball  B.  As  <a  =  const. , 
^tT  ~  *^fr=  BC  'to®  =  Ico®  sin  a,  whence  Ptr  =  fnl  (o*  sin  a.  is 
directed  opposite  to  Wtr,  i-e.,  along  CB.  Writing  the  equilibrium 
equation  for  the  projection  on  axis  Bx,  which  is  perpendicular  to  AB, 
we  have 

—  P  sin  a  -f-  Pj,  cos  a  =  0. 

Hence,  substituting  for  F\i  its  expression  and  eliminating  sin  a 
(not  considering  the  solution  for  a  =  0),  we  obtain: 

—g  -f  Ifi)*  cos  a  =  0, 
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whence, 


cosa  = 


g 

Z(i)2  • 


As  cos  a  ^  1,  equilibrium  at  a  0  is  possible  only  when  0)2  >  —  . 

Problem  116.  The  semicircle  BCD  of  radius  R  in  Fig.  276  rotates 
about  a  vertical  axis  with  a  constant  angular  velocity  to.  A  ring  M 
starts  slipping  along  it  without  friction  from  a  point  B  slightly  off 
the  axis  of  rotation.  Determine  the  relative  velocity  of  the  ring 
at  point  C  if  its  initial  velocity  Dq  =  0. 

Solution.  The  velocity  can  be  determined  from  the  theorem  of 
the  change  in  kinetic  energy.  In  order  to  write  Eq.  (54),  which 
expresses  the  theorem,  compute  the  work  done  by  forces  and  Ftn 
where  Ftr  =  (the  work  done  by  the  reaction  N  is  zero).  Assu¬ 
ming  approximately  Xb  =  0,  we  obtain: 

<9 

A(BC)(i^tr)=  J  F[txdx  =  imA^ 

(B) 

Furthermore,  A^BC)  {P)  =  PR.  Substituting  these  expressions 
into  Eq,  (54)  and  taking  into  account  that  Vq  =  0,  we  have: 

whence, 

The  problem  can  also  be  solved  by  writing  Eq.  (53)  for  the  pro¬ 
jection  on  the  tangent  Mx  and  then  transforming  its  left  side  as  in 
Problem  111, 

An  example  of  the  integration  of  equations  of  relative  motion 
is  given  in  §  122. 


R 

j  xdx~Y 

0 


§  121.  Effect  of  the  Rotation  of  the  Earth 
on  the  Equilibrium  and  Motion  of  Bodies 

In  solving  most  engineering  problems  we  consider  any  reference 
system  connected  with  the  earth  as  fixed  (inertial).  We  thereby 
neglect  the  diurnal  rotation  of  the  earth  and  its  orbital  motion  about 
the  sun.  But  in  the  case  of  the  latter  motion  the  corresponding  trans¬ 
port  inertial  force  in  Eq.  (51)  is  in  effect  balanced  by  the  gravitational 
attraction  of  the  sun  (more  on  this  see  in  §  128).  It  follows  then  that 
in  considering  a  reference  system  connected  with  the  earth  as  inertial, 
we  neglect  its  diurnal  rotation  together  with  the  earth  relative  to  the 
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stars.  The  velocity  of  this  rotation  is  one  revolution  in  23  hours 
56  minutes  4  seconds,  i.e.,  its  angular  velocity  is 

(o  =  g|5^«  0.0000729  s-‘. 

Let  us  investigate  the  effect  of  this  rather  slow  rotation  on  the 
equilibrium  and  motion  of  bodies. 

(1)  Relative  Rest  on  the  Surface  of  the  Earth.  Gravity.  Consider 
a  particle  lying  on  a  smooth  “horizontal”  plane  which  is  motionless 
relative  to  the  earth  (Fig.  277).  From  Eq.  (52),  the  condition  of  its 
equilibrium  with  respect  to  the  earth  is  Fg^  +  iV"  +  Ftr  =  0,  where 
FgT  is  the  force  of  the  earth’s  gravitational  attraction.  If  is  the  reac¬ 
tion  of  the  surface,  and  Ftr  is  the  transport  inertia  force.  As 
(0  =  const.,  force  Ftr  has  only  a  normal  component,  which  is  per¬ 
pendicular  to  the  earth’s  axis  of  rota¬ 
tion.  Let  us  compound  forces  Fgr  and 
Ftr  and  introduce  the  notation 

F  gr  -J-  Ftr  =  F. 

Acting  now  on  the  particle  M  are  two 
forces  P  and  If,  which  balance  one 
another.  Force  P  is  what  we  call  the 
force  of  gravity.  Its  direction  gives  the 
vertical  at  any  given  point  of  the 
earth’s  surface,  and  the  plane  nor¬ 
mal  to  P  is  the  horizontal  plane. 

In  magnitude  Ftr  =  mr©*  (where  r  is 
the  distance  of  M  from  the  earth’s 
axis)  and  is  very  small  in  comparison  with  Fgr,  since  the  value  of  ©* 
is  very  small.  Therefore,  the  direction  of  F  will  differ  only  slightly 
from  the  direction  of  Fgt*'>. 

When  we  weigh  a  body,  we  determine  the  force  F,  which  is  the 
force  with  which  the  body  presses  on  the  pan  of  a  balance.  Thus, 
by  introducing  force  F  into  our  equations,  we  introduce  the  force  Ftr 
as  well,  i.e.,  we  actually  take  into  account  the  rotation  of  the  earth. 

(2) *  Relative  Motion  Near  the  Surface  of  the  Earth.  To  take  into 
account  the  rotation  of  a  system  of  axes  connected  with  the  earth, 
we  must  add  to  the  applied  forces  acting  on  a  particle  the  forces  Ftr 
and  Fcor-  But  forceFtr  is  included  in  force  F  and  is  taken  into  account 

*>  The  value  of  is  largest  at  the  equator,  where  r  =  i?  and  where  it  is 
approximately  0.34%  of  the  absolute  gravitational  attraction.  The  greatest 
diflerence  between  the  angles  X  (the  geocentric  latitude)  and  q  (the  astronomical 
latitude)  in  Fig.  277  is  at  X  =  45°  and  is  approximately  equal  to  11'. 
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by  the  introduction  of  the  latter  into  the  equations  of  motion. 
Consequently,  when  we  consider  a  set  of  axes  connected  with  the  earth 
to  be  fixed,  we  actually  neglect  only  the  Coriolis  inertia  force 

f^cor  =  2nmv  sin  a, 


where  ©  is  the  angular  velocity  of  the  earth  and  a  is  the  angle  bet¬ 
ween  the  relative  velocity  v  of  the  particle  and  the  earth’s  axis. 

As  ©  is  very  small,  then,  if  the  velocity  v  is  not  very  large,  the 
force  jPcor  can  be  neglected  in  comparison  with  the  force  of  gravity. 
For  example,  even  at  v  =  700  m/s  (the  velocity  of  a  gun  shell)  and 
a  =  90°,  F(xir  is  only  one  per  cent  of  P.  Therefore,  in  most  enginee¬ 
ring  problems  involving  the  motion  of  bodies  coordinate  systems 

connected  with  the  earth  can  safely 
be  treated  as  inertial  (fixed). 

The  rotation  of  the  earth  becomes 
a  factor  of  practical  importance  either 
at  very  large  velocities  (the  flight 
of  long-range  missiles)  or  for  motions 
of  very  long  duration  (river,  atmos¬ 
pheric  and  ocean  currents). 

Let  us  investigate  the  qualitative 
effect  the  earth’s  rotation  has  on  the 
motion  of  bodies. 

(a)  Motion  on  the  Surface  of  the 
Earth.  When  a  body  moves  down 
a  meridian  from  north  to  south  in 
the  northern  hemisphere,  the  Cori¬ 
olis  acceleration  Wqot  is  directed  eastwards  (§  92,  Problem  88) 
and  the  force  f’cor  westwards.  If  the  motion  is  reversed,  force  Fcor 
will,  evidently,  be  eastwardly.  In  both  cases,  we  find,  the  force 
will  tend  to  displace  a  particle  to  the  right  with  respect  to  the 
direction  of  motion. 

If  a  particle  moves  eastwards  along  a  parallel,  the  acceleration  Woai 
will  be  directed  along  the  radius  MC  of  that  parallel  (Fig.  278), 
force  Fcor  pointing  in  the  opposite  direction.  The  vertical  component 
of  this  force  (along  OM)  will  somewhat  change  the  weight  of  the 
body,  while  the  horizontal  component  will  point  southward,  thus 
also  deflecting  the  particle  to  the  right  of  the  direction  of  motion. 
The  result  is  analogous  if  we  take  the  motion  westwardly  along 
a  parallel. 

We  conclude,  then,  that  in  the  northern  hemisphere  a  body  moving 
along  the  earth's  surface  in  any  direction  is  deflected  by  the  rotation 
of  the  earth  to  the  right  of  the  direction  of  its  motion.  In  the  southern 
hemisphere  the  deflection  is  to  the  left. 
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It  is  this  that  explains  why  in  the  Northern  Hemisphere  rivers 
undermine  their  right  banks  (Baer’s  Law).  This,  too,  is  what  deflects 
steady  winds  (the  Trade  Winds)  and  ocean  currents. 

(b)  Vertical  Fall.  In  order  to  determine  the  direction  of  the  Coriolis 
inertia  force  JP*cor  acting  on  a  freely  falling  particle,  one  must  know 
the  direction  of  its  relative  velocity  v.  As  F^cot  is  very  small  as  com¬ 
pared  with  the  force  of  gravity,  the  vector  v  can  be  considered  in  the 
first  approximation  to  be  directed  vertically  down,  i.e.,  along  MO 
in  Fig.  278.  In  this  case,  apparently,  the  vector  wcot  will  point 
westwards,  and  the  force  jPcor  eastwards  (i.e.,  in  the  direction  of 
vector  V  in  Fig.  278).  Thus,  in  the  first  approximation,  a  freely  falling 
particle  {body)  is  deflected  by  the  earth's  rotation  to  the  east  of  the  verti¬ 
cal.  A  body  thrown  vertically  up  will,  evidently,  be  deflected  towards 
the  west.  These  deflections  are  very  small  and  are  noticeable  only 
if  the  height  is  large  enough,  as  is  demonstrated  by  the  calculations 
in  §  122. 

§  122"'.  Deflection  of  a  Falling  Particle  From  the  Vertical 
by  the  Earth’s  Rotation 

Consider  a  particle  falling  from  a  small  height  H  (as  compared 
with  the  radius  of  the  earth)  to  the  surface  of  the  earth.  We  shall 
assume  that  the  force  of  gravity  jP  is  constant  and  neglect  the 


Fig.  279 

resistance  of  the  air.  Direct  axis  Oy  vertically  up  and  axis  Ox  to  the 
east  (Fig.  279a)*).  To  take  into  account  the  rotation  of  the  earth, 
we  must  add  to  the  forces  acting  on  the  particle,  besides  force  P  that 
alrea  dy  includes  force  Ptr»  the  force  Pcor»  which  in  the  first  approxi- 
*>  The  scale  in  the  direction  of  axis  x  in  Fig.  279  is  considerably  enlarged. 
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mation  is  directed,  as  has  been  established,  to  the  east.  Then  the 
differential  equations  of  relative  motion  will  take  the  form 

—P=  —mg,  (55) 

and  the  initial  conditions  will  be 


at  t  =  0,  X  =  0,  y  =  H,  Vx  —  0,  Vy  =  0. 

Solving  the  second  of  Eqs.  (55)  and  determining  the  constants  of 
integration  from  the  initial  conditions,  we  find: 


Vy 


In  calculating  the  magnitude  of  Fcoi  we  neglect,  as  we  did  pre¬ 
viously  in  determining  the  direction  of  P'  Cor»  the  X  component  of  the 
velocity  as  compared  with  the  y  component  (as  Fcor  is  much  less 
than  P),  and  for  our  approximate  solution  we  assume  v=  \  Vy  |  =  gt. 
The  velocity  v  is  in  this  case  directed  vertically  down  (along  MO 
in  Fig.  278)  and  makes  an  angle  a  =  90°  —  K  with  the  earth’s  axis 
of  rotation,  where  k  is  the  latitude.  Hence,  Fcor  =  ^magt  cos  X, 
and  the  first  of  Eqs.  (55)  takes  the  form 


=  2  (cog  cos  A.)  t. 


As  the  quantity  inside  the  parentheses  is  constant,  integrating 
the  equation,  we  obtain: 

-^=((ogcos^)f2_|-C„ 

x  =  ^  (o)g  cos  %)  P  -|-  Cit  4-  C2. 

Substituting  the  initial  data,  we  find  that  Ci  =  C^  =  0.  Thus, 
the  equations  approximately  describing  the  relative  motion  of  the 
particle  are 

x  =  -j{<agcosk)P,  y^H — 

The  motion  is  not  rectilinear,  and  the  falling  particle  is  actually 
deflected  to  the  east.  Eliminating  time  f  from  the  last  two  equations, 
we  obtain  the  path  of  the  particle  in  the  first  approximation  (a  semi- 
cubical  parabola): 

x^  =  ^‘^cos^k{H—yf. 
y  s 
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Assuming  y  =  0,  we  obtain  the  eastward  deflection  e  of  the  par¬ 
ticle  when  it  reaches  the  earth*). 

2  ,  , /IW 

e  =  (I)  cos  %  y  .  (56) 

We  see  that  the  deflection  e  is  proportional  to  the  earth’s  angular 
velocity  to  and,  consequently,  is  a  very  small  quantity.  On  the 
latitude  of  Moscow,  for  example  =  55°47',  g  =  9.816  m/s*), 
g  =  1.2  cm  for  a  fall  from  a  height  of  100  m. 

Experiments  carried  out  in  many  parts  of  the  globe  by  different 
researchers  confirm  the  validity  of  Eq.  (56). 

Consider  now  the  motion  of  a  particle  thrown  from  a  point  0  ver¬ 
tically  up  with  an  initial  velocity  Vq.  In  the  first  approximation  the 
force  Fcoi  in  the  ascent  is  directed  westward.  Then,  if  we  direct 
axis  X  to  the  west  (Fig.  2796),  the  differential  equation  of  motion 
will  be  of  the  form  (55)  and  the  initial  conditions  will  be:  at  t  =  0, 
X  =  y  =  Q,  y*  =  0,  Vy  —  Vq. 

Thus  the  second  of  the  Eqs.  (55)  will  give: 

Vy  =  Vo  —  gt,  y  =  Vot - (57) 

Then,  assuming  approximately,  as  in  the  previous  problem,  that 
V  =  Vy,  we  obtain  Fcor  =  2to<j)  {vq  —  gt)  cos  %,  and  the  first  of 
Eqs.  (55)  takes  the  form 

■^  =  2(0  cos  %  (vo—gt). 

This  equation  describes  the  motion  of  a  particle  in  its  downward 
fall  as  well,  since  the  change  in  the  sense  of  the  vector  Fcor  is  taken 
into  account  by  the  change  in  the  sign  of  the  factor  {vq  —  gt)  =  Vy. 

Solving  the  obtained  equation  for  the  initial  conditions  of  tne 
problem,  we  find  finally: 

a;  =  (ocos^  (58) 

Assuming  in  Eq.  (57)  y  ==  0,  we  can  determine  the  time  it  takes 
the  particle  to  reach  the  ground =  2y  .  Taking  into  account  at  the 
same  time  that  Vq  —Y 2gHi,  where  Hi  is  the  height  of  the  ascent, 

*>  In  determining  the  magnitude  and  direction  of  in  the  first  appro¬ 
ximation  we  neglected  the  x  component  of  the  velocity,  which  is  eastwardly 
directed.  Due  to  this  velocity,  has  an  additional  component  which  deflects 

1  *  dx 

the  particle  to  the  south.  As  a;  =  y  (tog  cos  X)  the  quantity  a,  =  is 

proportional  to  co,  and  the  southward  deflection  is  proportional  to  (o*,  i.e.,  it 
is  a  small  quantity  of  second  order. 
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we  can  determine  from  Eq.  (58)  the  westward  deflection  of  the  par¬ 
ticle  at  the  moment  it  touches  the  ground: 

05  =  ei  =  -|a)cos^-^  =  -|-(ocos^)/3.  (59) 

Eqs.  (56)  and  (59)  show  that  at  Hi  —  H  the  deflection  Sj  =  4e. 
If  the  particle  can  continue  moving  (the  point  of  projection  0  is  not 
on  the  ground),  the  path  of  the  particle  from  point  B  will  deflect 
continuously  to  the  east. 

All  these  calculations,  as  has  been  pointed  out,  refer  to  motion 
in  a  vacuum  and  take  the  earth’s  rotation  into  account  only  in  the 
first  approximation. 


Chapter  21 
Rectilinear  Vibration 
of  a  Particle 


§  123.  Free  Vibrations  Neglecting  Resisting  Forces 

The  study  of  vibrations  is  essential  for  a  number  of  physical  and 
engineering  fields.  Although  the  vibrations  studied  in  such  diSerent 
fields  as  mechanics,  radio  engineering,  and  acoustics  are  of  diSerent 
physical  nature,  the  fundamental  laws  hold  for  all  of  them.  The  study 
of  mechanical  vibrations  is  therefore  of  importance  not  only  because 
they  are  frequently  encountered  in  engineering  but  also  because  the 
results  obtained  in  investigating  mechanical  vibrations  can  be  used 


Fig.  280 


in  studying  and  understanding  vibration  phenomena  in  other  fields. 

We  shall  start  with  examining  free  vibration  of  a  particle,  neglec¬ 
ting  resisting  forces.  Consider  a  particle  M  (Fig.  280)  moving  recti- 
linearly  under  the  action  of  a  single  restoring  force  F  directed  towards 
a  fixed  centre  0  and  proportional  to  the  distance  from  that  centre. 
The  projection  of  F  on  axis  Ox  is 

Fx  =  — cx.  (60) 

We  see  that  the  force  tends  to  return  the  particle  to  its  position 
of  equilibrium  O,  where  F  =  0,  which  is  why  it  is  called  a  “restoring” 
force.  Examples  of  such  a  force  are  an  elastic  force  (§  113,  Fig.  255) 
and  the  force  of  attraction  analysed  in  Problem  99  (§  105). 

Let  us  derive  the  equation  of  motion  of  particle  M.  Writing  the 
differential  equation  of  motion  (6),  we  obtain: 

d^x 
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Dividing  both  sides  of  the  equation  by  m  and  introducing  the 
notation 

(61) 

we  reduce  the  equation  to  the  form 

+  =  (62) 

Eq.  (62)  is  the  differential  equation  of  free  vibrations  without  resi¬ 
stance.  The  solution  of  this  linear  homogeneous  differential  equation 
of  the  second  order  is  sought  in  the  form  x  =  e"*.  Assuming  x  =  e"* 
in  Eq.  (62),  we  obtain  for  the  determination  of  n  the  so-called  charac¬ 
teristic  equation,  which  in  the  present  case  has  the  form  n*  -f  Ar®  =  0. 
As  the  solutions  of  this  equation  are  purely  imaginary  (wi,^  ±ik), 

from  the  theory  of  differential  equations  the  general  solution  of 
Eq.  (62)  has  the  form 

a:  =  Cl  sin  kt  +  C^  cos  kt,  (63) 

where  Ci  and  C^  are  constants  of  integration. 

If  we  replace  Cj  and  C^  by  constants  a  and  a,  such  that  Ci  = 
=  a  cos  a  and  C^  =  a  sin  a,  we  obtain  x  =  a  (sin  kt -cos  a  -f- 
-f-  cos  kt  sin  a),  or 

X  =  a  sin  {kt  -(r  a).  (64) 

This  is  another  form  of  the  solution  of  Eq.  (62)  in  which  the  con¬ 
stants  of  integration  appear  as  a  and  a  and  which  is  more  convenient 
for  general  analysis.*) 

The  velocity  of  a  particle  in  this  type  of  motion  is 

Vx  —  X  =  ak  cos  {kt  -t-  a).  (65) 

The  vibration  of  a  particle  described  by  Eq.  (64)  is  called  simple 
harmonic  motion.  Its  graph  for  “  =  y  is  shown  in  Fig.  152c  (§  69). 

All  the  characteristics  of  this  type  of  motion  lend  themselves 
to  visual  kinematic  interpretation.  Consider  a  particle  B  moving 
uniformly  along  a  circle  of  radius  a  from  a  point  Bq  defined  by  the 
angle  DOBq  =  a  (Fig.  281),  and  let  the  constant  angular  velocity 
of  radius  OB  be  k.  Then,  at  any  instant  t  angle  (p  =  ^dob  = 
=  a  -\7  kt  and,  it  will  be  readily  noticed,  the  projection  M  of  point  B 
on  the  diameter  perpendicular  to  DE  moves  according  to  the  law 
X  =  a  sin  {kt  +  a),  where  x  —  OM,  i.e.,  the  projection  performs 
harmonic  motion. 

*>  That  the  expressions  (63)  or  (64)  are  solutions  of  Eq.  (62)  can  also  be 
verified  by  directly  substituting  these  values  of  x  into  Eq.  (62). 
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The  quantity  a,  which  is  the  maximum  distance  of  M  from  the 
centre  of  vibration,  is  called  the  amplitude  of  vibration.  The  quantity 
q)  =  Alt  -tr  a  is  called  the  phase  of  vibration.  Unlike  the  coordinate  x, 
the  phase  (p  defines  both  the  position  of  the  particle  at  any  given 
time  and  the  direction  of  its  subsequent  motion.  For  example,  from 
position  M  at  phase  9  the  particle  will  move  to  the  right,  at  phase 
(n  —  9)  it  will  move  to  the  left.  Phases  differing  by  2n  are  considered 
identical  (the  little  circles  in  Fig.  152c,  p.  181,  indicate  identical 


phases).  The  quantity  a  defines  the  ini¬ 
tial  phase,  with  which  the  motion  begins. 
For  example,  at  a  =  0  the  motion  is  accor¬ 
ding  to  the  sine  law  (it  begins  at  0  and 
the  velocity  is  directed  to  the  right);  and 

at  a  =  y  the  motion  is  according  to  the 

cosine  law  (starting  from  point  x  =  o  with 
a  velocity  i  j,  =  0).  The  quantity  k  which 
coincides  with  the  angular  velocity  of  the 


rotating  radius  OB  in  Fig.  281  is  called  the  Fig.  281 

angular,  or  circular,  frequency  of  vibration. 


The  time  T  (or  t)  in  which  the  moving  particle  makes  one  complete 
vibraton  is  called  the  period  of  vibration.  In  one  period  the  phase 
changes  by  2n.  Consequently,  we  must  have  kT  =  2n,  whence  the 


period 


The  quantity  v,  which  is  the  inverse  of  the  period  and  specifies 
the  nqmber  of  oscillations  per  second  is  called  the  frequency  of  vib¬ 
ration  : 


It  can  be  seen  from  this  that  the  quantity  k  differs  from  v  only 
by  a  constant  multiplier  2n.  Usually  we  shall  speak  of  the  quantity  k 
as  of  frequency. 

The  values  of  a  and  a  are  determined  from  the  initial  conditions. 
Assuming  that,  at  t  =  0,  x  =  Xo  and  v^  =  1^0*  we  obtain  from 

Eqs.  (64)  and  (65)  Xq  =  a  sin  a  and  ^  =  a  cos  a.  By  first  squaring 
and  adding  these  equations  and  then  dividing  them,  we  obtain 

Note  the  following  properties  of  free  vibration  without  resistance: 


22—5562 
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(1)  the  amplitude  and  initial  phase  depend  on  the  initial  condi¬ 
tions; 

(2)  the  frequency  k,  and  consequently  the  period  T,  do  not  depend 
on  the  initial  conditions  [see  Eqs.  (61)  and  (66)1  and  are  invariable 
characteristics  for  a  given  vibrating  system. 

It  follows,  in  particular,  that  if  a  problem  requires  that  only 
the  period  (or  frequency)  of  vibration  be  determined,  it  is  necessary 
to  write  a  differential  equation  of  motion  in  the  form  (62).  Then  T  is 
found  immediately  from  Eq.  (66)  without  integrating. 

Effect  of  a  Constant  Force  on  the  Free  Vibration  of  a  Particle. 
Let  the  particle  M  in  Fig.  282  be  subject,  in  addition  to  the  restoring 
force  F  directed  towards  the  centre  <?,  to  a  force  F  constant  in  magni¬ 
tude  and  direction.  The  value  of  force  F  continues  to  be  proportional 


Fig.  282 


to  the  distance  from  the  centre  0,  i.e.,  F  =  c^OM.  Obviously,  in 
that  case  the  equilibrium  point  is  at  a  distance  OOi  =  6st  from  O, 
given  by  the  equation  c6st  =  P,  or 

6st  =  4-  (69) 

We  shall  call  6st  the  static  deflection  of  the  particle. 

Placing  the  origin  of  the  reference  system  at  O^,  direct  axis  OiX 
in  the  direction  of  force  P.  Then  =  — c  {x  -[r  6st).  and  Px  =  P. 
Writing  the  differential  equation  of  motion  (6)  and  taking  into 
account  that,  by  Eq.  (69),  c6st  =  P,  we  have: 

m-^=-cx,  or  -^-}-Fx  =  0. 

The  obtained  equation,  in  which  k  is  given  by  Eq.  (6i),  is  the 
same  as  Eq.  (62).  Hence  we  conclude  that  a  constant  force  P  does 
not  affect  the  character  of  the  vibrations  of  a  particle  under  the 
action  of  a  restoring  force  F  and  only  displaces  the  centre  of 
vibration  in  the  direction  of  P  by  the  amount  of  the  static  deflec¬ 
tion  6st. 

Let  us  express  the  period  of  vibration  in  terms  of  6st-  From  (61) 
and  (69),  we  have  fc®  =  P/mbst-  Then  Eq.  (66)  gives: 

r=2K]/^  |-6st 


(70) 


Ch.  21]  Rectilinear  Vibration  of  a  Particle  339 

Thus,  the  period  of  vibration  is  in  proportion  to  the  square  root  of  the 
static  deflection  bst- 

In  particular,  if  P  is  the  force  of  gravity,  as  in  the  case  of  vibration 
of  a  load  on  a  vertical  spring  (see  Fig,  283),  then  P  =  ntg,  and 
Eq.  (70)  takes  the  form 

r  =  (70') 

Problem  117.  A  weight  attached  to  end  B  of  the  vertical  spring  AB 
in  Fig.  283  is  released  from  rest.  Determine  the  law  of  motion  of  the 
weight  if  the  elongation  of  the  spring  in  the  equilibri¬ 
um  position  is  6gt  (the  static  elongation  of  the  spring). 

Solution.  Place  the  origin  0  of  coordinate  axes 
in  the  position  of  static  equilibrium  of  the  system 
and  direct  axis  Ox  vertically  down.  The  elastic  force 
F  =  c  I  A1  |.  In  our  case  AI  =  6gt  +  x,  hence 

Fa-t-i  — c(6gt-f  a:). 

Writing  the  differential  equation  of  motion,  we 
obtain: 

But  from  the  conditions  of  the  problem  the  gravi-  Pig.  283 
tational  force  P  =  mg  =  cdgt  (in  the  position  of  equi¬ 
librium  force  P  is  balanced  by  the  elastic  force  c6st).  Introducing 

the  notation  —  =  =  &*,  we  reduce  the  equation  to  the  form 

-§-  +  ^^  =  0, 

whence  immediately  we  find  the  period  of  vibration  in  the  form  (70') 

Thus,  the  period  of  vibration  is  proportional  to  the  square  root 
of  the  static  elongation  of  the  spring. 

The  solution  of  the  obtained  differential  equation  is 

X  —  Cl  sin  kt  -f  Cg  cos  kt. 

From  the  initial  conditions,  at  f  =  0^  a:  =  — 6gt,  and  =  0.  As 

dz 

Vx  =  -^  =  kCi  cos  kt  —  kCi  sin  kt, 

substituting  the  initial  conditions,  we  obtain  C,  =  — 6gt,  Ci  =  0. 
Hence,  the  amplitude  of  vibration  is  dgt  and  the  motion  is  according 

22* 
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to  the  law 


x=  —  6gt  cos  ktt 


We  see  that  the  maximum  elongation  of  the  spring  in  this  motion 
is  26at>  The  same  result  was  obtained  in  a  different  way  in  Problem  107, 
where  a  beam  played  the  role  of  the  spring. 

This  solution  shows  that  a  constant  force  P  does  not  change  the 
type  of  motion  under  the  action  of  an  elastic  force  F  but  only  shifts 
the  centre  of  the  vibrations  in  the  direction  of  the 
action  of  the  force  by  the  quantity  6gt  (without  the 
force  P  the  vibration  would,  evidently,  be 
about  B). 

Problem  118.  Determine  the  period  of  vibra¬ 
tion  of  a  load  of  weight  P  attached  to  two  springs 
of  stiffness  Cy  and  c,  as  shown  in  Fig.  284a. 

Solution.  In  the  static  position  both  springs  are 
subjected  to  a  tensile  force  P.  Therefore,  the  static 


Fig.  284 


P  P 

elongations  are  6igt  =  — ,  6*  gt  =  —  , 

€\  Cj 


and  the  total  elongation  is 


and 


6gt - St  "f"  ^2  8t 


P  (Cl-j-Cg) 

C|C2 


Ceq 


Cl  +  *2  ’ 


where  Ceq  is  the  equivalent  spring  constant  of  the  two  given  springs. 
In  particular,  at  Cj  =  c,  we  have  Cgq  =  c/2. 

From  formula  (70')  the  period  of  vibration  is 


7’  =  2nl/  Z£i±^. 

r  g  y  g  ciCa 

Problem  119.  Solve  the  preceding  problem  assuming  the  load  to  be 
suspended  as  in  Fig.  2Mb. 

Solution.  In  this  case,  obviously,  the  static  elongations  (compres¬ 
sions)  of  both  springs  are  the  same.  The  upper  spring  is  subject  to 
a  tensile  force  P  —  e^bat.  In  equilibrium,  Ci6gt=  P  —  Cgdgt,  whence 


Here  Ceq  =  Ci  -Ir  c„  and  the  period  of  vibration 

r  =  2n/‘^  =  /’I 


glH  +  cz)' 
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§  124.  Free  Vibration  with  a  Resisting  Force 
Proportional  to  Velocity  (Damped  Vibration) 


Let  us  see  how  the  resistance  of  a  surrounding  medium  affects 
vibrations,  assuming  the  resisting  force  proportional  to  the  first 
power  of  the  velocity:  22  =  —\iv  (the  minus  indicates  that  force  J8 
is  opposite  to  v).  Let  a  moving  particle  be  acted  upon  by  a  restoring 
force  F  and  a  resisting  force  B  (Fig.  285).  Then  jF*  =  —cx  and 

i?5t  =  — ny*  =  — p  «  and  the  differential  equation  of  motion  is 


m 


d?x 

dti 


Dividing  both  sides  by  m,  we  obtain: 

-g-  +  26^+A^  =  0.  (71) 

where 

=  (72) 

m  m  '  ' 

It  is  easy  to  verify  that  k  and  6  have  the  same  dimension  (s~*), 
which  makes  it  possible  to  compare  them. 

Eq.  (71)  is  the  differential  equation  of  free  vibrations  with  a  resisting 
force  proportional  to  the  velocity.  Its  solution,  as  in  the  case  of 


Fig.  285 

Eq.  (62),  is  sought  in  the  form  x  ■=■  Substituting  into  Eq.  (71), 
we  obtain  the  characteristic  equation  n®  +  26«  4-  k*  =  0,  the  roots 
of  which  are: 

«i,2=-6±K^^.  (73) 

Let  us  consider  the  case  when  k>  b,  i.e.,  when  the  resistance  is 
small  as  compared  with  the  restoring  force.  Introducing  the  notation 

=  Yk*-l^,  (74) 

from  (73)  we  obtain  /ij,,  =  — 6±  i/cj,  i.e.,  the  solutions  of  the  cha¬ 
racteristic  equation  are  complex.  In  that  case  the  general  solution 
of  Eq.  (71)  differs  from  the  solution  of  Eq.  (62)  only  by  the  multiplier 
c"*’*,  i.e.,  it  has  the  form 

x  =  e~^*  (Cl  sin  kff -^-€2  cos  kit), 


(75) 
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or,  by  analogy  with  Eq.  (64), 


x=ae 


sin(A:jf4-a). 


(76) 


The  quantities  a  and  a  are  constants  of  integration  and  are  determined 
by  the  initial  conditions. 

Vibrations  according  to  the  law  (76)  are  called  damped  because, 
due  to  the  multiplier  the  value  of  x  =  OM  decreases  with 
time  and  tends  to  zero.  A  graph  of  such  vibrations  is  given  in  Fig.  286 
(the  curve  lies  between  the  broken  curves  x  =  ae~^*  and  x  =  — 

as  sin  +  a)  cannot  exceed  uni¬ 
ty!. 

The  time  T,,  equal  to  the  period  of 
sin  (/ci  t  a),  i.e.,  the  quantity 

rr  2jl  23t 

is  conventionally  called  the  period 
of  damped  vibration.  In  the  course  of 
Fig.  286  one  period  the  particle  performs  a 

complete  vibration,  e.g.,  having  be¬ 
gun  moving  from  position  x  =  0  to  the  right  (see  Fig.  285)  it 
arrives  at  the  same  position,  again  moving  to  the  right.  Taking 
Eq.  (66)  into  account,  Eq.  (77)  can  be  written  in  the  form 

T, - ;£==  =  -7i==«J’(l+-if).  Pn 


‘/'-•I  /•- 


62 

*2 


From  the  equations  we  see  that  >  T,  i.e.,  that  resistance  to 
vibration  tends  to  increase  the  period  of  vibration.  When,  however, 
the  resistance  is  small  (b<^k),  the  quantity  b^/k^  can  be  neglected 
in  comparison  with  unity,  and  we  can  assume  Ti  »  T.  Thus,  a  small 
resistance  has  no  practical  effect  on  the  period  of  vibration. 

The  time  interval  between  two  successive  displacements  of  an 
oscillating  particle  to  the  right  or  to  the  left  is  also  equal  to  Tf). 
Hence,  if  the  first  (maximum)  displacement  x^  to  the  right  tak^ 
place  at  time  the  second  displacement  Xj  will  be  at  time  tg  = 
—  ti  -\r  Ti,  etc.  Then,  by  Eq.  (76)  and  taking  into  account  that 
kiTi  !=  2n,  we  have: 

Xj  =  ae~‘**sin  (kitj-f-  a), 

sin  (fciti  -|-  kill  +  a)  =  XiC-^^*. 

•>  The  instants  when  x  is  maximum  or  minimum  are  found  from  the  equation 

ae-^*{ki  cos  {kit+  a)  —  b  sin  (fcit  -{■  a)]  =  0.  If  at  some  instant  t  —  ti 

the  expression  in  the  brackets  becomes  zero,  then,  apparently,  at  times  ti  -f 
+  J"!?  +  27'i,  etc.,  it  will  again  become  zero  since  kiTi  —  2n. 
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Similarly,  for  any  displacement  a:„+iwe  shall  have  a:„+i  = 

Thus  we  find  that  the  amplitude  of  vibration  decreases  in  geometric 
progression.  The  ratio  of  this  progression  is  called  the  dec¬ 

rement,  and  the  modulus  of  its  logarithm,  i.e.,  the  quantity 
bTi,  the  logarithmic  decrement. 

It  follows  from  these  results  that  a  small  resistance  has  practically 
no  effect  on  the  period  of  vibration  but  gradually  damps  it  by  virtue 
of  the  amplitude  of  vibration  decreasing 
according  to  a  law  of  geometric  prog¬ 
ression. 

Let  us  consider  the  case  when  b>  k, 
i.e.,  the  resistance  is  large  as  compared 
with  the  restoring  force.  Introducing 
the  notation  6®  —  A®  =  r®,  we  find  that 
in  this  case  the  solutions  of  the  characte¬ 
ristic  equation  (73)  are  Wi.,  =  —b  db 
±  r,  i.e.,  both  are  real  and  negative 
(as  r  -<  b).  Consequently,  when  b>  k  the  solution  of  Eq.  (71) 
describing  the  law  of  motion  of  the  particle  has  the  form 


Since  with  time  the  function  where  a  >  0,  decreases  gradual¬ 
ly,  tending  to  zero,  the  particle  no  longer  vibrates  but  instead,  under 
the  influence  of  the  restoring  force,  gradually  approaches  the  position 
of  equilibrium  a:  =  0.  A  graph  of  such  motion  (if  &t  t  =>  0,  x  =  Xq 
and  Vq  >  0)  has  the  form  shown  in  Fig.  287. 


§  125.  Forced  Vibration.  Resonance 

Let  us  consider  an  important  case  of  vibration  where,  in  addition 
to  a  restoring  force  F,  a  particle  is  also  subjected  to  a  force  Q,  varying 
periodically  with  time,  whose  projection  on  axis  Ox  is 

Qx  —  Qo  sin  pt-  (78) 

This  force  is  called  a  disturbing  force,  and  the  vibration  caused  by 
it  is  called  forced.  The  quantity  p  in  Eq.  (78)  is  called  the  frequency 
of  the  disturbing  force. 

A  disturbing  force  may  vary  with  time  according  to  other  laws, 
but  we  shall  consider  only  the  case  of  Qx  defined  by  Eq.  (78).  This 
type  of  disturbing  force  is  called  a  periodic  force.  An  example  invol¬ 
ving  such  a  force  is  given  in  Problem  120  on  p.  351. 
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(1)  Undamped  Forced  Vibration*).  Consider  the  motion  of  a  par¬ 
ticle  on  which,  besides  the  restoring  force  F,  is  acting  only  a  distur¬ 
bing  force  Q  (Fig.  2^).  The  differential  equation  of  motion  will  be 

4-^0  Sin  pt. 

Divide  both  sides  of  the  equation  by  m  and  assume 

=  (79) 

Then,  taking  into  account  the  expression  (61),  the  equation  takes 
the  form 

^  +  /i?x  =  i>„sinpt.  (80) 

Eq.  (80)  is  the  diferential  equation  of  undamped  forced  vibration 
of  a  particle.  From  the  theory  of  differential  equations,  its  solution 
is  a:  =  ii  +  ajg,  where  Zi  is  the  general  solution  of  the  equation 
without  the  right  side,  i.e.,  the  solution  of  Eq.  (62)  as  given  by 
Eq.  (64),  and  is  a  particular  solution  of  the  complete  equation  (80). 

Assuming  p  k,  let  us  find  the  solution  of  in  the  form 

X2  =  A  sin  pt, 

where  A  is  a  constant  such  that  Eq.  (80)  becomes  an  identity.  Sub¬ 
stituting  the  expression  of  x^  and  its  second  derivative  into  Eq.  (80), 
we  have: 

— p*A  sin  pt  4-  ^-4  sin  pt  =  Po  sin  pt. 

This  equation  is  satisfied  at  any  t,  ii  A  {k?  —  p*)  =  Pq,  or 

fc2_p2  • 

Thus,  the  required  particular  solution  is 

a^2  =  -fe2^°p2  sinpf.  (81) 

As  a:  =  Xi  4-  and  the  expression  for  x^  is  given  by  Eq.  (64), 
the  general  solution  of  Eq.  (^)  takes  the  final  form 

ar=asin  (A:t4-a)4--p3^sinp<,  (81') 

where  a  and  a  are  constants  of  integration  determined  by  the  initial 
conditions. 

Solution  (81')  shows  that  in  the  present  case  the  vibration  of  a  par¬ 
ticle  consists  of  (1)  free  vibrations  of  amplitude  a  (depending  on  the 


•>  The  results  obtained  in  this  item  can  be  obtained  as  a  special  case  of 
item  (2). 
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initial  conditions)  and  frequency  k  called  natural  vibrations  and  (2) 
forced  vibrations  of  amplitude  A  (not  depending  on  the  initial  con¬ 
ditions)  and  frequency  p. 

In  practice,  due  to  the  inevitable  presence  of  various  damping 
forces,  the  natural  vibrations  rapidly  disappear.  Therefore  in  this 
type  of  motion  the  forced  vibrations  defined  by  Eq.  (81)  are  of  pri¬ 
mary  importance. 

The  frequency  p  of  forced  vibrations  is,  evidently,  equal  to  the 
frequency  of  the  disturbing  force.  The  amplitude  of  this  vibration  is 


A  = 


Pq 

l*2_p2| 


(82) 


where,  according  to  Eqs.  (61)  and  (79),  6o 

magnitude  of  the  static  deflection  of  the  particle  under  the  action 
of  force  ^0-  Thus,  A  depends  on  the  ratio  of  the  frequency  p  of  the 
disturbing  force  to  the  frequency  A;  of  the  natural  vibrations.  A  graph 
of  this  dependence  is  given  in  Fig.  289o  (p.  348)  (the  curve  marked 
h  =  0;  the  other  curves  in  the  diagram  show  the  dependence  of  A 
on  p/k  with  a  resisting  force). 

It  can  be  seen  from  the  graph  [or  from  Eq.  (82)1  that  forced  vibra¬ 
tions  of  different  amplitudes  can  be  induced  by  choosing  different 
ratios  p/k.  When  p  =  0  (or  p  k),  the  amplitude  is  equal  to  6© 
(or  is  very  close  to  it).  When  p  is  almost  equal  to  k,  the  amplitude 
becomes  very  large.  Finally,, when  p'^k,  the  amplitude  A  is  almost 
zero  (vibration  virtually  stops). 

Note  also  that  at  p  C  A;,  as  can  be  seen  from  a  comparison  of 
Eqs.  (78)  and  (81),  the  phases  of  the  forced  vibrations  and  the  distur¬ 
bing  force  always  coincide  (both  are  equal  to  pt).  If,  however,  p  >  k, 
by  bringing  the  minus  under  the  sine  we  can  write  Eq.  (81)  in  the  form 


X2  = 


Pq 

p2  — *2 


sin  (pt — Ji). 


Thus,  at  p  >  As,  the  phase  shift  between  the  forced  vibrations  and 
the  disturbing  force  is  n  (when  force  Q  is  maximum  and  is  directed 
to  the  right,  the  vibrating  particle  is  in  its  extreme  left  position,  etc.). 

Resonance.  When  p  —  k,  i.e.,  when  the  frequency  of  the  distur¬ 
bing  force  equals  the  frequency  of  the  natural  vibrations,  the  pheno¬ 
menon  known  as  resonance  occurs.  The  case  is  not  covered  by  Eqs.  (81) 
and  (82),  but  it  can  be  proved  that  when  resonance  takes  place,  the 
amplitude  of  forced  vibration  increases  indefinitely,  as  shown  below 
in  Fig.  290.  The  general  properties  of  forced  vibrations,  and  resonance 
in  particular,  are  discussed  in  greater  detail  at  the  end  of  this  section 
[item  (3)]. 
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At  p  =  ft,  Eq.  (80)  does  not  contain  the  particular  solution  "■ 
=  A  sin  pt,  and  the  solution  must  be  sought  in  the  form 

X2  =  Bt  cos  pt. 

Then  =  — 2Bp  sin  pt  —  p*Bt  cos  pt,  and,  taking  into  account 

that  p  —  k,  substitution  into  Eq.  (80)  yields  —2Bp  sin  pt  = 
=  Pq  sin  pt,  whence  B  —  — Pq/^P-  From  this  we  obtain  the  law 
of  undamped  forced  vibrations  when  resonance  occurs: 

xz=—^tcospt,  or  X2  =  ^  t  sin  (^pt  —  ^^.  (83) 

We  see  that  the  amplitude  of  forced  vibration  during  resonancedoes 
increase  in  proportion  to  time,  and  the  law  of  vibration  has  the  form 
shown  in  Fig.  290.  The  phase  shift  in  resonance  is  Ji/2. 

(2)*  Damped  Forced  Vibration.  Consider  the  motion  of  a  particle 
on  which  are  acting  a  restoring  force  F,  a  damping  force  B  propor¬ 
tional  to  the  velocity  (see  §  124),  and  a  disturbing  force  Q  given  by 
Eq.  (78).  The  differential  equation  of  this  motion  has  the  form 

—cx  —  ^-^-^Q^sinpt. 

Dividing  the  equation  by  m  and  taking  into  account  the  expres¬ 
sions  (72)  and  (79),  we  obtain: 

.g.4.26-^4-A«a:=PoSinpf.  (84) 

Eq.  (84)  is  the  differential  equation  of  damped  forced  vibration  of 
a  particle.  Its  general  solution,  as  is  known,  has  the  form  x  =  Xj  +  x^, 
where  Xj  is  the  general  solution  of  the  equation  without  the  right 
side,  i.e.,  of  Eq.  (71)  [at  ft  >•  6  this  solution  is  given  by  Eq.  (76)], 
and  X2  is  a  particular  solution  of  the  complete  equation  (84).  Let  us 
find  the  solution  x^  in  the  form 

X2  =  A  sin  {pt  —  P), 

where  A  and  p  are  constants  so  chosen  that  Eq.  (84)  becomes  an 
identity.  Differentiating,  we  obtain: 

■^  =  Apcos(pi  — P),  —  Ap2sin(pi— p). 

Substituting  these  expressions  of  the  derivatives  and  Xj  into  the 
left  side  of  Eq.  (84)  and  introducing  for  the  sake  of  brevity  the  nota¬ 
tion  pf  —  p  =  If  (or  pf  =  If  P),  we  obtain: 

A  (— p*  -f  ft*)  sin  \f  -|-  2bp  A  cos  if  =  Po  (cos  P  sinif  -H  sinp  cosif). 
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For  this  equation  to  be  satisfied  at  any  value  of  ij),  i.e.,  at  any 
instant  of  time,  the  factors  of  sin  if  &nd  cos  if  in  the  left  and  right 
sides  should  be  separately  equal.  Hence^ 


(A:*  —  p*)  =  Po  cos  Pt  2bpA  —  sin  p. 

First  squaring  and  adding  these  equations  (they  are  also  used  to 
determine  p  uniquely)  and  then  dividing  one  by  the  other,  we 
obtain: 


Po 


Y  (fc2  — p2)2  +  462p2* 

2bp 


tan  p: 


(85) 


fc2_p2 


As  X  =  Xi  +  Xj,  and  the  exp-  x 
ression  for  x,  (when  k>b)  is  given 
by  Eq.  (76),  we  have  the  final  so-  j 
lution  of  Eq.  (84)  in  the  form 

X  =  ae~^*  sin  {kit  -|-a)-l- 

-f- A  sin  (pt  — P),  (86)  ^ 

where  a  and  a  are  constants  of  in¬ 
tegration  determined  by  the  initial 
conditions,  and  the  expressions  for 
A  and  P  are  given  by  Eqs.  (85) 
and  do  not  depend  on  the  initial 
conditions.  For  6=0  the  solution 
(86)  is  just  (84)  and  (81')  for  the 
case  without  resisting  forces. 

These  vibrations  are  compounded  of  natural  vibration  [the  first 
term  in  Eq.  (86);  Fig.  288a]  and  forced  vibration  [the  second  term 
in  Eq.  (86);  Fig.  2886].  The  natural  vibration  of  the  particle  in 
such  a  case  was  discussed  in  §  124.  It  was  established  that  it  is  tran¬ 
sient  and  is  damped  fairly  quickly,  and  after  a  certain  interval  of 
time  ^tr.  called  the  transient  period,  can  be  neglected. 

If,  for  example,  we  assume  that  free  vibrations  can  be  neglected 
from  the  moment  when  their  amplitude  is  less  than  0.01  A,  then 
the  value  of  <tr  can  be  determined  from  the  equation  ae“*’‘=  0.01  A, 


ttT  = 


b 


In 


100a 

~A~‘ 


(87) 


We  see,  thus,  that  the  less  the  resistance  (i.e.,  the  less  the  value 
of  6),  the  greater  the  transient  period. 

A  possible  picture  of  transient  vibration  according  to  the  law  (86) 
and  starting  from  rest,  is  shown  in  Fig.  288c.  Given  other  initial 
conditions  and  ratios  of  the  frequencies  p  and  the  character  of  the 
vibrations  in  the  time  interval  0  <  f  •<  <tr  can  be  quite  different. 
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However,  in  all  cases,  after  the  transient  period  elapses  the  natural 
vibrations  will,  for  ^1  practical  purposes,  cease  and  the  particle 
will  vibrate  according  to  the  law 

*  =  ^  sin  (p<  —  P),  (88) 

This  is  steady-state  forced  vibration,  a  sustained  periodic  motion 
with  an  amplitude  A  defined  by  Eq.  (85)  and  a  frequency  p  equal 
to  the  frequency  of  the  disturbing  force.  The  quantity  P  characterises 
the  phase  shift  of  forced  vibration  with  respect  to  the  disturbing 
force. 

Let  us  investigate  the  results  obtained.  First  let  us  introduce  the 
notation 

(89) 

where  K  is  the  frequency  ratio,  h  a  quantity  characterising  the  dam¬ 
ping  effect.  So  the  magnitude  of  the  static  deflection  of  a  particle 


under  the  action  of  force  (for  instance,;  in  the  oscillation  of  a  load 
on  a  spring  6o  is  equal  to  the  static  elongation  of  the  spring  caused 

by  <?o). 

Then,  dividing  the  numerator  and  denominator  of  Eq.  (85)  by  ft*, 
we  obtain: 


A  = 


So 

1/^(1  — X2)2  +  4A2X,2’ 


tan 


P  = 


2hK 

1-X2  • 


(90) 


It  can  be  seen  from  Eq.  (90)  that  A  and  P  depend  on  two  dimension¬ 
less  parameters  X  and  h.  Graphs  of  this  relation  for  certain  values  of  h 
are  given  in  Fig.  289.  The  quantity  A/8o  along  the  ordinate  axis  in 
the  first  graph  is  called  the  dynamic  coefficient.  The  values  of  6o,  X, 
and  h  can  be  computed  for  each  specific  problem  from  its  conditions. 
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and  the  values  of  A  and  ^  detenniaed  from  the  respective  graphs 
or  Eqs.  (90).  Hiese  graphs  (and  equations)  also  show  that  by  altering 
the  frequency  ratio  X  we  can  induce  forced  vibrations  of  different 
amplitude. 

When  the  resistance  is  very  small  (as  ordinarily  in  the  atmosphere) 
and  "K  is  not  close  to  unity,  it  is  possible  in  Eqs.  (90)  'to  assume  appro¬ 
ximately  h  »  0. 

In  this  case  we  obtain  the  results  of  item  (1),  namely 

Aca  [1  P»0  (at  A,<1)*  p«180°  (at  X>1).  (91) 

Let  us  consider  also  the  following  special  cases. 

(1)  If  the  frequency  ratio  %  is  very  small  (p  ^)»  then,  assuming 
as  an  approximation  ?i,«0,  we  obtain  from  Eq.  (90)^  »  6o-  The 
vibration  in  this  case  has  an  amplitude  equal  to  the  static  deflection 
do,  and  the  phase  shift  is  p  =  0. 

(2)  If  the  frequency  ratio  X  is  very  large  k),  A  becomes  very 
small.  This  case  is  of  special  interest  for  the  absorption  of  vibrations 
in  structures,  instruments,  etc.  Assuming  the  resistance  to  bo  small 
and  neglecting  2h'K  and  1  as  compared  with  A,*  in  Eq.  (90),  we  obtain 
for  computing  A  an  approximate  formula: 

^=-S-=-F-  <9‘'> 

(3)  In  all  cases  of  practical  interest  h  is  very  small.  Then,  from 
Eq.  (90),  if  A,  is  almost  unity,  the  amplitude  of  forced  vibrations 
becomes  very  large.  This  phenomenon  is  called  resonance*^. 

At  resonance  the  amplitude  of  forced  vibrations  and  phase  shift  can 
be  computed  according  to  approximate  formulas  derived  from 
Eqs.  (90),  assuming  A,  =  1: 

(91') 

We  see  that  when  h  is  small,  At  can  become  very  large. 

The  resonance  condition  in  which  the  amplitude  of  vibration 
is  At,  like  forced  vibration  in  general,  does  not  develop  immediately. 
The  development  of  steady-state  vibration  is  similar  to  that  shown 
in  Fig.  288c.  The  less  the  resistance,  i.e.,  the  smaller  6  or  A  are,  the 
larger  the  magnitude  of  A^,  but  also  the  larger  the  transient  period  tn 
[see  Eq.  (87)]. 

*>  It  can  be  seen  from  Eq.  (90)  that  A  =  4  max  when  the  term  in  the  deno¬ 
minator  /  (I)  =  (1  —  D®  -f-  4/i*|  (where  |  =  X®)  is  at  its  minimum.  Solving 
the  equation  f  (|)  =  — 2  (1  —  |  —  2fe®)  =  0,  we  obtain  that  A  is  maximum 
at  S  =  1  —  2A*,  i.e.,  at  X,  =  Vl  —  2fe®.  Thus,  resonance  sets  in  when  X  is 
a  little  less  than  unity.  In  practice,  however,  neglecting  X®,  we  can  assume  that 

Xr  =  1. 
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When  there  is  no  resistance,  i.e.,  6  =  fe  =  0,  as  was  established 
before,  the  law  of  forced  vibration  under  resonance  is  given  by 
Eq.  (83),  and  the  vibration  graph  has  the  form  shown  in  Fig.  290. 
Thus,  with  no  damping  force  the  vibration  amplification  process 
in  resonance  is  unlimited  and  the  amplitude  increases  indefinitely. 
When  the  damping  forces  are  very  small  the  picture  is  similar. 

(3)  General  Properties  of  Forced  Vibrations.  It  follows  from  the 
results  obtained  above  that  forced  vibration  has  the  following 
important  properties,  which  distinguish  it  from  the  natural  vibra¬ 
tion  of  a  particle. 

(a)  The  amplitude  of  forced  vibration  does  not  depend  on  the  initial 
conditions,  (b)  Forced  vibration  does  not  die  out  in  the  presence 
of  resistance,  (c)  The  frequency  of  forced  vibration  is  equ^  to  the 


frequency  of  the  disturbing  force  and  does  not  depend  on  the  charac¬ 
teristics!  of  the  vibrating  system  (the  disturbing  force  “impresses” 
its  own  yibration  frequency  on  the  system),  (d)  Even  when  the  disturb¬ 
ing  force  ^0  is  small,  large  forced  vibration  can  be  induced  if  the 
resistance  is  small  and  the  frequency  p  is  almost  equal  to  k  (resonan¬ 
ce).  (f)  Even  if  the  disturbing  force  is  large,  forced  vibration  can  be 
damped  if  the  frequency  p  is  much  larger  than  k. 

Forced  vibration,  and  resonance  in  particular,  plays  an  important 
part  in  many  branches  of  physics  and  engineering.  Lack  of  balance 
in  working  machines  and  motors,  for  example,  usually  causes  forced 
vibration  to  appear  in  the  machine  or  its  foundation. 

The  variation  of  the  amplitude  of  forced  vibration  can  be  traced 
by  making  a  motor  for  which  p  =  ©,  where  ©  is  the  angular  velocity 
of  rotation  (see  Problem  120),  rotate  with  difierent  speeds.  As  © 
increases,  the  amplitude  A  of  the  vibrating  part  (or  foundation) 
grows.  When  ©  =  A:,  resUnance  appears  and  the  amplitude  of  the 
forced  vibration  is  maximum.  When  ©  increases  further,  the  ampli¬ 
tude  A  decreases,  and  at  ©  ^  A:,  the  value  of  A  is  virtually  zero. 
Resonance  is  most  undesirable  in  engineering  structures  and  should 
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be  prevented  by  choosing  the  frequency  ratio  pik  so  that  forced 
vibration  would  tend  to  zero  {p  k). 

In  radio  engineering  the  reverse  is  true.  Resonance  is  extremely 
useful  and  is  used  to  separate  the  signals  of  one  radio  station  from 
those  of  all  others  (tuning). 

The  design  of  such  instruments  as  vibrographs,  which  measure  the 
displacements  of  vibrating  bodies  (foundations,  machine  parts,  etc.) 
and,  in  particular,  seismographs,  which  record  the  vibrations  of  the 
earth’s  crust,  are  based  on  the  theory  of  forced  vibration. 

Problem  120.  The  deflection  caused  in  a  beam  by  the  weight  of 
a  motor  mounted  as  shown  in  Fig.  291  is  6st  =  1  cm.  At  how  many 
rpm  of  the  shaft  will  resonance  appear? 

Solution.  From  Eq.  (70')  it  follows  that  the  period  of  natural 
vibration  of  the  beam  is 

r=2ny^ 

If  the  centre  of  gravity  of  the  shaft  is  not  concentric  with  its  axis, 
a  centrifugal  force  Qo  will  develop  (Fig.  291).  Its  component 
Qx  —  Qo  sin  (ot  (where  o)  is  the  angular  velocity  of  the  shaft)'  is  the 
disturbing  force  acting  on  the  beam;  its  frequency  is  p  =  co.  Hence, 

2>Ji 

the  period  of  the  forced  vibration  is  7’(  =  — . 

Resonance  will  appear  when  Tf  =  T,  i.e.,  at 

Hence  the  critical  speed 

_  3^cr_  _  3Q0  rpm. 

The  working  speed  of  the  motor  should  be  much  greater  than  nor. 

Problem  121.  Analyse  the  forced  vibration  of  a  load  attached 
to  a  spring  (Problem  117)  if  the  upper  end  A  of  the  spring  oscillates 
vertically  according  to  the  law  |  =  ao  sin  pt. 

Solution.  Draw  axis  Ox  as  in  Problem  117  (see  Fig.  283).  If  we 
imagine  the  upper  end  of  the  spring  displaced  from  point  A  down¬ 
wards  by  a  quantity  |,  the  length  of  the  spring  will  be  Z  =  Zj,  —  I  + 
+  6st  +  X.  Then  =  — cAZ  =  — c  (6st  +  x  —  |),  and  the  diffe¬ 
rential  equation  of  motion,  neglecting  the  resistance  of  the  air  and 
taking  into  account  that  P  =  c6st,  will  be 

m-^=  — c(6st  +  ^— S)  +  P=  —cx  +  cl. 

Introducing,  as  in  Problem  117,  the  notation  =  Zc*,  we  obtain: 

-f-  l^x  =  k^ao  sin  pt. 
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Consequently,  the  load  will  experience  forced  vibration,  since, 
if  we  assume  6=0  and  Po  =  k^ag,  the  equation  coincides  with 
Eq.  (80)  or  (84).  It  can  be  seen  from  Eq.  (89)  that  in  the  present 
case  6o  =  and  h  =  0.  The  amplitude  of  forced  vibration  and  the 
phase  shift  are  determined  by  Eq.  (91). 

If  p  fe  (the  top  end  of  the  spring  oscillates  very  slowly),  then 
^  «  0  and  A  ftf  do  and  the  phase  shift  p  =  0.  The  load  will  oscillate 
as  if  the  spring  were  a  rigid  rod,  which  physically  corresponds  to  the 
condition  k'^  p.  At  p  k  resonance  appears  and  the  amplitude 
increases  sharply.  If  the  frequency  p  becomes  larger  than  A:  (^  >  1) 
the  load  will  vibrate  in  such  a  way  that  it  will  move  down  when  the 
end  of  the  spring  moves  up  and  vice  versa  (a  phase  shift  of  p  =  180°), 
and  the  larger  the  value  of  p  the  smaller  the  amplitude.  Finally, 
when  p  is  much  greater  than  k{X'^  1),  the  amplitude  A  »  0.  The 
load  will  remain  in  the  position  of  static  equilibrium  (point  0) 
even  though  the  top  end  of  the  spring  will  oscillate  with  an  ampli¬ 
tude  Uq  (th  frequency  of  this  vibration  is  so  large  that  the  load,  as 
it  were,  is  unable  to  keep  up  with  it). 
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§  126.  Motion  of  a  Particle  Thrown  at  an  Angle  to 
the  Horizon  in  the  Earth’s  Gravitational  Field 


The  problem  of  motion  in  the  earth’s  gravitational  field  arises 
when  the  motion  of  long-range  missiles  and  artificial  earth  satellites 
and  questions  of  interplanetary  flight  are  considered.  In  these  cases, 
when  range  and  height  of  the  path  are  comparable  with  the  radius 
of  the  earth,  it  is  necessary  (unlike  the  problem  in  §  108)  to  take 
into  account  the  change  in  gravitational  force  with  distance. 

We  shall  consider  a  moving  parti-  i, 

cle  of  mass  m.  Let  the  particle  at  the  A 

initial  time  be  at  a  point  Mq  on  the  ^ 

surface  of  the  earth  (Fig.  292)  and  y'  ' 
let  it  have  a  velocity  Vg  directed  at  /  ^/  \  tfg 

an  angle  a  to  the  horizon.  Neglecting  /  Jj  > . .^4.- a 

the  resistance  of  the  air  (for  the 
heights  considered  this  is  quite  permis-  r 

sible  in  the  first  approximation)  and 

assuming  the  earth  to  be  fixed,  we  ^  \  /% 

have  acting  on  the  moving  particle  p  \  4 

only  the  gravitational  force  F  di-  ^  ^ 

rected  towards  the  centre  of  the  earth.  %  ^ 

By  the  law  of  gravitation  [see  §  113,  ^ 

item  (4)1 

P  =  (92) 

^  Fig.  292 

where  r  =  OM  is  the  distance  of  the 

particle  from  the  centre  of  the  earth,  R  =  OMg  is  the  value  of  r 
for  the  point  of  emergence  Mg,  and  g  is  the  acceleration  of  gra¬ 
vity  at  point  Mg 

*>  In  Eq.  (92)  R  can  have  any  value  larger  than  the  earth’s  radius.  When  Mg 
IS  at  the  surface  of  the  earth,  we  shall  usually  consider  R  to  be  the  radius  of  the 
earth  s  equator  Rg  —  ^  378  km,  and  g  =  gg  =  9.81  m/s*  (in  all  computations  g 
IS  the  absolute  acceleration  of  gravity,  not  the  relative  acceleration,  which 
takes  into  account  the  earth’s  rotation;  see  §  121). 
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As  F  is  a  central  force  (§  117),  the  path  of  the  particle  is  a  plane 
curve,  and  the  motion  can  be  described  in  polar  coordinates  r  =  OM 
and  9,  with  the  origin  (pole)  0  at  the  centre  of  the  earth.  We  shall 
set  the  direction  of  the  polar  axis  Ox  along  OMq.  Let  us  now  write 
the  differential  equations  of  motion  of  the  particle. 

From  the  law  of  areas  (§  117)  it  follows  that,  in  motion  under  the 
action  of  a  central  force,  the  moment  of  the  velocity  vector  v  with 
respect  to  a  centre  O  (twice  the  areal  velocity  of  the  particle)  is 
a  constant  quantity.  Thus  mo  (v)  =  c.  But  from  the  diagram  we  see 
that  if  vector  v  is  resolved  into  a  radial  component  Vr  and  a  lateral 
component  (§  71),  then 

mo  (v)  =  mo  (v^)  =  ri;,p,  where  i;,p  «=  r  . 

Hence^  we  obtain  the  first  equation: 

(93) 

The  value  of  the  constant  c  is  determined  from  the  conditions  at 
the  point  of  emergence  Mo  where,  it  will  be  readily  noticed,  rndvo)  = 
=»  Rvq  cos  a,  whence 

c  =  Rvo  cos  a.  (94) 

The  second  equation  is  obtained  from  the  theorem  of  the  change 
in  kinetic  energy  in  its  differential  form  (§  114): 

i(^)~dA 


But  from  Eq  (41)  in  §  113 

dA  =  —F  dr=  ^mglp-^, 
and  the  second  equation  is 

d(4)=gil2d(l),  (95) 

where  (see  §  71) 

+  (96) 

By  solving  the  differential  equations  (93)  and  (95),  we  can  deter¬ 
mine  r  and  9  as  functions  of  time  t,  i.e.,  develop  the  equation  of 
motion  of  the  particle.  Let  us,  instead,  find  its  path  directly.  To 
simplify  the  computation  we  introduce  a  new  variable  u,  assuming 


_ _ 1  dr 

r  '  d(p  r2  dq)  ■ 


(97) 


Taking  into  account  Eqs,  (97)  and  (93),  we  obtain: 


dr  __r*— -£ _ —  ® 

dt  dq)  dt  |dq>  r*  ^  dq)  ’  ^  \  dt  )  r 
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Substituting  these  values  into  Eq.  (96),  we  have: 


and  Eq.  (95)  after  dividing  it  by  dtp  and  computing  the  derivative  of 
y*  takes  the  form 


[“ 


du 

dq> 


du  d^u  ~| _  „2 

dq>  dep^  J  ^  dip  ’ 


Substituting  the  expression  for  c  from  Eq.  (94)  and  eliminating 
duldip,  we  finally  obtain  the  differential  equation  of  the  path: 


where 


dq)2  ~  v\  cos2  a  ’ 


or 


d^u 


£iq)2 


1  •  1 


p 


cos^  a 

i 


(98) 

(99) 


The  solution  of  this  equation  consists  of  the  general  solution  of  the 
equation  without  the  right  side  [which  coincides  with  the  solution 
of  Eq.  (62)  for  A  =  1]  and  the  particular  solution  of  the  equation 
with  the  right  side.  Consequently,  u  =  Wj  +  “ai  where  has  the 
form  (63)  or  (64)  at  A:  =  1,  and  =  1/p,  which  can  be  verified  by 
substitution.  Thus  the  solution  of  Eq.  (98)  is 


•  /  I  \  1  1  l-i-cipsin  ((D+c®) 

u  =  c,sin((p  +  c2)+— ,  or  u  = - -  -  -  ^  , 


where  Cj  and  are  constants  of  integration.  Assuming  Cjp  =  — e 
and  Cg  =  n/2  —  p,  where  e  and  p  are  new  constants,  and  passing 
from  u  to  r,  we  finally  obtain  the  equation  of  the  path  in  the  form: 


r= 


P 

i  —  e  cos  (q)— p) 


(100) 


We  know  from  analytical  geometry  that  Eq.  (100)  is  the  equation 
of  a  conic  section  (ellipse,  parabola,  hyperbola),  where  p  is  the  focal 
parameter  and  e  the  eccentricity,  expressed  in  polar  coordinates 
whose  pole  0  is  one  of  the  foci.  The  geometrical  meaning  of  the  con¬ 
stant  p  can  be  visualised  from  the  fact  that  at  (p  =  p  the  denominator 
in  Eq.  (100)  is  at  minimum  and,  consequently,  the  quantity  r  =  OM 
is  at  maximum.  Thus,  angle  P  defines  the  position  of  the  path’s  axis 
of  symmetry  (AP  in  Fig.  292)  with  respect  to  OMq  or  the  point  of 
release  Afo. 

To  determine  the  values  of  the  integration  constants  e  and  p,  for 
the  initial  position  (p  =  0,  i.e.,  at  point  M^,  we  must  know  in  addi¬ 
tion  to  r  (or  u)  also  the  derivative  of  r  (or  of  u)  with  respect  to  qj. 
Eqs.  (32)  obtained  in  §  71  and  the  last  of  the  Eqs.  (97)  yield 
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But  as  Fig.  292  shows,  at  point  Mo,  r  =  R  and  Vr/v^.  =  tan  a. 
Consequently,  the  initial  conditions  for  u  have  the  form: 

at  «P  =  0,  u  =  and  tan  a. 

From  Eq.  (100),  and  passing  again  from  r  to  u,  we  obtain: 

w  =  j[l  — ecos(<p  — P)l,  -^=:J.sin  (<p— P). 

Substituting  the  initial  values,  we  have: 


-^=1  — ecos  p. 


jP 

R 


tana=  — esinp, 


or,  replacing  p  by  its  expression  from  (99), 

wjcos^a  o  vq  sin  2a 


e  cos  P  =  1  ■ 


e  sin  P  = 


(101) 


gR  ’  — -r-  2gR 

By  dividing  these  equations  and  then  squaring  and  adding  them, 
we  finally  obtain: 


tan  P  = 


sin  2a 


2(gR—v^cos2a)  ’ 


(102) 


cos2  a 

g2R2 


(v^-2gR). 


(103) 


Eq.  (102)  defines  angle  P,  i.e.,  the  position  of  the  axis  of  symmetry 
of  the  path  with  respect  to  the  point  of  emergence  Mg.  Eq.  (103) 
gives  the  eccentricity  of  the  path.  It  shows  that  the  path  of  a  parti¬ 
cle  is 

(a)  an  ellipse  (e  <  1)  if  Vg  <  V^2gi?, 

(b)  a  parabola  (e  =  1)  if  Vg  =  Y 2gR, 

(c)  a  hyperbola  (e  >  1)  if  Vg  >  y'2g/?. 


The  velocity  Vp=Y is  called  the  parabolic,  or  escape,  velocity. 
Assuming  R  =  Rg  =  %  378  km  and  g  =  gg  —  9.81  m/s*,  we  obtain 
Vp  »  11.2  km/s.  Thus,  a  body  projected  from  the  surface  of  the 
earth  at  any  angle  to  the  horizon  with  an  initial  velocity  Vg 
11.2  km/s  will  move  in  a  parabola  or  hyperbola  (at  a  =  90°, 
jn  n  st|;.aight  line),  receding  infinitely  away  from  the  earth.  Velocities 
of  this  order  are  essential  for  interplanetary  travel*’.  If  the  velocity 
is  less  than  the  escape  velocity,  the  body  will  either  fall  back  to  earth 
or  become  an  artificial  satellite. 

The  equation  of  motion  of  a  particle  on  its  path,  i.e.,  its  location 
at  any  instant,  can  be  derived  by  substituting  for  r  in  Eq.  (93)  its 
expression  (lOO)  and  integrating  the  new  equation. 

*>  The  velocity  necessary  for  a  spaceship  to  escape  the  combined  pull  of 
the  earth  and  the  sun  is  greater  than  Y 2goi?o,  and  for  some  direction  vg  is  about 
16.7  km/s. 
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§  127.  Artificial  Earth  Satellites.  Elliptical  Paths 


At  Vf,<iY  2gR,  the  path  of  a  body  projected  from  the  earth’s 
surface  is  an  ellipse  whose  axis  PA,  at  angle  §  to  Ox,  is  the  axis  of 
symmetry  (see  Fig.  292).  If  the  initial  conditions  at  point  are 
such  that  angle  p  n,  the  path  intersects  the  surface  of  the  earth 
at  point  Ml  located  symmetrically  with  respect  to  axis  PA,  i.e.,  the 
body  will  fall  to  the  earth.  Consequently,  a  body  can  become  an 
earth  satellite  only  given  initial  conditions  that  yield  P  =  ji.  But 


as  Eqs.  (101)  show,  p  =  n  only  at 
a  =  0  (or  a  =  n)  and  ^  gR, 
as  at  P  =  ji  and  vi  a  gR  the 
first  of  the  equations  (101)  yields 
e  <.0,  which  is  impossible  as  a  is 
a  positive  quantity. 

Consequently,  for  a  body  pro¬ 
jected  from  the  earth’s  surface  to 
become  an  artificial  satellite  two 
conditions  must  be  satisfied: 

a  =  0,  Y  2goRo  ^  ^  Y SqRo- 

(104) 

From  Eqs.  (101)  we  find  that  the 
eccentricity  of  a  satellite  orbit 


1.  (105) 


The  velocity  =Y  SRf  which  e  =  0  and  the  satellite  follovra 
a  circular  orbit  of  radius  R,  is  called  the  circular  velocity.  For  a  body 
projected  from  the  surface  of  the  earth  assuming  R  =  R^  =  6  378  km 
and  g  —  go  =  9.81  m/s*,  the  circular  velocity  Vef»  7  910  m/s.  At 
Vo  >  Vc,  a  satellite  orbit  is  an  ellipse  whose  eccentricity  will  increase 
as  Vo  increases  (Fig.  293). 

A  body  projected  from  the  surface  of  the  earth  can  never  become 
an  artificial  satellite  if  the  angle  of  elevation  a  =7^=  0,  whatever  the 
initial  velocity  Vq  (even  neglecting  the  resistance  of  the  air).  That  is 
why,  for  instance,  it  is  impossible  to  launch  an  artificial  earth  satel¬ 
lite  by  shooting  one  from  a  cannon.  A  guided  rocket  capable  of  lif¬ 
ting  a  satellite  to  a  required  altitude  and  imparting  to  it  at  a  point  Mo 
(Fig.  293)  the  required  velocity  Vo  at  an  angle  a  »  0  to  the  horizon 
must  be  used.  This  was  just  how  the  world’s  first  artificial  satellites, 
the  Soviet  sputniks,  were  launched. 

Finally,  the  greater  the  height  H  of  point  Mo  above  the  surface 
of  the  earth  the  less  the  resistance  of  the  atmosphere  and  the  longer 
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a  satellite's  lifetime.  It  will  also  be  noticed  that  it  becomes  possible 
to  project  a  satellite  into  orbit  at  a^O. 

The  greater  the  elev^ition  H,  the  less  the  circular  velocity  Va  =  YsR 
BS  g  —  g(,Rl/R‘  and  R  =  R0  +  H,  and  consequently. 

For  example,  at  H  =  0,  Vc  —  7  910  m/s;  at  H  ^  500]  km, 
Vc  =  7  620  m/s;  at  H  —  I  000  km,  Vc  =  7  360  m/s,  etc.  The  total 
energy  needed  to  launch  a  satellite,  though,  increases  with  H.  For, 
denoting  the  energy  per  unit  of  mass  by  the  symbol  T,  the  energy 
required  to  boost  a  satellite  to  point  (neglecting  the  resistance 

of  the  air)  will  be  %  =  0.5i4i  =  0.5  (see  §  115,  Problem  108), 

and  the  energy  needed  to  impart  the  orbital  velocity  will  be  = 
=  0.5i;|.  Hence,  the  total  expenditure  of  energy  per  unit  mass  will  be 


/  goR'o 

.  2goi?o^  1 

\  —  0  ( 

\R0+H 

‘  Ro+R  i 

+i 


and  will  increase  as  H  increases.  _ 

Elliptical  Paths.  At  a  >•  0  and  1^0  <  ^  body  projected 

from  the  surface  of  the  earth  will  describe  an  elliptical  arc  and  fall 
to  the  ground.  Such  elliptical  paths  are  travelled  by  long-range 
(intercontinental)  ballistic  missiles.  Let  us  find  the  principal  charac¬ 
teristics  of  such  paths. 

Since  axis  PA  (see  Fig.  292)  is  the  axis  of  symmetry  of  the  path, 
the  point  of  impact  will  be  Mi  and  the  range  S  will  be  equal  to  the 

arc  MoMi,  whence 

S  =  2i?oP,  (106) 


where  P  is  defined  by  Eq.  (102)  and  by  convention  Ro  is  the  mean 
radius  of  the  earth. 

The  greatest  height  H  of  the  path  is,  evidently,  [(r)^_B  — or, 
according  to  Eqs.  (99)  and  (100), 


vl  cos^  a 

(1— «)ro 


R, 


Ot 


(107) 


where  e  is  defined  by  Eq.  (103). 

The  time  of  flight  t  can  be  found  from  Eq.  (93),  which,  together 
with  Eq.  (94),  gives 


dt  — 


d(p. 


RffiQ cos  a 
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Substituting  the  expression  for  r  from  Eqs.  (99)  and  (100)  and 
integrating,  we  obtain: 


Dg  cos^  g  f  _ _ 

■Ro^o  (1  — ecosi|))2  ’ 

-a 


where  •ij)  =  q)  - 

-  p.  We  finally  have: 

2vS  cos*  a  ,  ,  .  , 

%■= - 7— =rr=  (z  +  esinz), 

(108) 

where 

(109) 

z  =  2  arc  tan  ^  '!’)  ' 

With  these  formulas  and  knowing  and  the  angle  of  elevation  a, 
we  can  find  the  range  S,  the  highest  point  of  the  path  H,  and  the 
time  of  flight  t. 

From  the  practical  point  of  view  it  is  important  to  determine  the 
minimum  velocity  and  the  optimum  angle  of  elevation  aopt 
at  which  the  required  range  S  —  2i?oP  can  be  obtained. 

For  this  we  compute  the  value  of  Vq  from  Eq.  (102): 

,,  _ -t/  2i?og(i  tan  p  HtOi 

sin2a+2cos*atanfi 

For  a  given  range  (or  given  angle  P)  the  required  velocity  depends 
on  the  angle  of  elevation  a.  Angle  a  enters  only  into  the  denominator 
of  Eq  .  (110);  hence,  Vq  is  minimum  when  the  denominator  is  maxi¬ 
mum.  Equating  the  derivative  of  the  denominator  with  respect 
to  a  to  zero,  we  find 

cos  2a  —  sin  2a  tan  p  =  0 

whence  cot  2aopt  =  tan  P,  and  the  optimum  angle  of  elevation  is 

aopt  =  45‘’— .  (Ill) 

That  this  value  of  aopt  gives  can  be  readily  verified  by  the 
sign  of  the  second  derivative.  Substituting  the  value  of  aopt  into 
Eq.  (110)  and  taking  into  account  that  2  cos*a  =  1  -f-  cos  2  a,  we 
obtain:  _ 

Eqs.  (Ill)  and  (112)  give  the  least  initial  velocity  and  the  optimum 
angle  of  elevation  for  a  required  range.  The  height  of  the  path  and 
the  time  of  flight  are  computed  from  Eqs.  (107)  and  (108),  in  which 
and  a  are  substituted  by  their  expressions  from  Eqs.  (Ill)  and  (112). 
Table  1  below  gives  the  characteristics  of  some  optimum  elliptical 
paths  computed  from  these  formulas,  assuming  i?o  =  i?mean  = 
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=  6  370  km  (the  accuracy  of  all  quantities  in  the  table  is  up  to 
5  units  of  the  last  digit). 

Remember  that  these  calculations  refer  to  motion  in  a  vacuum  and 
do  not  take  into  account  the  rotation  of  the  earth.  In  conclusion 
it  should  be  noted  that  at  small  range  (small  angles  P)  the  elliptical 

Table  1 


Angle  p 

Range  S 
in  km 

Necessary 
Initial  velo¬ 
city  cj**" 
in  m/s 

Optimum 
angle  of 
elevation 
“opt 

Height  of 
path  H  in  km 

Time  of 
flight  t 

10° 

2  220 

4300 

40° 

500 

12  min  30  s 

20° 

4450 

5  650 

35° 

900 

19  min  10  s 

30° 

6  670 

6  460 

30° 

1 170 

24  min  50  s 

40° 

8900 

7  000 

25° 

1300 

30  min  00  s 

O 

O 

15570 

7  780 

10° 

900 

40  min  10  s 

90° 

20  020 

7  910 

0° 

0 

42  min  10  s 

arc  described  by  a  projectile  approaches  a  parabolic  arc.  If  we  take 
sin  P  «  P  and  2jRoP  =  ^  ®nd  in  the  other  equations  neglect  P 
in  comparison  with  unity,  all  these  equations  will  develop  in  the 
limit  into  the  corresponding  equations  of  parabolic  paths  (see  §  108). 
In  particular,  from  Eqs.  (Ill)  and  (112)  we  immediately  obtain 
ttopt  =  a*  =  45°  and  ggX* . 

§128.  Weightlessness 

When  a  body  is  at  rest  on  a  horizontal  plane  near  the  surface 
of  the  earth,  the  forces  of  gravity  acting  on  it  are  balanced  by  the 
reaction  of  the  plane.  These  external  forces  give  rise  to  internal 
stresses  in  the  body  in  the  form  of  reciprocal  actions  and  reactions 
among  its  component  particles.  When  such  internal  stresses  appear 
in  a  body,  it  can  be  said  to  be  in  a  state  of  “weightness” .  The  sensation 
of  “weightness”  a  person  feels  on  the  earth  is  due  to  just  such  recipro¬ 
cal  actions  of  the  parts  of  his  body  on  each  other. 

But  when  a  body  is  moving  in  the  earth’s  gravitational  field,  inter¬ 
nal  stresses  due  to  external  actions  or  the  type  of  motion  may  not 
appear.  In  that  case  the  body  is  said  to  be  in  a  state  of  weightlessness. 
Thus,  weightlessness  in  a  gravitational  field  is  a  state  in  which  neither 
the  external  forces  acting  on  a  body  nor  its  motion  give  rise  to  internal 
stresses  of  forces  of  any  kind.  The  state  is  similar  to  that  a  body  would 
be  in  when  at  rest  outside  the  gravitational  fields  of  celestial  bodies**. 

*>  Note  the  difference  between  weightness  and  weightlessness  as  characterising 
states  in  which  a  body  may  be  and  the  concept  of  weight,  which  is  a  quantita¬ 
tive  characteristic  (see  footnote  on  p.  148). 
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In  considering  the  stresses  generated  in  a  body  by  external  forces 
it  is  necessary  to  distinguish  between  so-called  mass  and  surface 
forces.  Ma^  forces  are  forces  that  act  on  all  the  particles  of  a  body 
and  are  proportional  in  magnitude  to  the  masses  of  those  particles; 
an  example  of  a  mass  force  is  gravity.  Surf  ace  forces  are  forces  applied 
to  points  on  the  surface  of  a  body;  examples  are  the  reactions  of  con¬ 
straints,  tractive  forces,  the  resistance  of  a  surrounding  medium,  etc. 
In  determining  the  law  of  motion  (or  conditions  of  equilibrium)  of 
a  body,  the  physical  nature  of  the  applied  forces  is  immaterial;  only 
their  magnitudes  and  directions  matter.  Not  so  in  the  case  of  internal 
stresses  in  a  body.  The  reason  is 
that  mass  forces  act  directly  on  all 
its  particles;  the  action  of  surface 
forces  is  transmitted  to  them  by  the 
pressures  of  neighbouring  particles.  ^ 

Consider  a  body  of  mass  m  in 
translational,  not  necessarily  recti¬ 
linear,  motion  (the  paths  of  the 
body’s  particles  may  be  curves) 
in  the  earth’s  gravitational  field. 

The  dimensions  of  the  body  may 
be  so  small  in  comparison  with  the 
radius  of  the  earth  that  we  can 

neglect  the  differences  in  the  distances  of  the  various  particles  from 
the  centre  of  the  earth  and  assume  that  the  gravitational  forces  impart 
to  them  the  same  acceleration  g.  In  that  case  the  resultant  of  the 
forces  of  gravity  acting  on  the  body  is 

FgT  =  mg.  (113) 


bl 


Fig.  294 


In  particular,  in  the  case  of  a  body  moving  (or  at  rest)  near  the 
surface  of  the  earth,  it  can  for  all  practical  purposes  be  assumed  that 
Fgr  =  mga  =  P,  where  in  magnitude  P  equals  the  body’s  weight. 

Assume  that  acting  on  the  body  besides  gravity  are  surface,  forces 
applied  along  a  surface  AB  and  having  a  resultant  Q  (Fig.  294a). 
Force  Q  may  be  the  reaction  of  the  floor  of  an  elevator  (or  airplane 
or  spaceship  cabin)  on  which  the  body  rests,  or  a  tractive  or  resisting 
force,  etc.  The  direction  of  Q  can  be  arbitrary,  notably  as  shown  in 
Fig.  294a. 

From  §  99,  it  follows  that  a  body  in  translational  motion  can  be 
treated  as  a  material  particle.  Writing  the  equation  of  motion  in 
vector  form  (which  is  valid  for  any  direction  of  Q),  we  obtain: 

mw  =  Pgr  +  Q.  (114) 


From  this,  taking  into  account  Eq.  (113),  we  find  the  acceleration 
of  the  body: 
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Now  let  us  compute  the  internal  stresses  due  to  forces  Fg,  and  Q 
at  any  section  ah  perpendicular  to  vector  Q,  i.e.,  the  forces  with 
which  the  parts  of  the  body  separated  by  the  section  act  on  each 
other.  For  this  consider  the  motion  of  one  of  the  parts,  say  the  upper, 
and  denote  its  mass  roi.  Acting  on  it  are  the  forces  of  gravity,  whose 
resultant,  by  Eq.  (113),  is  Fg,i  =  voig,  and  the  forces  of  the  other 
part  of  the  body,  whose  resultant  is  <Si  (Fig.  2946).  Since  the  part 
of  the  body  is,  like  the  vdiole,  in  translational  motion  with  accele¬ 
ration  w,  we  have  m-iW  =  Fgn  -f-  Si,  or  roiW  —  roig  Si,  whence 
Si  —  mi{w  —  g).  Substituting  the  expression  of  w  ((Eq.  (115)1, 
we  finally  obtain: 

\Si^^Q.  (116) 

As  the  force  of  gravity  Fgr  does  not  appear  in  the  equation  it  is, 
obviously,  valid  for  motion  in  a  gravitational  field  of  several  cele¬ 
stial  bodies  (e.g.,  the  earth,  the  moon,  etc.).  The  only  requirement 
is  that  the  moving  body  be  small  in  comparison  with  the  distance  of 
its  particles  from  the  centres  of  the  respective  attracting  bodies. 

It  follows  from  the  vector  equation  (116)  that  at  ©  ^  0  the  body 
is  not  weightless.  This  is  also  true  of  a  body  at  rest,  as  the  accelera¬ 
tion  w  does  not  appear  in  Eq.  (116)  either.  If  the  body  rests  on  a  hori¬ 
zontal  plane  motionless  relative  to  the  earth,  Q  is  the  reaction  of  the 
plane  and  in  magnitude  Q  =  Fg^=  P,  where  P  is  the  weight  of  the 
body.  Thus,  at  ^  ==  F,  Eq.  (116)  gives  the  internal  stresses  in  a  body 
at  rest  on  a  horizontal  plane.  In  a  moving  body,  if  the  surface  force 
Q  <.  P,  the  stresses  in  any  section  of  the  body  are  less  than  at  rest 
(negative  loading);  if  (?  >  P  (e.g.,  Q  is  the  thrust  of  a  rocket  launched 
vertically),  the  internal  stresses  are  greater  than  at  rest  (g-loading). 

Eq.  (116)  leads  to  the  following  important  conclusion:  in  a  body 
at  rest  or  in  translational  motion  in  the  earth’s  gravitational  field 
the  internal  stresses  due  to  external  forces,  and  hence  the  state  of 
weightness,  occur  only  when  the  acting  forces  are  surface  forces. 
When  the  only  external  force  acting  on  a  body  moving  in  a  gravita¬ 
tional  field  is  gravity  (Q  =  0),  as  Eq.  (116)  shows,  no  internal  forces 
due  to  external  action  appear,  and  the  body  is  in  the  state  of  weight¬ 
lessness.*’  And,  according  to  Eq.  (115),  all  particles  of  the  body 
are  moving  with  the  acceleration  w  —  g. 

Physically,  this  result  is  explained  by  the  fact  that  the  force  of 
gravity  (a  mass  force)  acts  directly  on  all  particles  of  the  body, 
imparting,  as  we  established,  accelerations  equal  iog.  But  that  is  the 
acceleration  every  particle  would  have  had  if  it  were  free.  Conse¬ 
quently^^  translational  motion  under  the  influence  of  only  gravita- 

*>  Note  that  throughout  we  are  dealing  with  internal  stresses  caused  by 
external  forces.  Other  types  of  internal  stresses,  such  as  temperature  stresses 
in  structural  elements  or  the  strains  in  the  human  body  caused  by  physical 
exercise,  can  occur  in  conditions  of  weightlessness. 
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tional  forces  each  particle  of  a  body  moves  like  a  free  l^ody  and  exerts 
no  pressures  on  the  other  particles.  Hence,  the  body  is  in  the  state 
of  weightlessness. 

Note  that  a  body  can  be  weightless  only  if  it  is  in  translational 
motion.  That  is  because  in  non-translational  motion  all  the  particles, 
which  we  treat  as  material  points,  move  with  different  accelerations, 
that  of  the  centre  of  gravity  C  being  Wc  —g.  For  any  other  particle  B 
the  acceleration  is,  according  to  Eq.  (72)  in  §  88, 


«OB  =  Wc  +  «OBC  =  fl^  +  WBC-  (117) 

Write  the  vector  equation  of  motion  of  particle  B\  ma'UiB  = 
=  nisg  4-  Nb,  where  TOb  is  the  mass  of  the  particle,  msg  is  the 
gravitational  force  acting  on  it,  and  i^Bis  the  resultant  of  the  pressu¬ 
res  of  neighbouring  particles.  Substituting  the  value  of  Wb  from 
Eq.  (117),  we  have  m-B  {g  4-  Wbc)  —  ^sg  +  whence 

(118) 

As  in  non-translational  motion  Wbc  =#=  0»  it  follows  that  ATb  ^  0, 
i.e.,  the  particles  do  interact  and  the  body  is  not  weightless.  Weight¬ 
lessness  is  possible  only  when  Wbc  =  0»  i-e-,  when  a  body  is  in 
translational  motion. 

It  is  important  in  all  the  above  reasoning  that  the  dimensions  of 
the  body  concerned  be  small  as  compared  with  the  radius  of  the 
earth  (or  the  distance  to  the  attracting  body),  as  only  then  can  the 
accelerations  g  be  assumed  the  same  for  all  its  particles. 

Thus,  any  body  in  free  (i.e.,  subject  only  to  the  forces  of  gravity) 
translational  motion  in  the  earth’s  gravitational  field  is  in  the  state 
of  weightlessness  provided  the  body’s  dimensions  are  small  as  com¬ 
pared  with  its  distance  to  the  centre  of  the  earth.  The  above  is  true 
for  motion  in  the  gravitational  field  of  any  celestial  bodies. 

Consequently,  if  the  resistance  of  the  air  is  small  enough  to  be 
neglected,  any  body  falling  to  the  earth  or  thrown  from  its  surface 
and  in  translational  motion  is  in  the  state  of  weightlessness.  Notably, 
all  artificial  earth  satellites  or  space  vehicles  moving  beyond  the 
earth’s  atmosphere  without  rotating  are  weightless  together  with  all 
bodies  within  them. 

Weightlessness  is  an  important  factor  to  be  reckoned  with  in  space 
flight  as  it  changes  the  operating  conditions  of  instruments  and 
devices  to  the  extent  that  some,  such  as  those  incorporating  physical 
pendulums  or  employing  free  flow  of  liquid,  become  simply  useless. 
Molecular  forces,  which  in  terrestrial  conditions  are  small  compared 
with  the  reciprocal  pressures  due  to  weightness,  become  a  signifi¬ 
cant  factor  in  weightlessness,  affecting  certain  phenomena.  For 
example,  molecular  forces  will  cause  a  wetting  liquid  in  a  closed 
vessel  to  spread  evenly  over  the  walls  of  the  vessel,  with  any  air 
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inside  occupying  the  centre,  of  the  vessel.  A  nonwetting  liquid  will 
collect  into  a  sphere*’. 

A  reference  frame  moving  together  with  bodies  in  free  translational 
motion  in  a  gravitational  field  (i.e.,  in  a  state  of  weightlessness) 
possesses  an  interesting  property.  Let  us  call  such  a  frame  a  local 
reference  frame  and  investigate  the  motion  of  a  particle  of  mass  m 
relative  to  it,  assuming  the  domain  in  which  the  motion  takes  place 
so  small  that  for  all  practical  purposes  g  =  const.  Then,  as  the 
reference  system  is  in  translational  motion,  in  the  equation  of  relative 
motion  of  a  particle  [Eq.  (51)'  in  §  120]  the  transport  force  of 
inertia,  Ftr==  — mwtt  =  ~mg,  will  be  balanced  by  the  force  of 
gravity,  i'V=  mg,  and  Fcot—  0.  Consequently,  Eq,  (51)  of 
§  120  acquires  the.same  form  as  in  an  inertial  frame  of  reference,  i.e., 

mw  =  F,  (119) 

where  F  is  the  resultant  of  all  forces  acting  on  the  particle  except  the 
force  of  gravity.  Thus,  a  local  frame  of  reference  is,  in  small  domains, 
for  all  practical  purposes  inertial,  even  though  it  is  moving  with 
acceleration  relative  to  a  stellar  frame  of  reference.  As  the  force  of 
gravity  F^t  is  balanced  by  fIt  and  does  not  enter  the  equations  of 
motion,  they  are  written  as  though  the  local  reference  frame  lies 
outside  the  gravitational  field. 

Note  that,  if  not  for  its  diurnal  rotation,  the  earth  in  its  rotation 
about  the  sun  would  be  in  a  state  of  “solar  weightlessness”.  Therefore 
for  motions  in  domains  that  are  small  as  compared  with  the  distance 
to  the  sun  a  frame  of  reference  with  its  origin  at  the  centre  of  the 
earth  and  axes  directed  towards  the  fixed  stars  (i.e.,  not  participa¬ 
ting  in  the  diurnal  rotation  of  the  earth)  is  for  all  practical  purposes 
inertial,  and  the  equations  of  motion  in  it  have  the  form  (119).  A  refe¬ 
rence  frame  rigidly  connected  with  the  earth  and  taking  part  in  its 
diurnal  motion  is,  accordingly,  not  inertial  (see  §  121.) 

Another  example  is  a  frame  of  reference  connected  with  a  space¬ 
ship  moving  freely  without  rotation  in  a  gravitational  field.  In  it 
the  equations  of  motion  also  have  the  form  (119)  and,  as  said  before, 
all  mechanical  phenomena  take  place  as  though  the  ship  were  outside 
a  gravitational  field. 

It  follows  from  Eq.  (119)  that  at  F  =  0,  i.e.,  when  gravity  is  the 
only  acting  force,  a  body  will  remain  freely  “floating”  in  any  part 
of  the  vehicle,  a  manifestation  of  weightlessness  that  has  been  expe- 

*)  Weightlessness  affects  the  functioning  of  a  number  of  organs  of  the  human 
body,  e.g.,  the  organ  of  equilibrium,  and  adaptation  to  weightlessness  requires 
appropriate  training.  It  has  therefore  been  suggested  that  for  long  flights  in 
space  stations  be  built  in  the  shape  of  a  large  wheel  with  rooms  in  the  rim. 
The  rotation  of  the  spaceship  would  make  the  particles  of  a  body  in  it  act  on 
each  other  with  forces  described  by  Eq.  (118),  thereby  creating  an  artificial 
state  of  weightness  (artificial  gravity). 
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rimentally  observed**.  In  itself,  however,  the  fact  of  “free  suspen¬ 
sion”  does  not  necessarily  imply  weightlessness.  It  can  be  observed 
on  the  earth,  for  example,  with  a  body  submerged  in  a  liquid  of  the 
same  specific  gravity.  But  there  will  be  surface  forces  of  pressure  from 
the  liquid  acting  on  the  body,  creating  internal  stresses,  and  it  will 
be  in  the  state  of  weightness. 

Weightlessness  can  occur  when  several  mass  forces  are  acting  on 
a  body,  because  of  the  absence  of  internal  stresses.  Nor  does  the 
phenomenon  depend  on  the  frame  of  reference  in  which  the  motion 
is  examined,  and  the  observed  effects  will  be  the  same  as  seen  by  an 
observer  in  any  reference  system.  For  example,  a  nonwetting  liquid 
will  be  seen  as  gathering  into  a  sphere  by  an  astronaut  in  a  spaceship 
and  an  observer  on  the  earth  equipped  with  a  sufficiently  powerful 
telescope. 


•)  A  terrestrial  observer  would  explain  this  as  being  due  to  the  fact  that 
the  spaceship  and  the  “floating”  body  in  its  cabin  are  moving  around  the  earth 
along  virtually  identical  orbits  and  therefore  are  motionless  relative  to  each 
other. 
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DYNAMICS  OF  A  SYSTEM 
AND  A  RIGID  BODY 

Chapter  23 
Introduction  to  the  Dynamics 

of  a  System. 
Moments  of  Inertia  of  Rigid  Bodies 


§  129.  Mechanical  Systems.  External  and  Internal  Forces 

A  mechanical  system  is  defined  as  such  a  collection  of  material  points 
(particles)  or  bodies  in  which  the  position  or  motion  of  each  particle  or 
body  of  the  system  depends  on  the  position  and  motion  of  all  the  other 
particles  or  bodies.  We  shall  regard  a  body  as  a  system  of  its  particles. 

A  classical  example  of  a  mechanical  system  is  the  solar  system, 
all  the  component  bodies  of  which  are  connected  by  the  forces  of 
their  mutual  attraction.  Other  examples  of  mechanical  systems 
are  machines,  or  any  mechanism  whose  members  are  connected 
with  pins,  rods,  cables,  belts,  etc.,  by  holonomic  constraints.  In 
this  case  the  bodies  of  the  system  are  subjected  to  the  reciprocal 
compressive  or  tensile  forces  transmitted  through  the  constraints. 

A  collection  of  bodies  not  connected  by  interacting  forces  does  not 
comprise  a  mechanical  system  (e.g.,  a  group  of  flying  aircraft).  In 
this  book  we  shall  consider  only  mechanical  systems,  calling  them 
just  “systems”  for  short.  It  follows  from  the  above  that  the  forces 
acting  on  the  particles  or  bodies  of  a  system  can  be  subdivided 
into  external  and  internal  forces. 

External  forces  are  defined  as  the  forces  exerted  on  the. members  of 
a  system  by  particles  or  bodies  not  belonging  to  the  given  system. 
Internal  forces  are  defined  as  the  forces  of  interaction  between  the 
members  of  the  same  system.  We  shall  denote  external  forces  by  the 
symbol  f’®,  and  internal  forces  by  the  symbol  JF‘. 
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Both  external  and  internal  forces  can  be  either  active  forces  or 
reactions  of  constraints.  The  division  of  forces  into  external  and 
internal  is  purely  relative,  and  it  depends  on  the  extent  of  the  system 
whose  motion  is  being  investigated.  In  considering  the  motion  of  the 
solar  system  as  a  whole,  for  example,  the  gravitational  attraction 
of  the  sun  acting  on  the  earth  is  an  internal  force;  in  investigating 
the  earth’s  motion  about  the  sun,  the  same  force  is  external. 

Internal  forces  possess  the  following  properties: 

(1)  The  geometrical  sum  (the  principal  vector)  of  all  the  internal 
forces  of  a  system  is  zero.  This  follows  from  the  third  law  of  dynamics, 
which  states  that  any  two  particles  of  a  sys¬ 
tem  (Fig.  295)  act  on  each  other  with  equal 
and  oppositely  directed  forces  and 
the  sum  of  which  is  zero.  Since  the  same  is 
true  for  any  pair  of  particles  of  a  system, 

=  0. 

(2)  The  sum  of  the  moments  (the  principal 
moment)  of  all  the  internal  forces  of  a  sy¬ 
stem  with  respect  to  any  centre  or  axis  is  zero. 

For  if  we  take  an  arbitrary  centre  (?,  it  is  appa¬ 
rent  from  Fig.  295  that  mo  (F’jj)  -f  mo  =  0.  The  same  result 
holds  for  the  moments  about  any  axis.  Hence,  for  the  system  as 
a  whole  we  have: 

Smo(F’i)  =  U  or  Sm*(/?i)  =  0 

It  does  not  follow  from  the  above,  however,  that  the  internal 
forces  are  mutually  balanced  and  do  not  aSect  the  motion  of  the 
system,  for  they  are  applied  to  different  particles  or  bodies  and  may 
cause  their  mutual  displacement.  The  internal  forces  will  be  balanced 
only  when  a  given  system  is  a  rigid  body  (see  §  3). 


§  130.  Mass  of  a  System.  Centre  of  Mass 


The  motion  of  a  system  depends,  besides  the  acting  forces,  on  its 
total  mass  and  the  distribution  of  this  mass.  The  mass  of  a  system 
is  equal  to  the  arithmetical  sum  of  the  masses  of  all  the  particles 
or  bodies  comprising  it  *>: 

_  Af  = 

*)  We  shall  conventionally  denote  mass  by  the  same  letter  M  as  the  moment 
of  a  force.  Any  possibility  of  confusion  is  precluded  by  the  fact  that  when  the 
symbol  M  denotes  moment  of  a  force,  it  is  always  provided  with  a  subscript 
(e.g.,  Me,  Mx,  Af#).  In  Chapter  30,  however,  where  the  symbols  of  moment  and 
mass  intermingle  frequently,  we  shall  denote  the  mass  of  a  system  by  the  sym¬ 
bol  <Jt. 
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In  a  homogeneous  field  of  gravity,  where  g  =  const.,  the  weight 
of  every  particle  of  a  body  is  proportional  to  its  mass,  hence  the 
distribution  of  mass  can  be  judged  according  to  the  position  of  the 
centre  of  gravity.  Let  us  rewrite  the  equations  defining  the  coordina¬ 
tes  of  the  centre  of  gravity  [see  §  54,  Eqs.  (74)]  in  a  form  manifestly 
including  mass.  For  that  in  Eqs.  (74)  assume  that  Ph  =  and 
P  =  Mg.  Cancelling  out  g,  we  obtain: 


Xc 


2 

M  ’ 


2  2 
M  »  —  ja 


(1) 


The  equations  include  only  the  masses  of  the  material  points 
(pai’ticles)  of  the  body  and  their  coordinates  Xk,  gj,,  Zft.  Hence,  the 
position  of  point  C  (xc,  He,  Zc)  gives  the  distribution  of  mass  in  the 
body  or  in  any  mechanical  system,  where  and  x^,  gh,  H  are  the 
masses  and  coordinates  of  the  system’s  respective  points. 

The  geometric  point  C  whose  coordinates  are  given  by  Eqs.  (1) 
is  called  the  centre  of  mass,  or  centre  of  inertia  of  a  mechanical  system. 

If  the  position  of  the  centre  of  mass  is  defined  by  its  radius  vector 
Vc,  we  can  obtain  from  Eqs.  (1)  the  following  expression: 


»*c 


2 

M  ’ 


(1') 


where  is  the  radius  vector  of  particle  k  of  the  system. 

Although  in  a  homogeneous  gravitational  field  the  centres  of  mass 
and  gravity  coincide,  the  two  concepts  are  not  identical.  The  concept 
of  centre  of  gravity,  as  the  point  through  which  the  resultant  of  the 
forces  of  gravity  passes,  has  meaning  only  for  a  rigid  body  in  a  uni¬ 
form  field  of  gravity.  The  concept  of  centre  of  mass,  as  a  characte¬ 
ristic  of  the  distribution  of  mass  in  a  system,  on  the  other  hand,  has 
meaning  for  any  system  of  particles  or  bodies,  regardless  of  whether 
a -given  system  is  subjected  to  the  action  of  forces  or  not. 


§  131.  Moment  of  Inertia  of  a  Body  About  an  Axis. 
Radius  of  Gyration 

The  position  of  centre  of  mass  does  not  characterise  completely 
the  distribution  of  mass  in  a  system.  For  if  in  the  system  in  Fig.  296 
the  distance  h  of  each  of  two  identical  spheres  A  and  B  from  the 
axis  Oz  is  increased  by  the  same  quantity,  the  location  of  the  centre 
of  mass  will  not  change,  though  the  distribution  of  mass  will  change 
and  influence  the  motion  of  the  system  (all  other  conditions  remain¬ 
ing  the  same,  the  rotation  about  axis  Oz  will  be  slower). 

Accordingly,  another  characteristic  of  the  distribution  of  mass, 
called  the  moment  of  inertia,  is  introduced  in  mechanics.  The  moment 
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of  inertia  of  a  body  (system)  with  respect  to  a  given  axis  Oz  (or  the  axial 
moment  of  inertia)  is  defined  as  the  quantity  equal  to  the  sum  of  the 
masses  of  the  particles  of  the  body  (system)  each  multiplied  by  the  square 
of  its  perpet^icular  distance  from  the  axis: 

/*  =  (2) 

It  follows  from  the  definition  that  the  moment  of  inertia  of  a  body 
(or  system)  with  respect  to  any  axis  is  always  positive. 

It  will  be  shown  further  on  that  axial  moment  of  inertia  pla3^ 
the  same  part  in  the  rotational  motion  of  a  body  as  mass  does  in 
translational  motion,  i.e.,  moment  of  inertia  is  a  measure  of  a  body's 
inertia  in  rotational  motion. 

By  Eq.  (2),  the  moment  of  inertia  of  a  body  is  equal  to  the  sum  of 
the  moments  of  inertia  of  all  its  parts  with  respect  to  the  same  axis. 


h  ^  h 


Fig.  296 


For  a  material  point  located  at  a  distance  h  from  an  axis,  /*  =  mh^. 
The  unit  for  the  moment  of  inertia  in  the  SI  system  is  1  kg-m®,  and 
in  the  mkg(f)s  system  1  kgf-m-s®. 

In  computing  the  axial  moments  of  inertia  the  distances  of  the 
points  from  the  axes  can  be  expressed  in  terms  of  their  coordinates 
®fc.  Vut  2h  (e-g.,  the  square  of  the  distance  from  axis  Ox  is  y\  +  z|,  etc.). 
Then  the  moments  of  inertia  about  the  axes  Oxyz  will  be  given  by 
the  following  equations: 

/s,  =  S '»k(2ft  +  4),  Jz  =  '^rnh(xl-{-yl). 

(3) 

The  concept  of  the  radius  of  gyration  is  often  employed  in  calcula¬ 
tions.  The  radius  of  gyration  of  a  body  with  respect  to  an  axis  Oz 
is  a  linear  quantity  pg  defined  by  the  equation 

(4) 

where  M  is  the  mass  of  the  body. 

It  follows  from  the  definition  that  geometrically  the  radius  of  gyra¬ 
tion  is  equal  to  the  distance  from  the  axis  Oz  to  a  point,  such  that 
if  the  mass  of  the  whole  body  were  concentrated  in  it,  the  moment 
of  inertia  of  the  point  would  be  equal  to  the  moment  of  inertia  of  the 
whole  body. 
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Knowing  the  radius  of  gyration,  we  can  obtain  the  moment  of 
inertia  of  a  body  from  Eq.  (4)  and  vice  versa. 

Eqs.  (2)  and  (3)  are  valid  for  both  rigid  bodies  and  systems  of 
material  points.  In  the  case  of  a  solid  body,  dividing  it  into  ele¬ 
mentary  parts,  we  find  that  in  the  limit  the  sum  in  Eq.  (2)  becomes 
an  integral.  Hence,  taking  into  account  that  dm  —  p  dV,  where  p 
is  the  density  and  V  the  volume,  we  obtain: 

^  . ^ 

"  J  or  J  1(5) 

(V)  (V) 


The  integral  extends  over  the  whole  volume  V 
of  the  body,  and  the  density  p  and  distance  h  de¬ 
pend  on  the  coordinates  of  the  points  of  the  body. 
Similarly,  for  solid  bodies  Eqs.  (3)  take  the  form: 

•^x=  j  P(y^  +  z^)  dK,  etc.  (5') 

(V) 

Eqs.  (5)  and  (5')  are  useful  in  calculating  the 
moments  of  inerita  of  homogeneous  bodies  of  geo¬ 
metric  shape.  As  in  that  case  the  density  p  is  cons¬ 
tant,  it  can  be  taken  out  of  the  integral  sign. 

Let  us  determine  the  moments  of  inertia  of 
some  homogeneous  bodies. 

(1)  Thin  Homogeneous  Rod  of  Length  I  and  Mass  M.  Let  us  find 
its  moment  of  inertia  with  respect  to  an  axis  Az  perpendicular  to  the 
rod  (Fig.  297).  If  we  lay  off  a  coordinate  axis  Ax  along  AB,  for  any 
line  element  of  length  dx  we  have  h  =  x  and  its  mass  dm  =  pida:, 
where  pi  =  MU  is  the  mass  o  fa  unit  length  of  the  rod,  and  Eq.  (5) 
gives*’: 

1  1 

Ja—  I  3?dm  =  pi  I  x^dx  =  Qi^ . 

0  0 


B 


3 


\x 

Fig.  297 


Substituting  the  expression  for  pi,  we  obtain  finally 

Jj,  =  \mi\  (6) 


(2)  Thin  Circular  Homogeneous  Ring  of  Radius  12  and  Mass  M. 
Let  us  find  its  moment  of  inertia  with  respect  to  an  axis  Cz  perpendi¬ 
cular  to  the  plane  of  the  ring  through  its  centre  (Fig.  298a).  As  all 
the  points  of  the  ring  are  at  a  distance  =  R  from  axis  Cz,  Eq.  (2) 
gives 

_  /c  =  S  muR^  =  (2  mfe)  ii"  =  MR^. 

*>  Here  and  further  on,  denotes  the  moment  of  inertia  with  respect  to 
an  axis  through  A  perpendicular  to  the  plane  of  the  cross  section  in  the  diagram. 
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Hence,  for  a  ring 

Jc  =  MR^.  (7) 

It  is  evident  that  the  same  result  is  obtained  for  the  moment  of 
inertia  of  a  cylindrical  shell  of  mass  M  and  radius  R  with  respect 
to  its  axis. 

(3)  Circular  Homogeneous  Disc  or  Cylinder  of  Radius  22  and  Mass  M. 
Let  us  compute  the  moment  of  inertia  of  a  circular  disc  with  respect 
to  an  axis  Cz  perpendicular  to  it  through  its  centre  (Fig.  2986). 


Fig.  298 


Consider  an  elemental  ring  of  radius  r  and  width  dr.  Its  area  is 
2nrdr,  and  its  mass  dm  =  p^2nr  dr,  where  pj  =  ^  is  the  mass 

of  a  unit  area  of  the  disc.  From  Eq.  (7)  we  have  for  the  elemental 
ring 

dJc  =  r^dm  =  2jipgr®  dr, 
and  for  the  whole  disc 

R 

/c  =  2jtp2  j  r®dr  =  ^jip2i?^ 

0 

Substituting  the  expression  for  p2,  we  obtain  finally 

It  is  evident  that  the  same  formula  is  obtained  for  the  moment 
of  inertia  of  a  homogeneous  circular  cylinder  of  mass  M  and  radius 
R  with  respect  to  its  axis  Cz  (Fig.  298c). 

(4)  Rectangular  Lamina,  Cone,  and  Sphere.  Omitting  the  computa¬ 
tions,  here  are  the  equations  of  the  moments  of  inertia  of  several 
bodies  (the  student  is  invited  to  deduce  these  formulas  independently). 

(a)  uniform  rectangular  lamina  of  mass  M  with  sides  of  length  a 
and  6  (axis  x  is  coincident  with  side  a,  axis  y  with  side  6): 

/,  =  i-M62,  /„  =  i-Ma2; 
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(b)  uniform  right  circular  cone  of  mass  M  and  base  radius  R  (axis  z 
is  coincident  with  the  axis  of  the  cone): 

(c)  uniform  sphere  of  mass  M  and  radius  R  (axis  z  is  coincident 
with  a  diameter): 

The  moments  of  inertia  of  non-homogeneous  and  composite  bodies 
can  be  determined  experimentally  with  the  help  of  appropriate 
instruments.  One  such  method  is  given  in  §  155. 


§  132.  Moments  of  Inertia  of  a  Body  About  Parallel  Axes. 
The  Parallel  Axis  (Huygens’)  Theorem 

In  the  most  general  case,  the  moments  of  inertia  of  the  same  body 
with  respect  to  different  axes  are  different.  Let  us  see  how  to  deter¬ 
mine  the  moment  of  inertia  of  a  body  with  respect  to  any  axis  if  its 
moment  of  inertia  with  respect  to  a  parallel  axis  through  the  body 

is  known. 

Draw  through  the  centre  of  mass  of  a 
body  C  arbitrary  axes  Cx'y'z' ,  and 
through  an  arbitrary  point  O  on  axis 
Cx'  axes  Oxyz,  so  that  Oy  ||  Cy'  and 
Oz  II  Cz'  (Fig.  299).  Denoting  the 
distance  between  axes  Cz’  and  Oz  by 
d,  from  Eqs.  (3) 

•^02  =  S  (^fe  +  yft), 

—  wife  (xh  +  yik)- 

But  it  is  apparent  from  the  draw¬ 
ing  that  for  any  point  of  the  body 
Xk=  xk  —  d,  or  Xk  =  x^-h  d*  —  2xkd,  and  yh—yk-  Substituting  these 
expressions  for  ar^  and  y^  into  the  expression  for  Jqz  and  taking  the 
common  multipliers  d*  and  2d  outside  the  parentheses,  we  obtain: 

/oz  =  S  +  yft^)  +  (S  (S  ”^hxk)  • 

The  first  summation  in  the  right  member  of  the  equation  is  equal 
to  Jcz’,  and  the  second  to  the  mass  M  of  the  body.  Let  us  find  the 
value  of  the  third  summation.  From  Eq.  (1)  we  know  that,  for  the 
coordinates  of  the  centre  of  mass,  '^m^xk  =  Mx'c.  But  since  in  our 
case  point  C  is  the  origin,  x'c  —  0,  and  consequently  =  0* 
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We  finally  obtain 


Jo^  =  Jc^'  +  Md^.  (9) 

£q.  (9)  expresses  the  parallel  axis  theorem  enunciated  by  Huy- 
gens*>:  The  moment  of  inertia  of  a  body  with  respect  to  any  axis  is 
equal  to  the  moment  of  inertia  of  the  b^y  with  respect  to  a  parallel 
axis  through  the  centre  of  mass  of  the  body  plus  the  product  of  the  mass 
of  the  body  and  the  square  of  the  distance  between  the  two  axes. 

It  follows  from  Eq.  (9)  that  Jqz  >  Jcz'-  Consequently,  of  all 
the  axes  of  same  direction,  the  moment  of  inertia  is  least  with  res¬ 
pect  to  the  one  through  the  centre  of  mass. 

The  parallel  axis  theorem  can  also  be  used  to  determine  the  moment 
of  inertia  of  a  body  with  respect  to  a  given  axis  Oz^  if  its  moment 
of  inertia  with  respect  to  any  parallel  axis  Az^  and  the  distances  d^ 
and  (ij  of  each  axis  from  the  body’s  centre  of  mass  are  known.  Hence, 
knowing  we  obtain  /c*'  from  Eq.  (9)  and,  applying  the 

same  formula,  determine  the  required  moment  of  inertia  Joz^- 

Problem  122.  Determine  the  moment  of  inertia  of  a  thin  rod  with 
respect  to  an  axis  Cz  perpendicular  to  it  through  its  centre  of  mass. 

Solution.  Draw  an  axis  Az  through  end  A  of  the  rod  (see  Fig.  297; 
axis  Cz  is  not  shown  in  it).  Then,  by  Eq.  (9), 

Jc  =  Ja-  Md>. 

In  our  case  d=^ ,  where  I  is  the  length  of  the  rod,  and  is  found 
from  Eq.  (6).  Hence, 

/c = 4-  — i-  M/2 = .^  M/2. 

Problem  123.  Determine  the  moment  of  inertia  of  a  cylinder  with 
respect  to  an  axis  Az^  through  its  generator  (see  Fig.  29&r). 

Solution.  From  the  parallel  axis  theorem,  =  /c*  -f-  Md*. 

In  our  case  d—R  and  from  Eq.  (8)  Jcz=  ^MB^. 

Substituting  these  expressions,  we  obtain: 

JMi  =  j  Mil*. 


*>  Christian  Hu]^;ens  (1629-1695),  celebrated  Dutch  mechanic,  phjnncist 
and  astronomer.  He  developed  the  first  pendulum  clock.  In  this  connection 
he  studied  the  vibrations  of  the  compound  pendulum  (see  §  155)  and  introduced 
the  concept  of  moment  of  inertia  of  a  body. 
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§  133*.  Product  of  Inertia. 

Principal  Axes  of  Inertia  of  a  Body 

The  moment  of  inertia  of  a  body  with  respect  to  an  axis  also  does 
not  completely  characterise  the  distribution  of  mass  of  the  system. 
For  example,  if  the  rod  DE  in  Fig.  296  is  turned  in  plane  Oyz  so  as 
to  make  other  than  a  right  angle  with  axis  Oz  and  the  distance  h 
of  spheres  A  and  B  from  the  axis  is  kept  the  same  by  moving  them 
outward,  neither  the  location  of  the  centre  of  mass  nor  the  moment 
of  inertia  of  the  spheres  with  respect  to  axis  Oz  will  change.  Yet  the 
distribution  of  mass  will  have  changed  (the  symmetry  with  respect 
to  axis  Oz  being  disturbed),  and  this  will  aSect  the  system’s  rotation 
about  the  axis  (additional  lateral  stresses  will  appear  in  the  bearing). 

Accordingly,  the  concept  of  the  product  of  inertia  is  introduced  as 
characterising  such  asymmetry  in  the  distribution  of  mass.  Drawing 
coordinate  axes  Oxyz  through  point  O,  the  products  of  inertia  with 
respect  to  those  axes  are  the  quantities  Jyzt  Jzx  given  by  the 
following  equations: 

Jxy  =  '^mkXkyh,  Jvz=ljmyhZk,  Jzx='2i”^hZhXH,  (10) 

where  is  the  mass  of  the  points  and  are  their  coordinates. 

Obviously,  =  Jyxi  etc. 

For  solid  bodies,  Eqs.  (10)  by  analogy  with  (5')  take  the  form: 

j  pxydV,  etc.  (10') 

(V) 

Unlike  axial  moments  of  inertia,  products  of  inertia  pan  be  either 
positive,  negative  or,  in  selected  coordinates,  zero. 

Consider  a  homogeneous  body  having  an  axis  of  symmetry.  Draw 
the  coordinate  axes  Oxyz  so  that  axis  z  is  directed  along  the  axis  of 
symmetry  (see,  for  example.  Fig.  342).  By  virtue  of  symmetry,  to 
each  point  of  mass  Wj,  with  coordinates  (x^,  z^)  there  corresponds 

another  point  of  equal  mass  with  coordinates  ( — x*,  — zO*  Con¬ 
sequently,  ^mkXjiZu  ==  0  and  ==*  0,  and  taking  into  account 

Eqs.  (10),  we  obtain: 

Jxz=0,  Jyz  =  0.  (11) 

Thus,  symmetry  in  the  distribution  of  mass  with  respect  to  axis  Oz 
is  characterised  by  two  centrifugal  moments  of  inertia,  Jxz  aud  Jy^, 
becoming  zero.  Axis  Oz  with  respect  to  which  the  products  of  inertia  Jxzt 
Jy^,  whose  subscripts  contain  the  notation  of  that  axis,  are  zero  is  called 
the  principal  axis  of  inertia  of  the  body  with  respect  to  point  O 

It  follows  from  what  has  been  said  that  if  a  body  has  an  axis  of 
symmetry,  that  axis  is  the  principal  axis  of  inertia  with  respect  to 
any  of  its  points. 
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The  principal  axis  of  inertia  is  not  necessarily  the  axis  of  symmetry. 
Consider  a  homogeneous  body  having  a  plane  of  symmetry.  Drawing 
axes  Oxy  in  that  plane  and  axis  Oz  perpendicular  to  them,  by  virtue 
of  symmetry,  to  every  point  of  mass  with  coordinates  y^,  Zh) 
there  corresponds  a  point  of  same  mass  with  coordinates  (xk,  l/ht 
— Zj,).  Consequently,  as  in  the  previous  case,  we  find  that  =0 

and  =  0,  or  J^z  —  0  and  Jy^  —  0. 

Thus,  if  a  body  has  a  plane  of  symmetry,  any  axis  perpendicular 
to  that  plane  is  the  principal  axis  of  inertia  of  the  body  with  respect 
to  the  point  0  at  which  the  axis  intersects  the  plane. 

Eqs.  (11)  express  the  conditions  that  axis  Oz  is  the  principal  axis 
of  inertia  of  a  body  with  respect  to  point  O  (the  origin  of  the  coordi¬ 
nate  system).  Similarly,  if  Jxy  —  0  and  Jxz  —  0,  axis  Ox  will  be 
the  principal  axis  of  inertia  with  respect  to  point  (?,  etc.  Consequent¬ 
ly,  if  all  the  products  of  inertia  are  zero,  i.e., 

Jyz—^y  Jzx  —  ^y  (^2) 

each  of  the  coordinate  axes  Oxyz  is  a  principal  axis  of  inertia  with 
respect  to  point  O  (the  origin  of  the  coordinate  system). 

For  example,  all  three  axes  Oxyz  in  Fig.  342  are  principal  axes 
of  inertia  with  respect  to  point  O  {Oz  as  the  axis  of  symmetry  and  Ox 
and  Oy  as  perpendicular  to  the  planes  of  symmetry). 

The  moments  of  inertia  with  respect  to  the  principal  axes  of  inertia 
are  called  the  principal  moments  of  inertia  of  a  body.  The  principal 
axes  of  inertia  constructed  relative  to  a  body’s  centre  of  mass  are 
called  the  principal  central  axes  of  inertia.  It  follows  from  what  has 
been  said  that  if  a  body  has  an  axis  of  symmetry,  that  axis  is  one 
of  the  body’s  principal  central  axes  of  inertia,  as  the  centre  of  mass 
lies  on  it  (see  §  56).  If  a  body  has  a  plane  of  symmetry,  the  axis  per¬ 
pendicular  to  it  through  the  centre  of  mass  is  also  one  of  the  principal 
central  axes  of  inertia  of  the  body. 

The  above  examples  considered  symmetrical  bodies.  However, 
it  can  be  proved  that  through  any  point  of  a  body  at  least  three 
mutually  perpendicular  axes  can  be  drawn  for  which  Eqs.  (12)  are 
satisfied,  i.e.,  which  are  the  principal  axes  of  inertia  of  the  body 
with  respect  to  that  point  (the  proof  is  presented  below). 

The  concept  of  principal  axes  of  inertia  plays  an  important  part 
in  rigid-body  dynamics.  If  the  coordinate  axes  Oxyz  are  drawn  along 
them,  all  the  products  of  inertia  become  zero,  which  greatly  simpli¬ 
fies  the  relevant  equations  and  formulas  (see  §  158).  The  concept  is 
also  employed  in  solving  problems  of  dynamic  balancing  of  masses 
(§  169),  centre  of  impact  (§  165),  and  others. 

Let  us  show  that  principal  axes  of  inertia  exist  at  any  point  of 
a  body.  For  this  let  us  first  prove  the  following  theorem:  If  the 
moment  of  inertia  with  respect  to  an  axis  Oz  is  greater  or  smaller  than 
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the  moment  of  inertia  with  respect  to  any  .neighbouring  axis  through  O, 
that  axis  {Oz)  is  the  principal  axis  of  inertia  of  the  body  with  respa:t 
to  O.  Thus,  we  must  prove  that  if  in  any  elementary  rotation  of  axis  Oz 
about  point  O,  dJ^  =  0  (extremum  condition),  that  axis  is  the  prin¬ 
cipal  axis  of  inertia  with  respect  to  point  0. 

Proof.  Draw  the  xyz  axes  through  O  and  turn  them  (without  alter¬ 
ing  the  position  of  the  body)  about  axis  Ox  through  an  angle  d0i 
(Fig.  300).  From  analytic  geometry,  in  such  a  rotation  the  coordi¬ 
nate  Pfc  of  any  point  3^  of  the  body  transforms  according  to  the  for¬ 
mula 

y'h  =  yh  cos  dOi  4-  Zft  sin  dOj, 


or,  since  dOj  is  an  elementary  angle,  ys  =  Pj,  +  Zh  dOj,  which  is  also 
apparent  from  the  drawing.  Hence,  yl?  =  yl  -j-  2yhZfed0|  -1-  z|d0J. 
Neglecting  infinitesimals  of  higher  orders,  i.e.,  the  members  contain¬ 
ing  d0*,  and  taking  into  account  x'k  =  Xk,  we 
obtain: 

/z'  =  S  (xk  +  y?)  =  S  (4 + Pft)  4- 

-1-22  mftyftZftdfii. 

Taking  the  common  multiplier  outside  the 
parentheses,  we  obtain: 

•^z'  =  *^*+2/,*d0j,  or  (d/,)i  =  /*»  — 

J z  —  yz 


where  {dJz)i  is  the  elementary  increment  of  /* 
in  the  rotation  considered.  Similarly,  in  an  elementary  rotation 
about  axis  Oy  through  angle  d0j  we  obtain  (dJz)^  —  Since 

any  elementary  displacement  of  axis  Oz  is  compounded  of  two  such 
rotations,  the  extremum  condition  of  takes  the  form 


(d/*)i==0.  (d/^,  =0. 

Hence,  if  this  condition  is  satisfied,  as  d0i  ^0,  d0,  we 
should  have 

Jxz—^t  d^yz—0, 


i.e.,  axis  Oz  is  the  principal  axis  of  inertia  with  respect  to  point  0, 
and  the  theorem  has  been  proved. 

Note  that  if  the  direction  of  Oz  is  changed  continuously,  the  axial 
moment  of  inertia  also  changes  continuously.  But  cannot 
increase  or  decrease  indefinitely,  as  for  real  bodies  0  <1  /« <<  oo. 
Hence,  from  the  corresponding  theorems  of  calculus  it  follows  that 
out  of  all  the  orientations  of  axis  Oz  there  is  at  least  one  for  which 
has  a  maximum  (compared  with  its  value  for  neighbour  axes),  and 
one  for  which  it  is  minimum.  It  thus  follows  that  through  any  point 
in  a  body  there  pass  at  least  two  principal  axes  of  inertia.  It  can 
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also  be  shown  that  they  are  mutually  perpendicular*’.  But  by  defi¬ 
nition  [Eqs.  (11)1,  if  two  mutually  perpendicular  axes  drawn  through 
point  O  (e.g..  Ox  and  Oy)  are  principal  axes  with  respect  to  it,  then 
Jxz  =0,  Jyz  —  0,  and  the  third  axis  perpendicular  to  them  {Oz) 
is  also  a  principal  axis  of  inertia  with  respect  to  O.  Consequently, 
through  any  point  of  a  body  there  pass  at  least  three  mutually  per¬ 
pendicular  principal  axes  of  inertia  of  the  body  with  respect  to  that 
point. 


*>  Let  these  principal  axes  be  Oz  and  Oz'  and  the  angle  between  them  a  ^  0. 
Draw  in  plane  zOa'  axes  Oy  X  Oz  and  Oy'  X  Oz'  (see  Fig.  300,  assuming  angle 
dOi  =  a).  Then  yj^  =  yy  cos  a  -1-  sin  a,  z^  =  z^  cos  a  —  sin  a  and  Jy'^'  = 

=  S  =  S  '"ft  “  Vk)  sin  a  cos  a,  as  2  ^hVh’^h  =  Jyz  — 0  {Oz  is 

a  principal  axis).  Using  Eqs.  (3),  it  will  be  readily  found  by  subtracting  that 
Jy  —  /z  =  S  ~  consequently,  Jy'^’  =  0.5  {Jy  —  J^)  sin  2a.  But 

Oz'  is  also  a  principal  axis,  consequently  we  should  have  Jy’^'  =  0,  or 
{Jy  —  Jj)  sin  2a  =  0.  Hence,  if  Jy  ¥=  J^,  «  =  90°,  Q.E.D.  If  /«  =  J^,  then 
any  axis  in  plane  zOz'  is  a  principal  axis,  including  the  one  perpendicular  to  Oz. 


Chapter  24 

Theorem  of  the  Motion  of  the  Centre 

of  Mass  of  a  System 


§  134.  The  Differential  Equations  of  Motion  of  a  System 

Suppose  we  have  a  system  of  n  particles.  Choosing  any  particle 
of  mass  nifc,  belonging  to  the  system,  let  us  denote  the  resultant  of  all 
the  external  forces  acting  on  the  particle  (both  active  forces  and  the 
forces  of  reaction)  by  the  symbol  FL  and  the  resultant  of  all  the 
internal  forces  by  F^.  If  the  particle  has  an  acceleration  then, 
by  the  fundamental  law  of  dynamics, 

+  Fft. 

Similar  results  are  obtained  for  any  other  particle,  whence,  for 
the  whole  system,  we  have: 

TOiWt  =  F‘i  +  Fi, 

m.^tVz  =  Fi+Fl, 

m„w„  =  F^4-FA. 

These  equations,  from  which  we  can  develop  the  law  of  motion  of 
any  particle  of  the  system,  are  called  the  differential  equations  of 
motion  of  a  system  in  vector  form.  Eqs.  (13)  are  differential  because 

-10*=^  =  .  In  the  most  general  case  the  forces  in  the  right 

side  of  the  equations  depend  on  time,  coordinates  of  the  particles 
of  the  system,  and  velocities  (see  §§  99  and  107). 

By  projecting  Eqs.  (13)  on  coordinate  axes,  we  can  obtain  the  diffe¬ 
rential  equations  of  motion  of  a  given  system  in  terms  of  the  projec¬ 
tions  on  these  axes. 

The  complete  solution  of  the  principal  problem  of  dynamics  for 
a  system  would  be  to  develop  the  equation  of  motion  for  each  particle 
of  the  system  from  the  given  forces  by  integrating  the  corresponding 
differential  equations.  For  two  reasons,  however,  this  solution  is  not 
usually  employed.  Firstly,  the  solution  is  too  involved  and  will 
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almost  inevitably  lead  into  insurmountable  mathematical  difficul¬ 
ties.  Secondly,  in  solving  problems  of  mechanics  it  is  usually  suf¬ 
ficient  to  know  certain  overall  characteristics  of  the  motion  of 
a  system,  without  investigating  the  motion  of  each  particle.  These 
overall  characteristics  can  be  found  with  the  help  of  the  general 
theorems  of  system  dynaimcs,  which  we  shall  now  study. 

The  main  application  of  Eqs.  (13)  or  their  corollaries  will  be  to 
develop  the  respective  general  theorems. 


§  135.  Theorem  of  Motion  of  Centre  of  Mass 

In  many  cases  the  nature  of  the  motion  of  a  system  (especially 
of  a  rigid  body)  is  completely  described  by  the  law  of  motion  of  its 
centre  of  mass.  To  develop  this  law,  let  us  take  the  equations  of 
motion  of  a  system  (13)  and  add  separately  their  left  and  right  sides. 
We  obtain: 

=  +  (14) 

Let  us  transform  the  left  side  of  the  equation.  For  the  radius  vector 
of  the  centre  of  mass  we  have,  from  Eq.  (1'), 

S  =  Mrc. 

Taking  the  second  derivative  of  both  sides  of  this  equation  with 
respect  to  time,  and  noting  that  the  derivative  of  a  sum  equals  the 
sum  of  the  derivatives,  we  find  that 

Zj  "‘ft  dt2  *2  ’ 
or 

SOTfeWh  =  Mwc,  (15) 

where  Wc  is  the  acceleration  of  the  centre  of  mass  of  the  system.  As 
the  internal  forces  of  a  system  give  (see  §  129)  5y  sub¬ 

stituting  all  the  developed  expressions  into  Eq.  (14),  we  obtain 
finally: 

=  (16) 

Eq.  (16)  states  the  theorem  of  the  motion  of  the  centre  of  mass  of 
a  system.  Its  form  coincides  with  that  of  the  equation  of  motion  of 
a  particle  [§  100,  Eq.  (3)J  of  mass  m  =  M  where  the  acting  forces  are 
equal  to  Fl.  We  can  therefore  formulate  the  theorem  of  the  motion 
of  the  centre  of  mass  as  follows:  The  centre  of  mass  of  a  system  moves 
as  if  it  were  a  particle  of  mass  equal  to  the  mass  of  the  whole  system  to 
which  are  applied  all  the  external  forces  acting  on  the  system. 
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Projecting  both  sides  of  Eq.  (16)  on  the  coordinate  axes,  we  ob> 
tain: 

(16-) 

These  are  the  differential  equations  of  motion  of  the  centre  of  mass 
in  terms  of  the  projections  on  the  coordinate  axes. 

The  theorem  is  valuable  for  the  following  reasons: 

(1)  It  justifies  the  use  of  the  methods  of  particle  dynamics.  It 
follows  from  Eqs.  (16')  that  the  solutions  developed  on  the  assump¬ 
tion  that  a  given  body  is  equivalent  to  a  particle  define  the  law  of 
motion  of  the  centre  of  mass  of  that  body.  Thus,  these  solutions  have 
a  concrete  meaning. 

In  particular,  if  a  body  is  in  translational  motion,  its  motion  is 
completely  specified  by  the  motion  of  its  centre  of  mass,  and  conse¬ 
quently,  a  body  in  translatory  motion  can  always  be  treated  as  a 
particle  of  mass  equal  to  the  mass  of  the  body.  In  all  other  cases, 
a  body  can  be  treated  as  a  particle  only  when  the  position  of  its 
centre  of  mass  is  sufficient  to  specify  the  position  of  the  body 

(2)  The  theorem  makes  it  possible,  in  developing  the  equation 
of  motion  for  the  centre  of  mass  of  any  system,  to  ignore  all  unknown 
internal  forces.  This  is  of  special  practical  value. 


§  136.  The  Law  of  Conservation  of  Motion  of 
Centre  of  Mass 

The  following  important  corollaries  arise  from  the  theorem  of  the 
motion  of  centre  of  mass: 

(1)  Let  the  sum  of  the  external  forces  acting  on  a  system  be  zero: 


It  follows,  then,  from  Eq.  (16)  that  Wc  =  0  or  =  const. 

Thus,  if  the  sum  of  all  the  external  forces  acting  on  a  system  is 
zero,  the  centre  of  mass  of  that  system  moves  with  velocity  of  con¬ 
stant  magnitude  and  direction,  i.e.,  uniformly  and  rectilinearly. 
In  particular,  if  the  centre  of  mass  was  initially  at  rest,  it  will  re¬ 
main  at  rest.  The  action  of  the  internal  forces,  we  see,  does  not  affect 
the  motion  of  the  centre  of  mass. 

(2)  Let  the  sum  of  the  external  forces  acting  on  a  system  be  other 
than  zero,  but  let  the  sum  of  their  projections  on  one  of  the  coordi¬ 
nate  axes  (axis  x,  for  instance)  be  zero: 
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The  first  of  Eqs.  (16')  then  gives 

-^  =  0  or  =  =  const. 

Thus,  if  the  sum  of  the  projections  on  an  axis  of  all  the  external 
forces  acting  on  a  system  is  zero,  the  projection  of  the  velocity  of 
the  centre  of  mass  of  the  system  on  that  axis  is  a  constant  quantity. 
In  particular,  if  at  the  initial  moment  Vcx  =  0.  ft  will  remain  zero 
at  any  subsequent  instant,  i.e.,  the  centre  of  mass  of  the  system  will 
not  move  along  axis  x  {xc  =  const.). 

The  above  results  express  the  law  of  conservation  of  motion  of  the 
centre  of  mass  of  a  system.  Let  us  examine  some  cases  of  its  applica¬ 
tion. 

(a)  Motion  of  the  Centre  of  Mass  of  the  Solar  System.  Since  in 
practice  the  attraction  of  the  stars  can  be  neglected,  we  may  assume 
that  there  are  no  external  forces  acting  on  the  solar  system.  Hence, 
in  the  first  approximation,  its  centre  of  mass  is  in  uniform  rectili¬ 
near  motion  though  space. 

(b)  Action  of  a  Force  Couple  on  a  Body  (see,  for  example.  Fig.  42). 
If  a  force  couple  (F,  F')  starts  acting  on  a  body,  the  geometrical 
sum  of  these  external  forces  will  be  zero  (F  +  F'  ==  0).  Osnsequent- 
ly,  if  the  centre  of  mass  of  a  system  was  initially  at  rest,  it  must 
remain  at  rest  after  the  couple  is  applied.  Thus,  no  matter  to  what 
part  of  a  free  rigid  body  a  couple  is  applied,  the  body  will  start 
rotating  about  its  centre  of  mass  (see  §  19). 

(c)  Motion  on  a  Horizontal  Plane.  In  the  absence  of  friction  a  per¬ 
son  would  be  unable  to  walk  along  a  horizontal  plane  with  the  help 
of  his  muscular  effort  (internal  forces)  alone,  as  the  sum  of  the  pro¬ 
jections  on  any  horizontal  axis  Ox  of  all  the  external  forces  acting 
on  the  person  (the  force  of  gravity  and  reaction  of  the  plane)  would 
be  zero  and  his  centre  of  mass  would  not  move  parallel  to  the  plane 
{xc  =  const.). 

If,  for  example,  he  made  a  step  forward  with  his  right  foot,  his 
left  one  would  slip  back  and  his  centre  of  mass  would  remain  at  rest. 
With  friction,  though,  the  slipping  of  the  left  foot  would  be  opposed 
by  a  frictional  force  directed  forward.  This  would  be  the  external 
force  making  it  possible  for  the  person  to  move  in  the  direction  of 
its  action,  i.e.,  forward. 

Something  similar  takes  place  in  the  motion  of  a  locomotive  or 
motor  car.  The  pressure  of  the  boiler  steam  or  engine  gases  is  an 
internal  force  and  cannot  by  itself  displace  the  centre  of  mass 
of  the  system.  Motion  is  made  possible  because  the  engine  transmits 
a  torque  to  the  so-called  driving  wheels.  The  point  of  contact  B  of 
the  driving  wheel  (Fig.  301)  tends  to  slip  to  the  left,  generating  a 
frictional  force  directed  to  the  right.  This  external  force  makes 
the  centre  of  mass  of  the  steam  engine  or  motor  car  move  to  the 
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right.  When  this  force  is  absent,  or  when  it  is  not  sufficent  to  over¬ 
come  the  opposition  to  the  rotation  of  the  driven  wheels**,  motion 
does  not  take  place.  The  driving  wheels  will  slip  without  any  forward 
motion. 

(d)  Braking.  Braking  is  effected  by  pressing  a  brake  shoe  to  a  drum 
connected  rigidly  with  a  rolling  wheel.  The  frictional  force  develop¬ 
ing  between  the  shoe  and  drum  is  an  internal  force,  and  alone  it 


V 


Fig.  301 


cannot  alter  the  motion  of  the  centre  of  mass,  i.e.,  it  cannot  stop, 
say,  a  train  or  car.  The  friction  of  the  shoe  on  the  drum,  however, 
retards  the  rotation  of  the  wheel  around  its  axis  and  thereby  increa¬ 
ses  the  friction  of  the  wheel  on  the  rail  or  road,  which  is  directed 
against  the  motion.  This  external  force  will  retard  the  motion  of  the 
centre  of  mass  of  the  vehicle,  i.e.,  produce  the  braking  effect  (see 
Problem  148,  §  156). 


§  137.  Solution  of  Problems 

The  theorem  of  the  motion  of  the  centre  of  mass  is  useful  to  develop 
the  equation  of  motion  of  the  mass  centre  if  the  external  forces  are 
known,  and  conversely,  to  determine  the  principal  vector  of  the 
extrenal  forces  acting  on  a  system  if  the  equation  of  motion  of  the 
mass  centre  is  known.  The  first  problem  was  already  studied  in  par¬ 
ticle  dynamics.  Examples  of  solutions  of  the  second  problem  are 
examined  below. 

The  theorem  makes  it  possible  to  exclude  all  the  internal  forces 
from  consideration.  This  suggests  that  in  investigating  a  system  it 
should  be  so  chosen  as  to  make  some  of  the  immediately  unknown 
forces  internal  with  respect  to  the  system. 

Whenever  the  law  of  conservation  of  motion  of  the  centre  of  mass 
applies,  the  theorem  makes  it  possible  to  determine  the  displace- 


*>  The  torque  does  not  act  on  the  driven  wheel.  Acting  on  it  is  a  force  applied 
at  its  axis,  which  tends  to  move  the  wheel  forward  together  with  its  point  of 
contact  A  with  the  ground.  The  frictional  force  acting  on  this  wheel  is  directed 
in  the  opposite  direction  and  opposes  the  motion. 
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ment  of  any  part  of  the  ssratem  if  the  displacement  of  another  part 
is  known. 

We  have  proved  that  when  =  0  and  at  the  initial  moment 

Vcx  =  0,  xc  —  const,  throughout  the  motion  of  the  system.  Let 
us  have  a  system  of  three  bodies  of  masses  nti,  m,,  m,,  whose  initial 
coordinates  of  the  centres  of  mass  are  Xi,  Xj,  x^.  If  under  the  action 
of  any  internal  (or  external)  forces  the  bodies  perform  absolute  dis¬ 
placements,  the  projections  of  which  on  axis  x  are  |i,  g,.  Is,  the 
respective  coordinates  will  be  x^  -j-  |i,  Xg  |g,  Xg  -f-  f  3.  The  coordi¬ 
nate  of  the  centre  of  mass  Xc  of  the  whole  system  in  the  initial  and 
final  positions  will  then  be: 

^Co—  * 

zc, - . 

As  Xc  =  const.,  Xcj=Xcj  and  consequently, 

"hli  +  "^212  +  TO3S3  =  0,  (17) 

or 

Pill  +  P2I2  +  Psia  =  0.  (17  ) 

Thus,  when  the  law  of  conservation  of  motion  of  the  centre  of  mass 
holds  good  for  displacements  along  an  axis  Ox,  the  algebraic  sum  of 
the  products  of  the  masses  (or  weights)  of  the  bodies  of  the  system 
on  the  projections  of  the  absolute  displacements  of  their  centres  of 
mass  must  be  zero  if  at  the  initial  moment  Vcx  =  0.  In  computing 
lx,  I2,  etc.,  attention  should  always  be  paid  to  their  signs. 

Problem  124.  Two  men  of  weights  and  pg  are  seated  in  the 
bow  and  stem  of  a  boat  of  weight  P  at  a  distance  I  from  each  other 
(Fig.  302).  Neglecting  the  resistance  of  the  water,  determine  the 
direction  and  size  of  the  displacement  of  the  boat  if  the  men  change 
places. 

Solution.  In  order  to  exclude  the  unknown  forces  of  friction  of 
their  shoe  soles  on  the  bottom  of  the  boat  and  the  muscular  efforts 
of  the  men,  we  consider  the  boat  and  the  men  in  it  as  one  system, 
and  the  mentioned  forces  become  internal.  The  external  forces  act¬ 
ing  on  the  boat  are  the  vertical  forces  P,  pj^,  pg,  and  N.  Hence 
=  0,  and,  as  at  the  initial  moment  vcx  =  0,  Xc  =  const. 
Consequently,  the  absolute  displacements  of  all  the  bodies  are  govern¬ 
ed  by  the  formula  (17). 

Denoting  the  boat  and  the  men  in  their  initial  and  final  positions, 
we  find  that  the  displacement  of  the  boat  |{,  =  x*K  Furthermore,  the 

*>  To  avoid  confusing  signs  in  the  equations  the  boat  should  be  depicted 
in  the  displaced  position  so  that  the  x  coordinate  is  positive  (see  Fig.  302). 
Then,  if  the  computations  yield  a  negative  restilt  for  x,  it  means  the  displace¬ 
ment  is  in  the  opposite  direction. 
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absolute  displacement  of  the  first  man  is  =  a:  +  the  absolute 
displacement  of  the  second  man  is  and  the  projection  of  the 
latter  displacement  on  axis  x  is  Ib  =  —  (f  —  x).  Hence,  from 
Eq.  (17'), 

Px  +  /?A  (^  +  0  +  t —  —  ^)1  =  0« 

whence  we  find  the  displacement  of  the  boat: 

PB^PA  I 

P+Pa'\'Pb 

If  Pb  >  Pai  then  a;  >•  0,  i.e.,  the  boat  will  move  to  the  right; 
if  Pb  <.  PAi  the  boat  will  move  to  the  left.  If  ps  —  PAt  the  boat 
will  remain  at  rest. 

The  procedure  mentioned  above  is  important  enough  to  repeat 
the  formulation:  in  solving  problems  of  this  type,  the  system  to  be 
investigated  must  be  chosen  so  that  the  immediately  unknown  forces 
would  be  internal. 

Problem  125.  The  centre  of  gravity  of  the  shaft  of  the  motor  in 
Fig.  303  is  located  at  a  distance  AB  =  a  from  the  axis  of  rotation. 


The  shaft  is  of  mass  /n^,  and  the  mass  of  the  other  part  of  the  motor 
is  TOj.  Deduce  the  law  of  motion  of  the  motor  on  a  smooth  horizon¬ 
tal  surface  if  the  shaft  rotates  with  a  uniform  angular  velocity  (o. 
Also  determine  the  maximum  stress  that  will  be  developed  in  a  bolt  D 
fastening  the  motor  to  the  surface. 

Solution.  In  order  to  eliminate  the  forces  rotating  the  shaft  by 
making  them  internal,  consider  the  motor  with  the  shaft  as  a  single 
system. 

(1)  For  the  motor  standing  freely  on  the  plane,  all  the  forces  act¬ 
ing  on  it  (JP  =  m^g,  p  =  m^g,  and  the  reactions  of  the  surface)  are 
vertical  and,  as  in  the  previous  problem,  the  law  of  conservation 
of  the  motion  of  the  centre  of  mass  parallel  to  axis  Ox  will  apply. 
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Depict  the  motor  in  an  arbitrary  position,  assuming  as  initial  the 
position  in  which  points  B  and  A  are  on  the  same  vertical  (on  axis  y). 
Then  in  the  arbitrary  position  Is  =  +  a  sin  <p.  Hence, 

taking  into  account  that  (p  =  at,  we  find  from  Eq.  (17) 

m^x  -|t  TKi  (a:  +  fl  sin  at)  =  0, 

whence 


x  = 


mia 


sin  at. 


Thus,  the  motor  will  perform  simple  harmonic  motion  with  an 
angular  frequency  a. 

(2)  When  the  motor  is  fastened,  the  horizontal  reaction  i?*  of 
the  bolt,  by  the  first  of  Eqs.  (16'),  will  be 


=  where  - 


In  this  case  point  A  is  fixed,  and  h  {h  —  const.)  and  Xb  = 
=  h  a  sin  at.  Differentiating  the  expression  of  Xc  and  multi¬ 


plying  it  by  M,  where  M  is  the  mass  of  the  whole  system,  we  obtain 

Rx  =  M  —  — Wifla^sinat. 

The  pressure  on  the  bolt  is  equal  to  |  i?*  I  in  magnitude  and  opposite 
in  direction.  Its  maximum  value  will  be  TOjaa*. 

Problem  126.  Crank  AB  of  length  r  and  weight  p  of  the  mecha¬ 
nism  in  Fig.  304  rotates  with  a  constant  angular  velocity  a  and 
actuates  the  slotted  bar  and  the  piston  D  connected  to  it.  'The  total 
weight  of  the  bar  and  piston  is  P.  Acting  on  the  piston  during  the 
motion  is  a  constant  force  Q.  Neglecting  friction,  determine  the 
maximum  horizontal  pressure  of  the  crank  on  its  axle  A. 

Solution.  In  order  to  eliminate  the  forces  rotating  the  crank  and 
the  pressure  exerted  on  it  by  the  slotted  bar,  consider  the  motion 
of  the  system  as  a  whole.  Denoting  the  horizontal  reaction  of  the 
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axle  A  by  JJ*,  we  have  from  the  first  of  Eqs.  (16') 

where,  by  Eqs.  (1),  Mxg  =  rriiXi  +  m^2- 
In  our  case 

D  T  P 

nii  —  —  ,  jji  =  Y  cos  at,  — ,  12  =  «  +  ^  cos  af, 

s  ^  s 

as  q)  =  af.  We  finally  obtain 

/?*  =  (?  + M (I  +  p)  cos ai. 

The  pressure  on  the  shaft  is  equal  in  magnitude  to  i  /?*  |  and  op¬ 
positely  directed.  The  maximum  pressure  will  be  at  9  =  180°  and 
will  be  equal  to 

9+^(l+^). 


Chapter  25 
Theorem  of  the  Change 
in  the  Linear  Momentum  of  a  System 

§  138.  Linear  Momentum  of  a  System 

The  linear  momentum,  or  simply  the  momentum,  of  a  system  is 
defined  as  the  vector  quantity  Q  equal  to  the  geometric  mm  {the  principal 
vector)  of  the  momenta  of  all  the  particles  of  the  system  (Fig.  305): 

Q  =  (18) 

It  can  be  seen  from  the  diagram  that,  irrespective  of  the  velocities 
of  the  particles  (provided  that  they  are  not  parallel)  the  momentum 


vector  can  take  any  value,  or  even  be  zero  when  the  polygon  con¬ 
structed  with  the  vectors  m^Vf,  as  its  sides  is  closed.  Consequently, 
the  quantity  Q  does  not  characterise  the  motion  of  the  system  com¬ 
pletely. 

Let  us  develop  a  formula  with  which  it  is  much  more  convenient 
to  compute  Q  and  also  to  explain  its  meaning.  It  follows  from 
Eq.  (1')  that 

=  MTc- 

DiSerentiating  both  sides  with  respect  to  time,  we  obtain: 

2  ^  *=  ^  or  2 

whence  we  find  that 

Q  =  Mvc,  (19) 

25* 
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i.e.,  the  momentum  of  a  system  is  equal  to  the  product  of  the  mass 
of  the  whole  system  and  the  velocity  of  its  centre  of  mass.  This 
equation  is  especially  convenient  in  computing  the  momentum 
of  rigid  bodies. 

It  follows  from  Eq.  (19)  that  if  the  motion  of  a  body  (or  a  system) 
is  such  that  the  centre  of  mass  remains  motionless,  the  momentum 
of  the  body  is  zero.  Thus,  the  momentum  of  a  body  rotating  about 
a  fixed  axis  through  its  centre  of  mass  is  zero  (the  polygon  in  Fig.  305 
is  closed). 

If,  on  the  other  hand,  a  body  is  in  relative  motion,  the  quantity 
Q  will  not  characterise  the  rotational  component  of  the  motion 
about  the  centre  of  mass.  Thus,  for  a  rolling  wheel,  Q  =  Mve,  re¬ 
gardless  of  how  the  wheel  rotates  about  its  centre  of  mass  C. 

We  see,  therefore,  that  momentum  characterises  only  the  trans- 
latory  motion  of  a  system,  which  is  why  it  is  often  called  linear 
momentum.  In  relative  motion,  the  quantity  Q  characterises  only  the 
translatory  component  of  the  motion  of  a  system  together  with  its 
centre  of  mass. 


§  139.  Theorem  of  the  Change  in  Linear  Momentum 

Consider  a  system  of  n  particles.  Writing  the  differential  equations 
of  motion  (13)  for  this  system  and  adding  them,  we  obtain: 

From  the  property  of  internal  forces  the  last  summation  is  zero. 
Furthermore, 

and  we  finally  have 

^=2^1  (20) 

Eq.  (20)  states  the  theorem  of  the  change  in  the  linear  momentum 
of  a  system  indifferential  form:  The  derivative  of  the  linear  momentum 
of  a  system  with  respect  to  time  is  equal  to  the  geometrical  sum  of  all 
the  external  forces  acting  on  the  system. 

In  terms  of  projections  on  cartesian  axes  we  have 

T-S't..  (21) 

Let  us  develop  another  expression  for  the  theorem.  Let  the  momen¬ 
tum  of  a  system  be  Qo  at  time  t  =0,  and  at  time  let  it  be  Qi. 
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Multiplying  both  sides  of  Eq.  (20)  by  dt  and  integrating,  we  obtain: 

Oi-Oo=S 

0 

or 

=  (22) 

as  the  integrals  to  the  right  give  the  impulses  of  the  external  forces. 

Eq.  (22)  states  the  theorem  of  the  change  in  the  linear  momentum 
of  a  system  in  integral  form:  The  change  in  the  linear  momentum  of  a 
system  during  any  time  interval  is  equal  to  the  sum  of  the  impulses  of 
the  external  forces  acting  on  the  body  during  the  same  interval  of  time. 

In  terms  of  projections  on  cartesian  axes  we  have 

^1*  ^ —  Qt)X,  =  S 
Qly  =  S 
Qiz  —  Qoz  —  S 

Let  US  show  the  connection  between  this  theorem  and  the  theorem 
of  the  motion  of  centre  of  mass.  As  Q  —Mvc,  by  substituting  this 

expression  into  Eq.  (20)  and  taking  into  account  that  =  lOc 

we  obtain  MtOc  =  i-®-*  Eq.  (16). 

Consequently,  the  theorem  of  the  motion  of  centre  of  mass  and 
the  theorem  of  the  change  in  the  momentum  of  a  system  are,  in 
effect,  two  forms  of  the  same  theorem.  Whenever  the  motion  of 
a  rigid  body  (or  system  of  bodies)  is  being  investigated,  both  theo¬ 
rems  may  be  used,  though  Eq.  (16)  is  usually  more  convenient. 

For  a  continuous  medium  (a  fluid),  however,  the  concept  of  centre 
of  mass  of  the  whole  system  is  virtually  meaningless,  and  the  theorem 
of  the  change  in  the  momentum  of  a  system  is  used  in  the  solution 
of  such  problems.  This  theorem  is  also  very  useful  in  investigating 
the  theory  of  impact  (Chapter  29)  and  jet  propulsion  (§  142). 

The  practical  value  of  the  theorem  is  that  it  enables  us  to  exclude 
from  consideration  the  immediately  unknown  internal  forces  (for 
instance,  the  reciprocal  forces  acting  between  the  particles  of  a  li¬ 
quid). 

§  140.  The  Law  of  Conservation  of  Linear  Momentum 

The  following  important  corollaries  arise  from  the  theorem  of  the 
change  in  the  momentum  of  a  system: 

(1)  Let  the  sum  of  all  the  external  forces  acting  on  a  system  be 
zero: 

SK=o. 
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It  follows  from  Eq.  (20)  that  in  this  case  Q  —  const.  Thus,  if 

the  sum  of  all  the  external  forces  acting  on  a  system  is  zero,  the 
momentum  vector  of  the  system  is  constant  in  magnitude  and  direc¬ 
tion. 

(2)  Let  the  external  forces  acting  on  a  system  be  such  that  the 
sum  of  their  projections  on  any  axis  Ox  is  zero: 

It  follows  from  Eqs.  (21)  that  in  this  case  =  const.  Thus,  if 

the  sum  of  the  projections  on  any  axis  of  all  the  external  forces 

acting  on  a  system  is  zero,  the  projection  of  the  momentum  of  that 
system  on  that  axis  is  a  constant  quantity. 

These  results  express  the  law  of  conservation  of  the  linear  momentum 
of  a  system.  It  follows  from  the  above  that  internal  forces  are  inca¬ 
pable  of  changing  the  total  momentum  of  a  system.  Let  us  consider 
some  examples. 

(a)  Recoil.  If  a  rifle  and  the  bullet  in  its  barrel  are  considered 
as  one  system,  the  pressure  of  the  gases  during  the  shot  will  be  an 
internal  force  incapable  of  changing  the  total  momentum  of  the 
system.  Therefore,  as  the  gases  acting  on  the  bullet  impart  to  it  a 
certain  momentum  in  the  direction  of  the  muzzle,  they  must  at  the 
same  time  impart  an  identical  momentum  to  the  rifle  in  the  oppo¬ 
site  direction,  and  the  rifle  “kicks”.  This  is  the  phenomenon  of  recoil 
well  known  in  artillery. 

(b)  Propeller  Propulsion.  A  rotating  propeller  or  screw  throws 
back  a  certain  mass  of  air  (or  water)  along  its  axis.  If  this  backward- 
moving  mass  and  the  moving  aircr^t  (or  ship)  are  considered  as  one 
system,  the  forces  of  interaction  between  the  propeller  and  the 
medium  are  internal  and  cannot  change  the  total  momentum  of  the 
system.  Therefore,  the  flowback  of  air  (water)  causes  the  aircraft 
(or  the  vessel)  to  receive  a  corresponding  forward  velocity,  such 
that  the  total  momentum  of  the  system  remains  zero,  since  it  was 
zero  before  motion  began. 

The  action  of  oars  and  paddle-wheels  is  of  the  same  nature. 

(c)  Reaction  Propulsion.  In  a  reaction-propelled  vehicle  (e.g., 
a  rocket),  the  gaseous  products  of  combustion  of  a  fuel  are  ejected 
with  a  high  speed  from  the  rear  end  (or  the  nozzle  of  a  jet  engine). 
The  pressure  caused  by  the  gases  is  an  internal  force  and  it  cannot 
change  the  total  momentum  of  the  rocket-combustion  products  sys¬ 
tem.  But  as  the  ejected  gases  possess  a  certain  backward-directed 
momentum,  the  rocket  receives  a  corresponding  forward  velocity. 
The  magnitude  of  this  velocity  will  be  determined  in  §  142. 

Note  that  in  propeller  propulsion  motion  is  imparted  to,  say,  an 
aircraft  by  throwing  back  the  particles  of  the  fluid  in  which  it  is 
moving.  In  a  vacuum  such  propulsion  is  impossible.  In  reaction 
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propulsion,  motion  is  imparted  by  the  ejection  of  a  working  fluid 
produced  in  the  engine  itself  (the  products  of  combustion),  and  motion 
is  possible  both  in  the  air  and  in  a  vacuum. 


§  141.  Solution  of  Problems 

The  theorem  of  the  change  in  linear  momentum  is  usually  employed 
in  studying  the  motion  of  a  medium  (a  liquid  or  gas).  Application 
of  the  theorem  eliminates  all  the  internal  forces  from  the  considera¬ 
tion.  Therefore,  the  investigated  system  should  be  so  chosen  that 
all  or  part  of  the  immediately  unknown  forces  would  be  internal. 

The  law  of  conservation  of  momentum  is  conveniently  used  in 
cases  when  the  velocity  of  one  part  of  a  system  has  to  be  determined 
from  the  change  in  the  translational  ve¬ 
locity  of  another  part  of  the  system.  In 
particular,  the  law  is  widely  used  in  the 
theory  of  impact. 

Problem  127.  A  bullet  of  mass  m  fired 
horizontally  with  a  velocity  u  hits  a  box 
of  sand  standing  on  a  truck  (Fig.  306). 

What  velocity  will  the  truck  receive  as  a 
result  of  the  impact  if  its  mass  together 
with  the  box  of  sand  is  M? 

Solution.  Consider  the  bullet  and 
the  truck  as  one  system.  This  enab¬ 
les  us  to  exclude  the  forces  generated  when  the  bullet  hits  the 
sand.  The  sum  of  the  projections  of  the  external  forces  on  the  hori¬ 
zontal  axis  Ox  is  zero.  Consequently,  =  const.,  or 
where  is  the  momentum  of  the  system  before  the  impact,  and 
Qi,  after  the  impact.  As  the  truck  was  motionless  before  the  impact, 
Qax  =  mu. 

After  the  impact  the  truck  and  bullet  are  moving  with  the  same 
velocity  v.  Then 

=  (m  -I-  JW)  V, 

and  equating  the  right  sides  of  the  expressions  for  and  Q^xt  we 
obtain: 

m 


Problem  128.  Determine  the  recoil  of  a  gun  if  its  barrel  is  hori¬ 
zontal,  the  weight  of  the  recoiling  parts  is  P,  the  weight  of  the  shell 
is  p,  and  the  muzzle  velocity  of  the  shell  is  u. 

Solution.  To  exclude  the  unknown  forces  developed  by  the  pres¬ 
sure  of  the  gases,  consider  the  shell  and  the  gun  as  one  system. 


Fig.  306 
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Neglecting  the  resistance  to  the  recoil  during  the  motion  of  the 
shell  in  the  bore,  we  find  that  the  sum  of  the  projections  of  the  ap¬ 
plied  external  forces  on  the  axis  Ox  is  zero  (Fig.  307).  Hence,  Q  = 


K 


Fig.  307 

=  const,  and  =  const,  and,  since  before  the  shot  the  system  was 
motionl^  =  0),  f6r  any  moment  of  time  Qx  =  0. 

If  the  velocity  of  the  recoiling  parts  at  the  final  instant  is  v,  then 
the  absolute  velocity  of  the  shell  at  that  moment  is  u-\rv.  Conse¬ 
quently, 


Qx^  y  *'*+ -j  (“*+ y*) = 0. 


(a) 


whence  we  find; 

Vx=  ■ 


■Ux 


P+P 

If  we  knew  the  absolute  muzzle  veloci¬ 
ty  t*a  of  the  shell,  we  could  have  substi¬ 
tuted  Uax  for  Ux  -F  Vx  in  equation  (a), 
whence 

P 
P 


Vx  —  D  *^a** 


The  minus  sign  in  both  cases  means  that 
V  is  in  the  opposite  direction  of  u. 

Note  that  in  calculating  the  total  momentum  of  a  system  the 
absolute  velocities  of  its  parts  should  be  considered. 

Problem  129.  Force  of  a  Jet  of  Water.  A  jet  of  water  of  diameter 
d  =  4  cm  is  discharged  from  a  nozzle  with  a  velocity  «  =  10  m/s 
and  impinges  normally  against  a  fixed  vertical  wall  (Fig.  308).  Neg¬ 
lecting  the  compression  in  the  jet,  determine  the  force  of  the  water 
on  the  wall. 

Solution.  To  exclude  the  internal  forces  of  interaction  of  the  water 
particles  between  each  other  at  the  time  of  impact,  apply  the  first 
of  Eqs.  (23) 

Qix — =  (®) 

to  the  part  of  the  jet  filling  the  volume  abc  at  the  given  instant.  Let 
us  calculate  for  this  volume  the  difference  Qix  —  Qox  for  a  certain 
time  interval  fi.  During  this  interval,  the  volume  of  water  will  occupy 
configuration  OipiCi,  and  the  value  of  Qx  will  decrease  by  mu,  where 


Ch  25\  Theorem  of  the  Change  in  Linear  Momentum 


393 


m  is  the  mass  of  volume  The  liquid  filling  volumes  bb^  and  cc^ 
moves  normally  to  axis  Ox  and  therefore  does  not  increase  the  value 
of  Qx-  As  we  have  only  Qx  decreasing, 

Qix—Qox  =  —  mu. 

Reaction  B  of  the  wall  will  he  the  only  external  force  acting  on  the 
given  volume  and  giving  a  projection  on  axis  x.  Assuming  R  — 
=  const.,  we  obtain: 

S  ^hx  =  Bjcfi  ==  —  Rtf, 
and  equation  (a)  gives: 

mu  v=  Rh-  (b) 

Now  compute  m.  As  the  displacement  acq  =  uti, 

sid?  . 

m  =  p  — uti, 

where  p  is  the  mass  of  a  unit  volume  of  the  liquid,  i.e.,  its  density. 
Substituting  this  value  into  equation  (b)  and  taking  into  account 
that  for  water  p  =  1  000  kg/m®,  we  finally  obtain: 

i?  =  pil|iu2=  125.6  N»12.8  kgf. 

The  pressure  of  the  water  on  the  wall  is  equal  to  this  value. 


§  142*^  Bodies  Having  Variable  Mass.  Motion  of  a  Rocket 

In  classical  mechanics,  the  mass  of  every  particle  or  point  of  a 
moving  system  is  considered  to  be  a  constant.  In  some  cases,  how'ever, 
the  number  of  particles  in  a  given  system  or  body  may  change  with 
time  (particles  may  be  discharged  from  a  body  or  added  to  it  from 
outside).  As  a  result  the  total  weight  of  a  given  body  will  change. 
We  have  already  examined  problems  involving  the  addition  or 
subtraction  of  finite  masses  (Problems  127  and  128  in  the  previous 
section,  and  Problem  94  in  §  103).  In  this  section  we  shall  examine 
another  case  of  considerable  practical  importance,  when  the  process 
of  separation  of  particles  from,  or  their  addition  to,  a  body  takes 
place  continuously.  A  body  whose  mass  M  changes  continuously 
with  time,  thanks  to  the  addition  of  particles  to  it  or  their  ejection 
from  it,  is  said  to  have  a  variable  mass.*^  For  a  body  having  variable 
mass 

M  =  F  it), 

where  F  (t)  is  a  continuous  function  of  time. 

*)  Variable  mass  as  treated  here  has  nothing  in  common  with  variable 
mass  as  treated  in  the  mechanics  of  the  theory  of  relativity.  Here  it  is  due  to 
the  change  in  the  number  of  particles  in  a  given  body. 
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To  such  bodies  belong  rockets  and  jet  aircraft,  whose  masses 
decrease  more  or  less  continuously  as  the  fuel  burns  out. 

If  we  can  neglect  the  size  of  a  moving  body  as  compared  with  the 
distance  travelled,  it  can  be  considered  as  a  particle  having  variable 
mass. 

Let  us  develop  the  equation  of  motion  for  a  rocket  whose  mass 
continually  decreases,  considering  it  as  a  particle  having  variable 
mass  in  the  sense  described  above.  Let  u  denote  the  velocity  relative 
to  the  rocket  of  the  burned  gas  issued  from  the  rocket.  To  exclude 
the  forces  ejecting  the  gas  and  to  make  them  internal,  let  us  consider 
at  any  instant  t  the  system  consisting  of  the  rocket  itself  and  a  par¬ 
ticle  issuing  from  it  during  a  time  interval  dt  (Fig.  309).  The  mass  p 


of  this  particle  is  equal  in  magnitude  to  the  quantity  dM  by  which 
the  mass  of  the  rocket  changes  during  the  interval  dt.  As  M  is  a 
decreasing  quantity,  dM  <  0,  and  consequently  p  =  |  dM  1  = 
=  -dM. 

For  this  system,  Eq.  (20)  may  be  written  in  the  form 

dQ  =  F*  dt,  (24) 

where  F*  is  the  geometrical  sum  of  the  external  forces  acting  on  the 
rocket. 

If  the  velocity  v  of  the  rocket  changes  by  dv  during  the  time  inter¬ 
val  dt,  the  momentum  of  the  system  will  receive  an  increment  M  dv. 
The  ejected  particle  will  receive  during  this  time  an  additional 
velocity  u,  and  the  momentum  of  the  system  will  increase  by  wp  = 
=  —udM.  Qjnsequently,  dQ—Mdv  —  udM.  Substituting  this 
expression  into  Eq.  (24)  and  dividing  through  by  dt,  we  obtain: 

M^  =  F«  +  z*^.  (25) 

Eq.  (25)  states  in  vector  form  the  differential  equation  of  motion 
of  a  particle  having  variable  mass,  known  also  as  Meshchersky’s  equa¬ 
tion.*^ 

Since  the  dimension  of  the  second  component  in  the  right  side 
of  Eq.  (25)  is  that  of  force,  denoting  it  by  the  symbol  O,  we  may 


♦>  I.  V.  Meshchersky  (1859-1935).  An  outstanding  Russian  scholar  of  mecha¬ 
nics.  Eq.  (25)  was  first  developed  by  him  in  a  work  written  in  1897. 
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write  the  equation  in  the  form 

=  (26) 


Thus,  the  so-called  reaction  effect  is  produced  by  an  additional 
force  O,  called  the  reaction  force,  or  thrust,  acting  on  a  moving  rocket. 

The  quantity  dMIdt  is  equal  in  magnitude  to  the  mass  of  the  fuel 
burned  out  in  a  unit  of  time,  i.e.,  the  per-second  expenditure  of- 
fuel  Gsec*  Thus,  taking  into  account  the  sign, 

dM  _ 

ir~ 

whence 

O  =  —  tlGgee,  (27) 


i.e.,  the  thrust  is  equal  to  the  product  of  the  per-second  expenditure 
of  fuel  and  the  relative  velocity  of  the  exhaust  gases  and  is  directed 
opposite  to  that  velocity. 

Note.  These  results  would  be  exact  if  the  ejected  particles  did 
not  interact  with  each  other  (as  if  they  were  pellets  fired  in  rapid 
succession  for  example).  Actually,  though,  the  exhaust  gases  are 
discharged  in  a  continuous  stream  and  the  particles  exert  reciprocal 
forces  on  each  other.  Therefore,  in  atmospheric  flight  a  rocket  will 
additionally  be  subjected  to  a  force  pgO  in  the  direction  of  its  motion 
and  a  force  patm  o  in  the  opposite  direction,  where  a  is  the  area  of  the 
exit  nozzle,  Pg  is  the  pressure  of  the  exit  gases  over  that  area,  and 
Patm  is  the  atmospheric  pressure.  As  pg  >»  patm.  the  thrust  will  be 
larger  than  given  by  Eq.  (27)  by  the  amount  (pg  —  patm)  or  (for 
flight  in  a  vacuum,  patm  =  0).  This  is  taken  into  account  by  the 
introduction  in  place  of  u  of  some  effective  velocity  Ugtt  greater  than 
u  (for  instance,  at  w  =  1  900  m/s,  Uett  =  2  200  m/s). 

Let  us  develop  the  equation  of  motion  of  a  rocket  subjected  to  the 
thrust  force  alone,  considering  F*  =  0  and  the  escape  velocity  w 
of  the  gases  to  be  constant.  If  we  direct  axis  x  in  the  direction  of  the 
motion  (see  Fig.  309),  then  y*  =  y,  w*  =  — u,  and,  assuming  F*  = 
=  0,  Eq.  (25)  in  terms  of  the  projections  on  axis  x  takes  the  form 


M 


dv 

It 


—  U- 


dM 

dt 


or 


,  dM 

dv=-u^ 


Integrating  and  assuming  that  at  the  initial  moment  the  mass 
M  ~  Mo  and  the  velocity  v  —  Vo  and  is  directed  along  Ox,  we  obtain: 


y  =  yo+uln-^. 


(28) 


Let  us  denote  the  mass  of  the  rocket  with  all  its  equipment  (the 
payload)  by  Mr  and  the  mass  of  »the  fuel  Mt.  Then,  evidently,  Mq  — 
—  Mr-\r  Mt,  and  after  the  fuel  is  burned  out  the  total  mass  of  the 
rocket  will  be  equal  to  Mr-  Substituting  these  values  into  Eq.  (28), 
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we  obtain  Tsiolkovsky's  formula*^  for  the  velocity  of  a  rocket  when 
the  fuel  is  completely  burned  out  (the  velocity  at  the  end  of  the 
so-called  boost  stage): 

yi  =  yo-4- Mln(l  4- ^)  •  (29> 

This  result  is  strictly  accurate  for  conditions  of  vacuum  and  absence 
of  any  force  field.  It  follows  from  Eq.  (29)  that  the  final  velocity 
of  a  rocket  depends  on  (1)  its  initial  velocity  Vg;  (2)  the  relative  velo¬ 
city  u  of  the  exhaust  gases;  and  (3)  the  relative  fuel  stock  MtiMt, 
known  as  Tsiolkovsky's  number.  It  is  very  interesting  to  note  that 
the  velocity  of  a  rocket  at  the  end  of  the  boost  stage  does  not  depend 
on  the  performance  of  the  rocket  motor,  i.e.,  on  the  speed  with  which 
the  fuel  is  burned.  Table  1  offers  an  idea  of  the  dependence  of  vju 
on  Mf/Mi  (at  Vg  =0). 


Table  1 


M,/Mf 

®l/u 

1 

0.69 

2 

1.10 

3 

1.39 

4 

1.61 

5 

1.79 

10 

2.40 

20 

3.00 

The  practical  importance  of  Tsiolkovsky’s  formula  is  that  it 
points  to  the  possible  ways  and  means  of  developing  the  high  velo¬ 
cities  necessary  for  space  flight.  For  this  we  must  increase  MtIMr, 
u,  and  Vg,  the  more  efiective  being  the  increase  of  u  and  Vg.  The 
increase  of  u  and  MtIMt  is  connected  with  the  type  of  fuel  and  the 
rocket  design  (for  big  liquid-propellant  rockets  MtIMi  =  3  to 
4,  M  =.2  000  to  2  500  m/s).  It  is  possible  to  increase  Vg  by  using  a 
compound  (multistage)  rocket.  As  each  stage  bums  out  its  fuel,  it  is 
separated  automatically  from  the  last  stage,  which  thus  receives 
an  additional  (initial)  velocity. 

Such  multistage  rockets  are  used  in  all  space  launchings. 


*)  Konstantin  Eduardovich  Tsiolkovsky  (1857-1935),  a  celebrated  Russian 
scientist  and  inventor.  Eq.  (29)  first  appeared  in  a  work  of  his  published  in 
May  1903  in  the  journal  Nauchnoye  Ohozreniye  (Scientific  Review). 
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Theorem  of  the  Change 
in  the  Angular  Momentum  of  a  System 


§  143.  Total  Angular  Momentum  of  a  System 

The  concept  of  the  angular  momentum,  or  moment  of  momentum, 
of  a  material  particle  was  introduced  in  §  116.  The  total  angular 
momentum  of  a  system  with  respect  to  a  centre  O  is  defined  as  the  quan¬ 
tity  Ko  equal  to  the  geometrical  sum  of  the  angular  momenta  of  all 
the  particles  of  the  system  with  respect  to  that 
centre*  \ 

iiTo  =  S»*o  (TOftVft).  (30) 

The  angular  momenta  of  a  system  with  res¬ 
pect  to  each  of  three  rectangular  coordinate 
axes  are  found  similarly: 

K-X  =  S'"*  Ky  =  '^iTUy  (TOftWh). 

Kz  =  (31) 

By  the  theorem  proved  in  §  44,  K^,  Ky,  and 

are  the  respective  projections  of  vector  Ko 
on  the  coordinate  axes. 

Just  as  the  momentum  of  a  system  is  a  characteristic  of  its  trans¬ 
lational  motion  (see  §  138),  the  total  angular  momentum  of  a  system 
is  a  characteristic  of  its  rotational  motion. 

To  understand  the  physical  meaning  of  Ko  and  obtain  the  formulas 
necessary  for  problem  solutions,  let  us  compute  the  angular  momen¬ 
tum  of  a  body  rotating  about  a  fixed  axis  (Fig.  310).  As  usual,  we 
shall  determine  vector  Ko  in  terms  of  its  projections  A*,  Ky,  and  K^. 

First,  let  us  find  the  formula  for  determining  K^,  i.e.,  the  angular 
momentum  of  a  rotating  body  with  respect  to  the  axis  of  rotation. 

The  linear  velocity  of  any  particle  of  the  body  at  a  distance  h^ 
from  the  axis  is  <ah^.  Consequently,  for  that  particle  m^,  — 

*)  We  shall  usually  call  the  total  angular  momentum  of  a  system  just  the 
angular  momentum  of  that  system. 
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=  mhVtJtk  =  Then,  taking  the  common  multiplier  ©  outside 

of  the  parentheses,  we  obtain  for  the  whole  body: 

(niHV^)  =  (S  ©. 

The  quantity  in  the  parentheses  is  the  moment  of  inertia  of  the 
body  with  respect  to  axis  z  (§  131).  We  finally  obtain: 

=  /*©.  (32) 

Thus,  the  angular  momentum  of  a  rotating  body  with  respect  to 
the  axis  of  rotation  is  equal  to  the  product  of  the  moment  of  inertia  of 
the  body  and  its  angular  velocity. 

If  a  system  consists  of  several  bodies  rotating  about  the  same  axis, 
then,  apparently, 

^2  =  «^1Z©1  •  •  •  +  (33) 

The  analogy  between  Eqs.  (19)  and  (32)  will  be  readily  noticed: 
the  momentum  of  a  body  is  the  product  of  its  mass  (the  quantity 
characterising  the  body’s  inertia  in  translational  motion)  and  its 
velocity;  the  angular  momentum  of  a  body  is  equal  to  the  product 
of  its  moment  of  inertia  (the  quantity  characterising  a  body’s  inertia 
in  rotational  motion)  and  its  angular  velocity. 

Let  us  now  compute  the  quantities  and  Ky.  As  in  the  determi¬ 
nation  of  the  moment  of  a  force,  to  determine  m^  (mkVft)  we  must 
project  vector /WfeWfe  on  plane  Oyz,  i.e.,  on  axis  y\  and  find  the  moment 
of  the  projection  with  respect  to  point  O  (see  §  43).  We  obtain 
(m^Vh)  =  —  {mfiVh  cos  a^)  Zj,.  But  cos  cos  = 

=  ©aTft,  as  from  Fig.  310  it  is  apparent  that  fej,  cos  aj,  =  x^.  Conse¬ 
quently,  taking  the  common  multiplier  outside  of  the  parentheses, 
we  find  that 

Kx  =  Himx  (rn^Vk)  =  —(^m,,XuZ^)  ©. 

The  sum  in  the  parentheses  is  the  product  of  inertia  Jxz  (§  133). 
A  similar  expression  is  obtained  for  Ky,  with  y^  substituted  for  x^. 
Finally,  we  obtain: 

Kx  —  d  xz©t  j/2©*  (34) 

Thus,  the  angular  momentum  of  a  rotating  body  with  respect  to 
a  centre  O  on  the  axis  of  rotation  Oz  is  a  vector  Kq  whose  projections 
on  the  X,  y,  z  axes  are  given  by  the  formulas  (32)  and  (34).  It  will 
be  observed  that  in  the  most  general  case  vector  Kq  is  not  directed 
along  the  axis  of  rotation  Oz.  But  if  the  axis  of  rotation  is,  for  point  0, 
the  principal  axis  of  inertia  of  the  body  (in  particular,  the  axis  of 
symmetry),  then  Jxz  =  Jgz  —  0*  and  —  Ky  —  0  and  Kq  —  K^. 
Consequently,  if  a  body  rotates  about  an  axis  that  is  its  principal 
axis  of  inertia  with  respect  to  point  O  (or  about  its  axis  of  symmetry), 
then  vector  Kq  is  directed  along  the  axis  of  rotation  and  is  equal 
in  magnitude  to  Kz,  i.e.,  to  /j©. 
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§  144,  Theorem  of  the  Change  in  the  Total  Angular 
Momentum  of  a  System 
(the  Principle  of  Moments) 

The  principle  of  moments,  which  was  proved  for  a  single  particle 
(§  116),  is  valid  for  all  the  particles  of  a  system.  If,  therefore,  we 
consider  a  particle  of  mass  and  velocity  belonging  to  a  system, 
we  have  for  that  particle: 

—  [mo  {m^Vk)]  =  mo  (K)  +  mo  (F\), 

where  Fk  and  are  the  resultants  of  all  the  external  and  internal 
forces  acting  on  the  particle. 

Writing  such  equations  for  all  the  particles  of  the  system  and 
adding  them,  we  obtain: 

[2  »»0  (nih»h)]  =  2  ’”0  (Fh)  +  2  (Fh- 

But  from  the  properties  of  the  internal  forces  of  a  system  (§  129), 
the  last  summation  vanishes.  Hence,  taking  into  account  Eq.  (30), 
we  obtain  finally: 

■^  =  2»Ho(i4).  (35) 

This  equation  states  the  following  principle  of  moments  for  a 
system:  The  derivative  of  the  total  angular  momentum  of  a  system 
about  any  fixed  centre  with  respect  to  time  is  equal  to  the  sum  of  the 
moments  of  all  the  external  forces  acting  on  diat  system  about  that 
centre. 

Projecting  both  sides  of  Eq.  (35)  on  a  set  of  fixed  axes  Oxyz  and 
taking  into  account  the  theorem  proved  in  §  44,  we  obtain: 

^  =  S  -^=7srny  (Ft),  ^  =  2  (36) 

Equations  (36)  express  the  principle  of  moments  with  respect 
to  any  fixed  axis. 

The  theorem  just  proved  is  widely  used  in  studying  the  rotation 
of  a  body  about  a  fixed  axis,  and  also  in  the  theory  of  gyroscopic 
motion  and  the  theory  of  impact.  This,  however,  is  not  all.  It  was 
proved  in  the  course  of  kinematics  that  the  most  general  motion 
of  a  body  is  a  combination  of  a  translation  together  with  some  pole 
and  a  rotation  about  that  pole.  If  the  pole  is  located  in  the  centre 
of  mass,  the  translational  component  of  the  motion  can  be  investi¬ 
gated  by  applying  the  theorem  of  the  motion  of  the  centre  of  mass, 
and  the  rotational  component,  by  the  theorem  of  moments.  This 


400 


DYNAMICS  OF  A  SYSTEM  AND  A  BODY  [Part  4 


indicates  the  theorem’s  importance  in  studying  the  motion  of  free 
bodies  (a  flying  aircraft,  shell  or  missile;  see  §  158)  and,  in  particu¬ 
lar,  in  studying  plane  motion  (§  156). 

The  principle  of  moments  is  also  convenient  in  investigating  the 
rotation  of  a  system,  because,  analogous  to  the  theorem  of  the  change 
in  linear  momentum,  it  makes  it  possible  to  exclude  from  conside¬ 
ration  all  immediately  unknown  internal 
forces. 

Theorem  of  Moments  With  Respect  to 
a  Centre  of  Mass.*’  To  use  the  principle 
of  moments  in  the  study  of  plane  motion 
or  motion  of  a  free  rigid  body  it  is  neces¬ 
sary  to  formulate  the  principle  for  the 
case  of  motion  of  a  system  with  respect 
to  its  centre  of  mass.  Let  Oxyz  be  fixed 
axes  in  which  a  mechanical  system  is  mo- 
Fig.  311  ving  (Fig.  311),  and  let  Cx'y'z'  be  axes 

in  translational  motion  together  with  the 
system’s  centre  of  mass  C  with  an  acceleration  Wc-  It  was  shown  in 
§  120  that  all  the  equations  of  dynamics  can  be  written  for  the  axes 
Cx'y'z'  the  same  as  for  fixed  axes  by  adding  to  the  forces  Fl.  and 
F\  acting  on  every  point  of  the  system  the  transport  inertia  force 
Fh  tr  (the  Coriolis  forces  are  zero  as  the  axes  are  in  translational 
motion).  Hence,  for  the  axes  Cx'y'z'  Eq.  (35)  takes  the  form 

^  =  2  (Fi)  +  2  me  {Fl  tr).  (37) 

since  the  sum  of  the  moments  of  internal  forces  with  respect  to  any 
centre  is  zero.  The  value  of  Kc  is  given  by  the  formula 

K  c  =  S  me  (mHv'k),  (38) 

where  v'u  is  the  velocities  of  the  points  of  the  system  with  respect  to 
the  axes  Cx'y'z' . 

Let  us  determine  the  value  of  the  latter  sum  in  Eq.  (37).  By  defi¬ 
nition,  Ffe  tr  =  —  mfiWh  tr.  As  axes  Cx'y'z'  are  in  translational 
motion,  for  any  point  5^  of  the  system  Wk  tr  =  w’ci  consequently, 
Fl  tr  =  —rrikWc  and,  using  Eq.  (49)  from  §  42,  we  have  mc(Fiti)= 
=  r'hXi —  mhWc)  =  —  mf,r'hXWc-  Then,  taking  the  common  multi¬ 
plier  Wc  outside  of  the  parentheses  and  having  in  mind  that  by 
Eq.  (1')  2^ft^h  =  Mr'c,  we  obtain: 

2  me  {Fl  tr)  =  —  (2  mur'k)  X  Wc  =  —Mr’c  X  Wc-  (39) 

*)  Note  that  denotes  internal  forces,  and  Phr  inertia  transport 
force. 
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But  point  C  is  the  origin  of  the  coordinate  system  Cx'y'z',  and  so 
rc  =  0  and  the  expression  (39)  becomes  zero.  As  a  consequence, 
Eq.  (37)  yields 

^  =  2»»c(K).  (40) 

Comparing  this  with  Eq.  (35),  we  conclude  that,  for  axes  in  trans¬ 
lational  motion  together  with  the  centre  of  mass  of  a  system,  the  theorem 
of  moments  with  respect  to  the  centre  of  mass  has  the  same  form  as  with 
respect  to  a  fixed  centre.  Similarly,  for  moments  with  respect  to  axes 
Cx'y'z',  formula  (40)  yields  equations  analogous  to  Eqs.  (36). 

Note,  that  in  any  other  moving  frame  of  reference  either  rc  #=  0 
or  the  Coriolis  forces  are  not  zero,  and  the  equation  of  moments 
will  not  be  of  the  form  (35). 

§  145.  The  Law  of  Conservation 
of  the  Total  Angular  Momentum 

The  following  important  corollaries  can  be  derived  from  the 
principle  of  moments. 

(1)  Let  the  sum  of  the  moments  of  all  the  external  forces  acting 
on  a  system  with  respect  to  a  centre  O  be  zero: 

2»*o(J’ft)=0. 

It  follows,  then,  from  Eq.  (35)  that  Ko  =  const.  Thus,  if  the  sum 
of  the  moments  of  all  external  forces  acting  on  a  system  taken  with 
respect  to  any  centre  is  zero,  the  total  angular  momentum  of  the  system 
with  respect  to  that  centre  is  constant  in  magnitude  arid  direction. 
Application  of  this  result  for  the  case  of  planetary  motion  was  consi¬ 
dered  in  §  117. 

(2)  Let  the  external  forces  acting  on  a  system  be  such  that  the 
sum  of  their  moments  with  respect  to  any  fixed  axis  Oz  is  zero: 

2/n,(F^)  =  0. 

It  follows,  then,  from  Eqs.  (36)  that  =  const.  Thus,  if  the  sum 
of  the  moments  of  all  the  external  forces  acting  on  a  system  with  respect 
to  any  axis  is  zero,  the  total  angular  momentum  of  the  system  with 
respect  to  that  axis  is  constant. 

These  conclusions  express  the  law  of  conservation  of  the  total  angu¬ 
lar  momentum  of  a  system.  It  follows  from  them  that  internal  forces 
cannot  change  the  total  angular  momentum  of  a  system. 

Rotating  Systems.  Consider  a  system  rotating  about  an  axis  Oz 
which  is  fixed  or  passes  through  the  centre  of  mass.  By  Eq.  (32), 
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Kf  =  /,©,  and  if  2”^*  =  0.  then 

/,©  =  const. 

This  leads  ns  to  the  following  conclusions: 

(a)  If  a  system  is  non-deformable  (a  rigid  body),  then  =  const., 
whence  ca  =  const.  That  is,  a  rigid  body  will  rotate  about  a  fixed 
axis  with  a  constant  angular  velocity. 

(b)  If  a  system  is  deformable,  it  will  have  particles  which,  under 
the  action  of  internal  (or  external)  forces,  may  move  away  from  the 
axis,  thereby  increasing  /*,  or  approach  the  axis,  thereby  decreas¬ 
ing  /,.  But  as  /*©  =  const.,  the  angular  velocity  of  the  system  will 
decrease  as  the  moment  of  inertia  increases,  and  increase  as  the 
moment  of  inertia  decreases.  Thus,  the  action  of  internal  forces  can 
change  the  angular  velocity  of  a  rotating  system,  as  the  constancy  of 
Kz  does  not,  in  the  general  case,  mean  the  constancy  of  co. 

Let  us  consider  a  few  examples. 

Experiments  with  Zhukovsky’s  platform.  The  law  of  conservation  of 
angular  momentum  can  be  demonstrated  visually  by  means  of  a 
simple  instrument  known  as  “Zhukovsky’s  platform”.  It  represents 
a  circular  horizontal  disc  supported  by  step  ball  bearings  so  that 
it  is  free  to  rotate  with  negligible  friction  about  a  vertical  axis  z. 
For  a  person  standing  on  the  platform,  2"^*  (jP’fe)  =  0,  and  conse¬ 
quently,  /jca  =  const.  If,  now,  the  person  stretches  out  his  arms 
and  twists  himself  to  start  rotating  about  the  vertical  axis  and  then 
lowers  his  arms,  will  decrease  and,  consequently,  the  angular 
velocity  will  increase.  This  trick  of  increasing  angular  velocity  is 
widely  employed  by  ballet  dancers,  in  turning  somersaults,  etc. 

A  person  standing  motionless  on  the  platform  {K^  =0)  can  turn 
in  any  direction  by  merely  extending  one  arm  horizontally  and  sweep¬ 
ing  it  in  the  opposite  direction.  His  angular  velocity  will  be  such 
that  the  total  quantity  A,  for  the  system  will  remain  zero. 

Riding  a  swing.  When  a  person  rides  a  swing,  the  pressure  of  his 
feet  (an  internal  force)  cannot  by  itself  make  him  swing  higher.  For 
this,  in  the  upper  left-hand  position  Ao  of  the  swing,  the  person  must 
squat  down.  When  the  swing  passes  through  the  vertical,  he  stands 
up  quickly.  This  brings  the  mass  closer  to  the  axis  of  rotation  z, 
the  quantity  decreases,  and  the  angular  velocity  ©  jumps.  The 
increase  in  ©  will  carry  the  swing  higher  than  the  initial  height  Aq. 
In  the  upper  right-hand  position,  when  ©  =  0,  the  person  again 
squats  (which,  evidently,  will  not  influence  the  value  of  ©),  and 
passing  through  the  vertical  he  stands  up  again,  etc.  As  a  result  the 
amplitude  of  the  swing  will  increase  with  each  swing. 

The  forced  vibration  of  the  swing  is  called  parametric,  as  it  is 
induced  not  by  a  periodically  alternating  force  (|  125)  but  as  a  re¬ 
sult  of  a  change  in  the  parameters  of  the  system:  its  moment  of 
inertia  and  the  position  of  its  centre  of  gravity. 
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Rotation  of  a  gun  shell  in  the  barrel.  If  we  consider  a  gun  barrel 
and  a  shell  in  it  as  a  single  system,  the  pressure  of  the  gases  when 
the  gun  is  fired  will  be  an  internal  force  which  cannot  change  the 
angular  momentum  of  the  system,  which  was  zero  before  the  shot. 
Therefore,  if  the  grooves  in  the  bore  make  the  shell  rotate,  say,  to 
the  right,  the  barrel  will  tend  to  rotate  to  the  left  so  that  at  any 
instant  shell ^sheii  •^barrel ^barrel*  This  rotation  IS  opposed  by 
the  trunnions  of  the  gun  carriage,  and  an  additional  force  is  brought 
to  act  on  them. 

Reaction  moment  of  a  propeller.  The  rotor  of  a  helicopter  not  only 
drives  the  air  downward  [see  §  140,  example  (6)1,  but  also  imparts 
a  rotation  to  the  mass  being  swept  down.  The  total  angular  momen¬ 
tum  of  the  mass  of  the  driven  air  and  the  helicopter  must  be  zero, 
as  initially  the  system  was  motionless  and  the  forces  of  interaction 
between  the  rotor  and  the  air  are  internal.  Therefore,  the  helicopter 
will  start  rotating  in  the  opposite  direction  of  the  rotor.  The  turning 
moment  acting  on  the  helicopter  is  called  the  reaction  moment,  or 
reaction  torque. 

In  order  to  prevent  the  reaction  rotation  of  a  single-rotor  helicop¬ 
ter,  it  is  provided  with  an  auxiliary  torque-control  rotor  mounted 
on  the  tail  boom.  In  a  multiple-rotor  helicopter  the  rotors  are  made 
to  be  revolved. 

The  reaction  moment  can  be  used  for  the  experimental  determina¬ 
tion  of  the  torque  developed  by  an  aircraft  engine,  since  the  two 
quantities  are  equal  in  magnitude  and  the  reaction  moment  can 
be  measured  by  mounting  the  engine  on  a  suitable  balance. 
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The  principle  of  moments  is  convenient  in  studying  the  rotation 
of  bodies  (§§  154  and  158)  or  the  motion  of  systems  including  rotat¬ 
ing  and  translating  bodies  (Problem  133), 

The  law  of  conservation  of  angular  momentum  makes  it  possible 
to  determine  the  change  of  the  angular  velocity  (or  the  angle  of  rota¬ 
tion)  of  any  part  of  a  system  if  the  displacement  or  the  velocity 
of  the  other  portion  of  the  system  is  known.  In  solving  such  problems, 
all  immediately  unknown  internal  forces  and  external  forces  inter¬ 
secting  with,  or  parallel  to,  the  axis  of  rotation  can  be  ignored. 

Problem  130.  Two  discs  having  moments  of  inertia  and 
are  mounted  on  a  shaft  as  shown  in  Fig.  312.  The  shaft  is  twisted  and 
then  released.  Find  the  dependence  between  the-  angular  velocities 
and  the  angle  of  turn  of  the  discs  in  the  torsional  vibrations.  Neglect 
the  mass  of  the  shaft  and  consider  the  moments  of  inertia  and  J f 
relative  to  axis  x  known. 
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Solution.  To  exclude  the  unknown  elastic  forces  which  cause  the 
discs  to  vibrate,' consider  both  discs  and  the  shaft  as  a  single  system. 
The  external  forces  (the  reactions  of  the  bearings  and  the  force  of 
gravity)  intersect  with  axis  x,  whence  =  0,  and  = 

=  const.  But  since  at  the  initial  moment  =  0,  during  the  whole 
of  the  vibration  we  must  have  Ky.  —  +  /jOj  =  0  (the  angular 

momentum  of  the  system  with  respect  to  axis  x  equals  the  sum  of 
the  angular  momenta  of  each  disc  with  respect  to  the  same  axis). 
We  find  from  this  that 

(0,=  — 4^(02  and  <Pi=— 

where  <pi  and  q)2  are  the  angles  through  which  the  discs  were  twisted, 
measured  from  the  initial  position  (the  latter  result  is  obtained  by 
integrating  the  first  equation). 

Thus,  the  vibrations  will  be  in  opposite  directions,  and  the  angular 
amplitudes  will  be  inversely  proportional  to  the  moments  of  inertia 


q 
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of  the  discs.  The  stationary,  or  nodal,  cross  section  of  the  shaft  lies 
closer  to  the  disc  whose  moment  of  inertia  is  larger. 

Problem  131.  A  governor  AB  with  a  moment  of  inertia  con¬ 
sists  of  two  symmetrically  placed  weights  of  mass  m,  each  attached 
to  two  springs  as  shown  in  Fig.  313,  and  it  rotates  about  a  vertical 
axis  Oz.  At  time  4  =  tfi®  governor  receives  an  angular  velocity 
(Oo,  and  each  weight  starts  to  oscillate  in  damped  vibration  about  its 
respective  centre  C  at  a  distance  I  from  axis  Oz.  Neglecting  friction 
and  considering  the  weights  as  particles,  determine  the  dependence 
of  the  angular  velocity  w  of  the  governor  on  the  position  of  the 
weights. 

Solution.  To  exclude  the  unknown  elastic  forces  of  the  springs, 
consider  the  governor  and  the  weights  as  one  system.  Then 
(Fft)  =  0,  and  =  const.  At  time  =  0,  the  displacement 
a:  =  0  and  =  {J z  +  2mP)  w#.  At  any  arbitrary  instant  t, 
K,  =  [J,  +  2m{l  +  x)n  0).  As  K,  =  A,o, 

Jz  +  2ml^ 

Jz  +  2m{l  +  x)^ 

Consequently,  when  a:  >-  0,  we  have  o)  <  ©o,  and  when  x  <;  0, 
we  have  ©  >  ©o,  i.e.,  the  angular  velocity  changes  about  a  mean 
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value  (Ofl.  When  the  vibrations  of  the  weights  dampen  with  time,  x 
tends  to  zero  and  co  to  ©o- 

Problem  132.  A  track  is  laid  along  the  circumference  of  a  disc 
of  radius  R  and  weight  P.  Standing  on  the  track  is  a  toy  spring- 
wound  cart  of  weight  p.  The  disc  rotates  together  with  the  cart  about 
a  vertical  axis  Oz  with  an  angular  velocity  ©o  (f'ig-  314).  Determine 


how  the  angular  velocity  of  the  disc  will  change  if  at  some  instant 
the  cart  will  start  moving  in  the  direction  of  the  rotation  with  a  ve¬ 
locity  u  relative  to  the  disc. 

Solution.  To  exclude  the  unknown  frictional  forces  between  the 
wheels  of  the  cart  and  the  disc,  consider  both  as  one  system.  The 
moments  of  the  external  forces  acting  on  the  sys¬ 
tem  with  respect  to  axis  z  are  zero.  Consequent¬ 
ly,  =  const.  Considering  the  disc  to  be  ho¬ 
mogeneous  {J z  =  0.5Mi?2)  and  the  cart  as  a  par¬ 
ticle,  we  have: 

When  the  cart  starts  moving,  its  absolute 
velocity  will  be  i^a  =  “  +  where  ©  is  the 
new  angular  velocity  of  the  disc.  The  angular  Fig.  315 

momentum  of  the  cart  about  axis  z  will  be 
mvaR  —  m  {uR  (oR^),  and  for  the  whole  system  we  have: 

Kzi  =  0.5  A  /?2(o  -f  {uR  -t-  i?2©). 
s  § 

As  Kz  =  const.,  Kzi  =  Kzot  whence  ©=©o  —  q  • 

The  angular  velocity  of  the  disc,  we  see,  decreases.  If  the  cart 
travels  in  the  opposite  direction,  ©  will  increase.  Note  that  in  cal¬ 
culating  Kz  the  absolute  velocities  of  all  moving  points  of  the  system 
were  taken. 

Problem  133.  Wound  on  a  drum  of  weight  P  and  radius  r  (Fig.  315) 
is  a  string  carrying  a  load  A  of  weight  Q.  Neglecting  the  mass  of  the 
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string  and  friction,  determine  the  angular  acceleration  of  the  drum 
when  the  load  falls,  if  the  radius  of  gyration  of  the  drum  with  respect 
to  its  axis  is  p. 

Solution.  Applying  the  theorem  of  moments  with  respect  to  axis 
O,  we  have: 

(a) 

The  moving  system  consists  of  two  bodies,  consequently 
Ko  =  ^drum  “h  Ajoad* 

The  load  is  in  translational  motion,  and  we  consider  it  as  a  particle, 
its  velocity  is  y  =  ©r.  The  drum  rotates  about  a  fixed  axis,  conse¬ 
quently, 

Aioad  =  ~  vr  =  r*©,  ^drum  =  J O®  =  ~ 

and 

Ko  =  {Qj^  +  P9^)-j. 

Substituting  this  expression  for  Ko  into  equation  (a)^  we  obtain: 
C»r2+Pp2  da 
g  dt 


whence 


r  Qrg 

(?r2+Pp2- 


Chapter  27 
Theorem  of  the  Change 
in  the  Kinetic  Energy  of  a  System 


§  147.  Kinetic  Energy  of  a  System 

The  kinetic  energy  of  a  system  is  defined  as  a  scalar  quantity  T  equal 
to  the  arithmetical  sum  of  the  kinetic  energies  of  all  the  particles  of  the 
system:  ^ 

y.SJ=Si.  J  (41) 

Kinetic  energy  is  a  characteristic  of  both  the  translational  and 
rotational  motion  of  a  system,  which  is  why  the  theorem  of  the 
change  in  kinetic  energy  is  so  frequently  used  in  problem  solutions. 
The  main  difierence  between  T  and  the  previously  introduced  charac¬ 
teristics  Q  and  Ko  is  that  kinetic  energy  is  a  scalar  quantity,  and 
essentially  a  positive  one.  It,  therefore,  does  not  depend  on  the 
directions  of  the  ^absolute  motions  of  parts  of  a  system  and  does  not 
characterise  the'cKah^^in  ttiese  directions. 

Another  important  point  should  be  noted.  Internal  forces  act  on 
the  parts  of  a  system  in  mutually  opposite  directions.  For  this  rea¬ 
son,  as  we  have  seen,  they  do  not  change  the  vector  parameters  Q 
and  Ko-  But  if,  under  the  action  of  internal  forces,  the  speeds  of  the 
particles  of  a  system  change,  the  quantity  T  will  change  too.  Conse¬ 
quently,  the  kinetic  energy  of  a  system  differs  further  from  the  quan¬ 
tities  Q  and  Ko  in  that  it  is  affected  by  the  action  of  both  external 
and  internal  forces. 

If  a  system  consists  of  several  bodies,  its  kinetic  energy  is,  evident¬ 
ly,  equal  to  the  sum  of  the  kinetic  energies  of  all  the  bodies: 

Let  us  develop  the  equations  for  computing  the  kinetic  energy 
of  a  body  in  different  types  of  motion. 

(1)  Translational  Motion.  In  this  case  all  the  points  of  a  body  have 
the  same  velocity,  which  is  equal  to  the  velocity  of  the  centre  of  mass. 
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Therefore,  for  any  point  k  we  have  =  Vc,  and  Eq.  (41)  gives: 

or 

Titam  — ~2  (^2) 

Thus,  in  translational  motion,  the  kinetic  energy  of  a  body  is 
equal  to  half  the  product  of  the  body’s  mass  and  the  square  of  the 
velocity  of  the  centre  of  mass.  The  value  of  T  does  not  depend  on 
the  direction  of  motion. 

(2)  Rotational  Motion.  The  velocity  of  any  point  of  a  body  rotat¬ 
ing  about  an  axis  Oz  (see  Fig.  310)  is  =  (oA;,,  where  is  the  distan¬ 
ce  of  the  point  from  the  axis  of  rotation  and  w  is  the  angular  velocity 
of  the  body.  Substituting  this  expression  into  Eq.  (41)  and  taking  the 
common  multipliers  outside  of  the  parentheses,  we  obtain: 

=  s  =  4  ( 2  ».« )  “*■ 

The  term  in  the  parentheses  is  the  moment  of  inertia  of  the  body 
with  respect  to  axis  z.  Thus,  we  finally  obtain: 

T rotation  ~  "2  ^ 

i.e.,  in  rotational  motion,  the  kinetic  energy  of  a  body  is  equal 
to  half  the  product  of  the  body’s  moment  of  inertia  with  respect  to 
the  axis  of  rotation  and  the  square  of  its  angular  velocity.  The  value 
of  T  does  not  depend  on  the  direction  of  the  rotation. 

(3)  Plane  Motion*’.  In  plane  motion,  the  velocities  of  all  the 
points  of  a  body  are  at  any  instant  directed  as  if  the  body  were  rotat¬ 
ing  about  an  axis  perpendicular  to  the  plane  of  motion  and  passing 
through  the  instantaneous  centre  of  zero  velocity  P  (Fig.  316).  Hence, 
by  Eq.  (43), 

T plane  ~~2  ^ 

where  Jp  is  the  moment  of  inertia  of  the  body  with  respect  to  the 
instantaneous  axis  of  rotation,  and  to  is  the  angular  velocity  of 
the  body. 

The  quantity  J p  in  Eq.  (43')  is  variable,  as  the  position  of  the 
centre  P  continuously  changes  with  the  motion  of  the  body.  Let 
us  introduce  instead  of  Jp  a  constant  moment  of  inertia  Jq  with 
respect  to  an  axis  through  the  centre  of  mass  C  of  the  body.  By  the 
parallel  axis  theorem  (§  132),  J p  —  Jc  M<P,  where  d  =  PC. 
Substituting  this  expression  for  Jp  into  Eq.  (43')  and  taking  into 

*)  This  case  can  be  developed  as  a  particular  case  of  the  most  general  motion 
of  a  rigid  body  discussed  in  the  following  item. 
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account  that  point  P  is  the  instantaneous  centre  of  zero  velocity  and 
therefore  (od  =  (a- PC  =  Vq,  where  Vc  is  the  velocity  of  the  centre 
of  mass,  we  obtain  finally: 

7' plane  =  ~2  Vc-\-  ~2 

Thus,  in  plane  motion,  the  kinetic  energy  of  a  body  is  equal  to  the 
kinetic  energy  of  translation  of  the  centre  of  mass  plus  the  kinetic 
energy  of  rotation  relative  to  the  centre  of  mass. 

(4)*  The  Most  General  Motion  of  a  Body.  Taking  the  centre  of 
mass  C  as  the  pole  (Fig.  317),  the  most  general  motion  of  a  body  is 
a  combination  of  a  translation  with  the  velocity  Vc  of  the  pole  and 


a  rotation  about  the  instantaneous  axis  CP  through  the  pole  (see 
§  88).  Then,  as  shown  in  the  course  of  kinematics,  the  velocity 
of  any  point  of  the  body  is  equal  to  the  geometrical  sum  of  the  velo¬ 
city  Vc  of  the  pole  and  the  velocity  of  the  point  in  its  rotation 
with  the  body  about  axis  CP: 

Vh=Vc  +  Vk. 

In  magnitude  v'h  =  where  h^  is  the  distance  of  the  point  from 
axis  CP  and  co  is  the  absolute  angular  velocity  of  the  body  about 
that  axis.  It  follows  from  this  that** 

Vh  =  Vh  ={vc  +  =  yc  +  vY  +  2«c  •  v'^. 

Substituting  this  expression  into  Eq.  (41)  and  taking  into  account 
that  Vk  =  (ofeft,  we  find: 

where  the  common  multipliers  have  been  taken  outside  of  the  paren¬ 
theses. 


*)  From  the  definition  of  the  scalar  product  of  two  vectors  (see  footnote  on 
p.  300)  it  follows  that  =  v-v  =  vv  cos  0°  =  v^,  i.e.,  the  scalar  square  of 
a  vector  is  equal  to  the  square  of  its  magnitude.  This  result  has  been  employed 
here. 
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In  this  equation,  the  term  in  the  first  parentheses  gives  the  mass  M 
of  the  body  and  the  term  in  the  second  parentheses  gives  the  moment 
of  inertia  Jcp  of  the  body  with  respect  to  the  instantaneous  axis 
CP.  In  the  last  terni  ==  0  as  it  represents  the  linear  momentum 

of  the  body  in  its  rotation  about  axis  CP,  which  passes  through  the 
centre  of  mass  (see  §  138). 

Therefore,  we  finally  have: 

r  =  i-Mi;S  +  |/cpCo2.  (45) 

Thus,  in  the  most  general  motion  of  a  body,  the  kinetic  energy 
is  equal  to  the  kinetic  energy  of  translation  of  the  centre  of  mass  of 
the  body  plus  the  kinetic  energy  of  rotation  about  an  axis  through 
the  centre  of  mass. 

If  the  pole  is  taken  not  in  the  centre  of  mass  but  in  another  point  A 
such  that  axis  .4^4'  does  not  pass  through  the  centre  of  mass,  then  for 
this  axis  0,  and  we  cannot  develop  an  equation  of  the  form 

(45)  (see  Problem  136). 

Problem  134.  Find  the  kinetic  energy  of  a  uniform  cylindrical 
wheel  of  mass  M  rolling  without  slipping  if  the  velocity  of  its  centre 
is  Vc  (Fig.  321a). 

Solution.  The  wheel  is  in  plane  motion.  By  Eq.  (44)  or  (45) 

As  the  body  is  a  uniform  cylinder,  we  have  (see  §  131)  Jq  — 
=  0.5MR^,  where  Ft  is  the  radius  of  the  wheel.  On  the  other  hand, 
since  point  B  is  the  instantaneous  centre  of  zero  velocity  of  the  wheel, 
Vc  =  (s>’BC  =  (nR,  whence  ©  =  VqIR. 

Substituting  these  expressions  into  the  equation,  we  find: 

2 

T^\Mvl  +  \MR^^  =  \Mvh. 

Problem  135.  When  body  A  in  Fig.  318  translates  with  a  velocity 
u,  body  B  of  mass  M  moves  in  the  slots  of  body  A  with  a  velocity  v. 
Determine  the  kinetic  energy  of  body  B.  Angle  a  is  known. 

Solution.  The  absolute  motion  of  body  P  is  a  translation  with 
a  velocity  Va  =  u  +  v  (see  §  93).  Then 

r  =  y  Mv*  =  M  (u^  -|_  2uV  COS  «). 

Note  that  in  the  most  general  case  of  relative  motion,  the  total 
kinetic  energy  of  a  body  does  not  equal  the  sum  of  the  kinetic  ener¬ 
gies  of  its  relative  and  transport  motions.  Thus,  here 

T^t  +  Tt,  =  ^Mv^  +  ^Mu^^T. 
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Problem  136.  A  mechanism  consists  of  a  part  which  is  translated 
with  a  velocity  u  and  a  rod  AB  oi  length  Z  and  mass  M  hinged  at  A 
(Fig.  319).  The  rod  rotates  about  axis  A  with  an  angular  velocity  o). 
Determine  the  kinetic  energy  of  the  rod  if  angle  a  is  given. 

Solution.  The  rod  performs  plane  motion  and  by  Eq.  (44)  or  (45) 

T  =  ^Mvh  +  jJc(^. 

The  velocity  of  point  C  is  compounded  of  the  velocities  u  and  Vrei, 
where  in  magnitude  Orei  =  (o  y.  Consequently  (see  Fig.  319), 
Vc  —  +  Vrei  +  2uOrei  COS  a.  The  angular  velocity  of  the  rod 

'///////////////////////////////. 


Fig.  318  Fig.  319 

about  C  is  the  same  as  about  A ,  as  w  does  not  depend  on  the  location 
of  the  pole  (see  §  77).  Furthermore,  it  was  shown  in  Problem  122 
(§  132)  that  Jc  =  MZ2/12. 

Substituting  all  these  expressions,  we  obtain: 

7’  =  yAf  -f  uwZcosaj  — 

=—Mu^  -j-  y  MPui^  +  y  Ml(x>u  cos  a. 

A  common  mistake  in  this  type  of  problem  is  to  assume  that 

T  =  Ttran*  +  ^rotation  =  jMu^  +  ^  |  1  MZW. 

This  is  wrong  because,  as  previously  shown,  the  formula  T  — 
=  Tirana  +  Trotation  is  valid  only  when  the  axis  of  rotation  pas¬ 
ses  through  the  centre  of  mass,  which'is  not  the  case  in  this  problem. 


§  148.  Some  Cases  of  Computation  of  Work 

Work  done  by  forces  is  computed  from  the  equations  developed 
in  §§  112  and  113.  Let  us  consider  several  more  cases. 

(1)  Work  Done  by  Gravitational  Forces  Acting  on  a  System.  The 
work  done  by  a  gravitational  force  acting  on  a  particle  of  weight 
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Pk  will  be  Ph  (Zftft  ~  Zfci),  where  z^o  and  z^^  are  the  coordinates  of  the 
initial  and  final  positions  of  the  particle  (see  §  113).  Then  the  total 
work  done  by  all  the  gravitational  forces  acting  on  a  system  will  be, 
by  Eqs.  (74)  in  §  54: 

A  =  '2  PhZko—  S  Pk^hi  =  p  (2co--  zci)  =  ±  Phc, 

where  P  is  the  weight  of  the  system  and  he  is  the  vertical  displace¬ 
ment  of  the  centre  of  gravity  (or  centre  of  mass)  of  the  system.  Thus, 
the  work  done  by  the  gravitational  forces  acting  on  a  system  is 


computed  as  the  work  done  by  their  resultant  P  in  the  displacement 
of  the  centre  of  gravity  (or  the  centre  of  mass)  of  the  system. 

(2)  Work  Done  by  Forces  Applied  to  a  Rotating  Body.  The  ele¬ 
mental  work  done  by  the  force  F  applied  to  the  body  in  Fig.  320  will 
be  (see  §  112) 

dA  =  ds  —  F^h 

since  ds  =  h  d<p,  where  dtp  is  the  angle  of  rotation  of  the  body. 

But  it  is  evident  that  F^h  —  rriz  (F).  We  shall  call  the  quantity 
Mi  =  niz  {F)  the  turning  moment,  or  torque.  Thus  we  obtain: 

dA  =  Mx  d(p,  (46) 

i.e.,  the  elemental  work  in  this  case  is  equal  to  the  product  of  the 
torque  and  the  elemental  angle  of  rotation.  Eq.  (46)  is  valid  when 
Several  forces  are  acting  if  it  is  assumed  that  M^  =  ^m^  (F^). 

The  work  done  in  a  turn  through  a  finite  angle  qpi  will  be 

<pi 

A=^Mid(p,  (47) 

b 

and,  for  a  constant  torque  (M^  =  const.), 

A  =  M^<pi.  (47') 

If  acting  on  a  body  is  a  force  couple  lying  in  a  plane  normal  to 
Oz,  then,  evidently,  M^  in  Eqs.  (46)-(47')  will  denote  the  moment 
of  that  couple. 
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Let  us  see  how  power  is  determined  in  this  case  (see  §  112).  From 
Eq.  (46)  we  find: 

dt  dt  * 

Thus,  the  power  developed  by  forces  acting  on  a  rotating  body 
is  equal  to  the  product  of  the  torque  and  the  angular  velocity  of 
the  body.  For  the  same  power,  the  torque  increases  as  the  angular 
velocity  decreases. 

(3)  Work  Done  by  Frictional  Forces  Acting  on  a  Rolling  Body. 
A  wheel  of  radius  R  (Fig.  321)  rolling  without  slipping  on  a  plane 
(surface)  is  subjected  to  the  action  of  a  frictional  force  Ftt,  which 
prevents  the  slipping  of  the  point  of 
contact  B  on  the  surface.  The  elemental 
work  done  by  this  force  is  dA  = 

=  — Ffr  dss-  But  point  B  is  the  instan¬ 
taneous  centre  of  velocity  (§  81),  and 
Vb  =  0.  As  dss  =  Vb  dt,  dsg  =  0,  and 
for  every  elemental  displacement  dA  =  0. 

Thus,  in  rolling  without  slipping,  the 
work  done  by  the  frictional  force  preven¬ 
ting  slipping  is  zero  in  any  displace¬ 
ment  of  the  body.  For  the  same  reason, 
the  work  done  by  the  normal  reaction  N  is  also  zero,  assuming 
the  body  to  be  non-deformable  and  force  N  applied  at  point  B,  as 
shown  in  Fig.  321a. 

The  resistance  to  rolling  due  to  deformation  of  the  surfaces 
(Fig.  3216)  creates  a  couple  (AT,  P)  with  a  moment  M  =  kN,  where 
k  is  the  coefficient  of  rolling  friction  (see  §  41).  Then  by  Eq.  (46) 
and  taking  into  account  that  the  angle  of  rotation  of  a  rolling  wheel 

is  d(p  =  ^  ,  we  obtain: 

d^roii  =  -  dtp  =  -  -i  A  dsc,  (48) 

where  dsc  is  the  elemental  displacement  of  the  centre  C  of  the 
wheel. 

If  A  =  const.,  then  the  total  work  done  by  the  forces  resisting 
rolling  will  be 

Aroii  =  -  fcAtp,  =  -  4  (48') 

As  the  quantity  kIR  is  small,  rolling  friction  can,  in  the  first 
approximation,  be  neglected  as  compared  with  other  resisting 
forces. 


Fig.  321 
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§  149.  Theorem  of  the  Change  in  the  Kinetic 
Energy  of  a  System 

The  theorem  proved  in  §  114  is  valid  for  any  point  of  a  system. 
Therefore,  if  we  take  any  particle  of  mass  TOj,  and  velocity  belong¬ 
ing  to  a  system,  we  have  for  this  particle 

d(^)=dAi  +  dAl 

where  dAi  and  dA^  are  the  elementary  work  done  by  the  external 
and  internal  forces  acting  on  the  particle. 

If  we  write  similar  equations  for  all  the  particles  of  a  system  and 
add  them,  we  obtain; 

or 

dT^'^dAl  +  ^dAl  (49) 

Equation  (49)  states  the  theorem  of  the  change  In  the  kinetic 
energy  of  a  system  in  differential  form.  Integrating  both  parts  of 


the  equation  in  the  limits  corresponding  to  the  displacement  of 
the  system  from  some  initial  position  where  the  kinetic  energy  is 
To  to  a  position  where  it  is  T^,  we  obtain: 

=  (50) 

This  equation  states  the  theorem  of  the  change  in  kinetic  energy 
in  final  form:  The  change  in  the  kinetic  energy  of  a  system  during  any 
displacement  is  equal  to  the  sum  of  the  work  done  by  all  the  external 
and  internal  forces  acting  on  the  system  in  that  displacement. 

Unlike  the  previously  proved  theorems,  in  Eqs.  (49)  and  (50) 
the  internal  forces  are  not  ignored.  For,  if  F\^  and  are  the  forces 
of  interaction  between  points  and  B^  of  a  system  (see  Fig.  322), 
then  Fjj  -1-  F\^  =  0,  but  at  the  same  time  point  B^  may  be  mov¬ 
ing  towards  B^  and  point  B^  towards  Bi.  The  work  done  by  each 
force  is  positive,  and  the  total  work  will  not  be  zero.  An  example 
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is  the  phenomenon  of  recoil  (Problem  128,  Fig.  307).  The  internal 
forces  (the  pressure  of  the  gases)  acting  on  the  shell  and  the  recoiling 
parts  do  a  positive  work.  The  sum  of  this  work  is  not  zero,  and  it 
changes  the  kinetic  energy  of  the  system  from  To  =  0  the  beginn¬ 
ing  of  the  shot  to  Ti  =  Tprojectue  +  T’recoii  at  the  end  of  the  shot. 
Let  us  consider  two  important  cases. 

(1)  Non-Deformable  Systems.  A  non-deformable  system  is  defined 
as  one  in  which  the  distance  between  the  points  of  application  of 
the  internal  forces  does  not  change  during  the  motion  of  the  system. 
Special  cases  of  such  systems  are  a  rigid  body  and  an  inextensible 
string. 

Let  two  points  and  J8g  of  a  non-deformable  system  (Fig.  322) 
be  acting  on  each  other  with  forces  and  =  — Fj,  and 

let  their  velocities  at  some  instant  be  and  Vj.  Their  displacements 
in  a  time  interval  dt  will  be  ds^  =  v^dt  and  dsg  =  ^2  directed 
along  vectors  and  Vi-  But  as  line  B1B2  is  non-deformable,  it  fol¬ 
lows  from  the  laws  of  kinematics  that  the  projections  of  vectors 
Vx  and  v^,  and  consequently  of  the  displacements  ds^  and  dSg,  on  the 
direction  of  B^B^  will  be  equal,  i.e.,  B^B\  =  5gB'.  Then  the  ele¬ 
mental  work  done  by  forces  Fj*  and  Fj^  will  be  equal  in  magnitude 
and  opposite  in  sense,  and  their  sum  will  be  zero.  This  holds  for 
all  internal  forces  in  any  displacement  of  a  system. 

We  conclude  from  this  that  the  sum  of  the  work  done  by  all  the 
internal  forces  of  a  non-deformable  system  is  zero,  and  Eqs.  (49) 
or  (50)  take  the  form 

or  r,— (5i) 

(2)  Systems  With  Ideal  Constraints.  Consider  a  system  with  con¬ 
straints  that  do  not  change  with  time.  Dividing  all  the  external 
and  internal  forces  acting  on  the  particles  of  the  system  into  active 
forces  and  the  reactions  of  the  constraints,  Eq.  (49)  can  be  written 
in  the  form: 

where  dAh  is  the  elementary  work  done  by  the  external  and  internal 
forces  acting  on  the  /c-th  particle  of  the  system,  and  dAl,  is  the  ele¬ 
mentary  work  done  by  the  reactions  of  the  external  and  internal 
constraints  acting  on  that  particle. 

We  see  that  the  change  in  the  kinetic  energy  of  the  system  depends 
on  the  work  done  by  both  the  acting  forces  and  the  reactions  of  the 
constraints.  However,  we  can  introduce  the  concept  of  “ideal”  mecha¬ 
nical  systems  in  which  constraints  do  not  affect  the  change  in  kinetic 
energy  in  the  motion  of  the  system.  Such  constraints  should,  eviden¬ 
tly,  satisfy  the  condition: 


Sd^fc  =  0, 


(52) 
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If  for  constraints  that  do  not  change  with  time  the  sum  of  the  work 
done  by  all  the  reactions  in  an  elementary  displacement  of  a  system 
is  zero,  such  constraints  are  called  ideal.  Here  are  some  known  exam¬ 
ples  of  ideal  constraints. 

In  §  114  it  was  established  that  if  a  constraint  is  a  fixed  smooth 
surface  (or  curve),  for  which  friction  can  be  neglected,  the  work 
done  by  the  reaction  N  in  the  motion  of  a  body  along  that  surface 
(curve)  is  zero.  Then,  in  §  148  it  was  shown  that,  neglecting  defor¬ 
mation,  if  a  body  rolls  without  slipping  on  a  rough  surface,  the  work 
done  by  the  normal  reaction  JV  and  the  force  of  friction  F  (i.e.,  the 
tangential  component  of  the  reaction)  is  zero.  Also,  the  work  done 
by  the  reaction  R  oi  &  hinge  (see  Fig.  10)  is,  neglecting  friction,  zero, 
as  in  any  displacement  of  the  system  the  point  of  application  of 
force  R  is  fixed.  Finally,  if  the  material  particles  and  B^  in 
Fig.  322  are  assumed  to  be  connected  by  a  rigid  rod  BiB^,  the  forces 
Fjsj  and  will  be  the  reactions  of  the  constraint;  the  work  of  each 
of  these  reactions  in  the  displacement  of  the  system  is  not  zero,  but 
their  sum,  as  shown,  is  zero.  Thus,  all  the  mentioned  constraints 
can,  with  the  assumptions  made,  be  regarded  as  ideal. 

In  the  case  of  a  mechanical  system  subject  solely  to  ideal  con¬ 
straints  that  do  not  change  with  time  we  obviously  have: 

dT  =  ^dAl  or  =  (53) 

Thus,  the  change  in  the  kinetic  energy  of  a  system  with  ideal  con¬ 
straints  that  do  not  change  with  time  is,  in  any  displacement,  equal 
to  the  suin  of  the  work  done  in  that  displacement  by  the  active 
external  and  internal  forces. 

All  the  foregoing  theorems  made  it  possible  to  exclude  the  internal 
forces  from  the  equations  of  motion,  but  all  the  external  forces, 
including  the  immediately  unknown  reactions  of  the  external  con¬ 
straints,  entered  the  equations.  The  theorem  of  the  change  in  kinetic 
energy  is  useful  because  in  the  case  of  ideal  constraints  that  do  not 
change  with  time  it  makes  it  possible  to  exclude  all  the  immedia¬ 
tely  unknown  reactions  of  the  constraints  from  the  equations  of 
motion. 


§  150.  Solution  of  Problems 

The  theorem  of  the  change  in  kinetic  energy  is  useful  when  a  mov¬ 
ing  system  is  non-deformable.  In  this  case  the  theorem  makes  it 
possible  to  exclude  from  consideration  all  immediately  unknown 
internal  forces  and,  if  there  is  no  friction,  also  all  the  immediately 
unknown  reactions  of  external  constraints. 

In  the  case  of  a  deformable  system,  the  theorem  gives  a  solution 
only  if  the  internal  forces  are  known.  If  they  are  not  known  (Prob- 
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lems  124,  128,  etc.),  the  energy  theorem  is  insufficient  to  obtain 
a  solution. 

Eq.  (50)  is  convenient  in  solving  problems  where  the  given  and 
required  quantities  include:  (1)  the  acting  forces,  (2)  the  displace¬ 
ment  of  the  system,  and  (3)  the  velocities  of  the  bodies  (linear  or 
angular)  at  the  beginning  and  the  end  of  the  displacement.  The 
acting  forces  must  be  constant  or  dependent  only  on  the  displace¬ 
ment  (distance).  We  must  bear  in  mind  that  the  kinetic  energy  theo¬ 
rem  can  be  used  to  develop  the  differential 
equations  of  motion  of  a  system  and,  in  par¬ 
ticular,  to  find  the  accelerations  of  moving 
bodies.  For  this  write  Eq.  (50),  differenti¬ 
ate  both  sides  with  respect  to  time,  and 
eliminate  the  velocity  (see  Problems  139 
and  140).  For  arbitrary  forces  the  equa¬ 
tions  are  more  conveniently  written  in  the 
form  (49),  i.e.,  in  differential  form  (see 
Problems  141  and  148). 

Problem  137.  A  rod  AB  of  length  I  is  hin¬ 
ged,  as  shown,  at  point  A  (Fig.  323).  Neg¬ 
lecting  friction,  determine  the  minimum 
velocity  ©o  that  must  be  imparted  to  the  rod  so  that  it  would 
swing  into  a  horizontal  configuration. 

Solution.  The  given  and  required  quantities  include  ©o*  ®i  =  0* 
and  the  displacement  of  the  system  as  defined  by  angle  EqAB^. 
Therefore,  the  problem  is  best  solved  by  applying  Eq.  (51); 

Tt-T,=  ^A%.  (a) 

Denoting  the  mass  of  the  rod  by  M,  compute  all  the  quantities 
in  the  equation.  From  Eqs.  (6)  and  (43)  we  find; 

Since  in  the  final  configuration  the  velocity  of  the  rod  is  zero,  Tx  =  0. 
The  superimposed  constraint  is  ideal;  thus,  work  is  done  only  by 

force  P  =  Mg,  and  A®  ==  —  Phc  —  — Mg-^.  Substituting  these 
values  into  equation  (a),  we  obtain: 

whence 

Problem  138.  Two  pulleys  A  and  B  are  connected  by  a  belt 
(Fig.  324).  When  the  motor  is  switched  off,  pulley  A  of  radius  R 
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has  an  angular  velocity  (Oo.  The  total  weight  of  the  pulleys  is  P  and 
of  the  belt  p.  A  brake  shoe  is  applied  to  pUlley  A  with  a  force  Q  to 
stop  the  rotation;  the  coefficient  of  friction  of  the  shoe  on  the  pulley 
is  /.  Neglecting  friction  in  the  axles  and  considering  the  pulleys  to 
be  homogeneous  discs,  determine  how  many  revolutions  pulley  A 
will  make  before  stopping. 

Solution.  We  shall  use  Eq.  (51)  to  determine  the  required  number 
of  revolutions  N: 

Ti— 7’o=SA^  (a) 

In  computing  kinetic  energy,  it  should  always  be  remembered 
that  the  kinetic  energy  of  a  system  equals  the  sum  of  the  kinetic 


Fig.  324 


energies  of  all  the  component  bodies.  From  the  conditions  of  the 
problem,  1^=0  and  To  =  +  2’b  +  Tj.  Taking  into  account 

that  the  initial  velocities  of  all  the  points  of  the  belt  ==  ©o-R  = 
==  (D^r,  where  (o'  and  r  are  the  initial  angular  velocity  and  the  radius 
of  pulley  B,  we  find  from  Eqs.  (8)  and  (43): 


The  last  equation  follows  from  the  fact  that  all  the  points  of  the 
belt  move  with  the  same  speed.  Finally,  as  Pa  -h  Pb  =  Pt  we 
obtain: 


To 


P  +  2p 
4? 


i?%*. 


Now  compute  the  work  done  by  the  forces.  In  this  case,  the  work 
done  by  gravity  is  zero,  as  the  centres  of  gravity  of  the  pulleys  and 
the  belt  do  not  change  their  position  during  the  motion.  The  force 
of  friction  Ftt  =  fQ,  and  the  work  done  by  it  is  found  from  Eq.  (47'); 

A,r  =  -  ifQR)  •  <Pi  =  -  fQR  2nN. 

Substituting  all  the  found  values  into  equation  (a),  we  obtain 
finally: 

(P+2p)fl<ag 
“  SngfQ  ■ 
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Problem  139.  A  cart  is  drawn  with  a  constant  force  ^  =  16  kgf 
up  an  inclined  plane  making  an  angle  a  =  30°  with  the  horizontal 
(Fig.  325).  The  platform  of  the  cart  weighs  P  =  18  kgf,  and  each 
of  its  uniform  wheels  weighs  p  =  2  kgf.  Determine:  (1)  the  linear 
velocity  nj  of  the  cart,  when  it  has  travelled  a  distance  i  =  4  m, 
if  Vo  —  0;  (2)  the  acceleration  of  the  cart.  The  wheels  roll  without 
slipping.  Neglect  the  rolling  friction. 

Solution.  (1)  Let  us  use  Eq.  (51)  to  determine  v^. 

Ti-To  =  ^Ai.  (a) 

In  our  case  T q  =■  0  and  Ty  ^  Tpiattorm  4T,yj,eei'  The  cart  is 
in  translatory  motion,  and  the  kinetic  energy  of  a  uniform  rolling 
wheel  was  calculated  in  Problem  134.  Thus, 

Work  is  done  by  force  Q  and  the  force  of  gravity  Pj  =  (P  +  4p). 
The  work  done  by  the  frictional  forces  preventing  slippage  and  by 


a 


the  normal  reactions  is  zero  (§  148).  Making  the  necessary  compu¬ 
tations,  we  find; 

A  (0  =  Ql,  A  (Pi)  —  — (P  +  4p)  he  =  — (P  4-  4p)  I  sin  a. 
Substituting  these  expressions  into  equation  (a),  we  obtain: 

^(P  +  Gp)n*  =((?  — (P-l-4p)sina]  Z,  (b) 

whence 

,,  =  =  2.8  m/s. 

(2)  To  determine  the  acceleration  w,  let  us  consider  the  quantities 
and  I  in  equation  (b)  as  variables.  Then,  differentiating  with 
respect  to  time,  we  have; 

y  (P -f- 6p)  i; —  (P -f  4p)  sin  a) . 
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But  ^  =  v  and  ^  —  and,  eliminating  y,  we  have: 

Note  the  use  of  the  theorem  of  the  change  in  kinetic  energy  to 
determine  the  acceleration. 

Problem  140.  One  end  of  a  string  passing  over  a  pulley  0 
(Fig.  326)  is  wound  on  a  cylinder  of  radius  R  and  weight  P;  attached 
to  the  other  end  is  a  load  D  of  weight  Q.  If  ypo  =  0,  determine  the 
velocity  Vc  of  the  centre  C  of  the  cylinder  after  it  has  travelled  a 
distance  s  and  the  acceleration  Wc  of  the  centre.  The  coefficient  of 
rolling  friction  of  the  cylinder  is  k,  the  radius  of  g3rration  of  the 
cylinder  with  respect  to  its  axis  is  p.  Neglect  the  masses  of  the  string 

and  the  pulley. 

Solution.  (1)  We  use  Eq.  (51)  to  de¬ 
termine  the  velocity  Vc'. 


7’-7’o  =  2i^^ 


(a) 


In  our  case  To  =0  and  T  =  rcyi4- 
-H  Td-  From  Eqs.  (4),  (42),  and  (44), 

As  point  B  is  the  instantaneous  centre  of  zero  velocity,  w  =  ^ 

H 

and  Vj,  —  Va  =  2vc.  Consequently, 

J’  =  4[49+/'(l+-g)]yS. 

The  forces  doing  work  are  Q  and  the  couple  (N,  P).  As  =  2vc, 
the  displacement  of  load  D  is  h  =  2s  and  A  (Q)  =  Q-2s.  The  work 
done  by  the  forces  opposing  the  rolling  can  be  found  from  Eq.  (48'), 
as  iV  =  P  =  const.  Then, 

^Ai=2Qs--^Ps. 

Substituting  the  found  expressions  into  equation  (a),  we  obtain; 


whence 


Vc 


=  / 


2g  (2QR—kP)Rs 
4(?/?*  +  P(i?2-|-p2)  • 


(2)  As  in  the  preceding  problem,  to  determine  (Oq  differentiate 
both  sides  of  equation  (b)  with  respect  to  time.  Taking  into  account 
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c2s 

that  ^  =  vc,  we  finally  obtain: 

(2QR—kP)R 

Problem  141.  Referring  to  Fig.  327,  a  spiral  spring  is  attached 
to  gear  1  of  radius  r  and  weight  P  and  to  crank  OC  of  length  I  and 
weight  Q  on  which  the  gear  is  mounted .  Gear  1  rolls  on  a  fixed  gear  2 
of  radius  R  —  I  —  r.  The  moment  of 
the  spring  Msp  =  ca,  where  a  is  the 
angle  of  rotation  of  gear  1  with  res¬ 
pect  to  the  crank.  Neglecting  friction, 
determine  the  period  of  vibration  of 
the  crank  if  it  is  disturbed  from  its 
position  of  equilibrium.  The  mechan¬ 
ism  works  in  the  horizontal  plane. 

Solution.  We  shall  define  the  posi¬ 
tion  of  the  crank  by  the  angle  9  measu¬ 
red  from  its  equilibrium  position.  To 
exclude  the  unknown  reaction  of  axis 
C  from  the  computation,  consider  ge¬ 
ar  1  and  the  crank  as  a  single  sys¬ 
tem  and  develop  the  differential  equ¬ 
ation  of  its  motion  from  Eq.  (49). 

First  compute  the  kinetic  energy  T  of  the  system  in  terms  of  the 
angular  velocity  Wcr  of  the  crank  (as  we  are  developing  the  law  of 
motion  of  the  crank).  We  have; 


T  —  T cr “f*  T gear - 2  cr®cr gear^gear- 


(a) 


Considering  the  crank  as  a  homogeneous  rod  and  the  gear  as  a 
uniform  disc,  and  taking  into  account  that  the  point  of  contact  is 
the  instantaneous  centre  of  zero  velocity  of  gear  1,  we  have: 


'  O  cr  ’ 


3  g 


T  _  1  ^  JS 

C  gear  —  "2^  “J” '  * 


Vo  — (Perl- 


®gear  — 


"C  _  1  , 

(Ocr* 

r  r 


Note  again  that  Eq.  (44),  which  is  used  to  compute  Tgear*  contains 
the  absolute  angular  velocity  of  the  gear,  not  its  relative  velocity 
of  rotation  with  respect  to  the  crank.  Substituting  all  the  determined 
quantities  into  equation  (a),  we  finally  obtain: 

(b) 

Now  let  us  compute  the  elemental  work.  In  this  case  no  external 
forces  do  any  work,  therefore  dA‘  —  0.  The  elemental  work  done 
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by  the  elastic  force  of  the  spring  (an  internal  force)  in  turning  the 
gear  through  an  angle  a  about  the  crank  is  dA^  —  — Afgp  da  = 
=  — ca  da  (the  minus  sign  indicates  that  the  moment  is  directed 
opposite  the  direction  through  which  the  gear  is  turned).  As  we  are 
seeking  the  law  of  motion  of  the  crank,  let  us  express  angle  a  in  terms 
of  9.  As  fljh  =  we  have  /?(p  =  nx,  or  {I  —  r)  <p  =  ra,  whence 

a=  dA^=  — c  (pdcp. 

Writing  now  the  equation  dT  =  dA^,  we  have: 

l(2C>4-9P)l*(0cr-d(0cr= 

Dividing  by  dt  and  taking  into  account  that  ^  =  ©cr  and  = 

=  we  finally  obtain  the  difierential  equation  of  motion  of  the 
system  in  the  form 

-Sf+tH’-o, 

where 

..  6gc(i  — r)^ 

(2<?i-9P)/V’ 


The  equation  is  a  difierential  equation  of  harmonic  motion 
(§  123).  When  moved  from  its  equilibrium  position  the  crank  will 
perform  simple  harmonic  motion  the  period  of  which  will  be 


T  = 


2n 

T 


—  2n 


l — r  V  6gc 


This  problem  shows  the  great  opportunities  for  investigating 
the  motion  of  a  system  provided  by  the  theorem  of  the  change  in 
kinetic  energy. 


§  151.  Conservative  Force  Field  and  Force  Function 

The  problems  examined  in  the  preceding  section  (and  in  §  115) 
were  solved  with  the  help  of  the  theorem  of  the  change  in  kinetic 
energy  because  in  each  case  the  work  done  by  the  acting  forces  could 
be  computed  without  knowing  the  law  of  motion.  The  important 
thing  is  to  determine  the  type  of  the  forces  involved . 

The  work  done  in  a  displacement  M^M^  by  a  force  P  applied  at  a 
point  M  of  a  body  is  computed  according  to  Eq.  (38')  of  §  112: 

(Md  (M2) 

A(m,M2)=  J  j  (F»dx+Fydy+Fzdz).  (54) 

(MO  (Ml) 
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As  pointed  out  in  §  112,  the  integral  on  the  right  can  be  evaluated 
without  knowledge  of  the  law  of  motion  involved  (i.e.,  of  the  depen¬ 
dence  of  X,  y,  z  on  time)  only  if  the  force  depends  solely  on  the  loca¬ 
tion  of  the  point,  i.e.,  on  its  x,  y,  z  coordinates.  Such  forces  are 
said  to  form  a  force  field,  or  field  of  force.  A  force  field  is  defined  as  a 
region  of  space  in  which  any  article  experiences  a  force  of  certain  mag¬ 
nitude  and  direction.  Examples  are  planetary  or  stellar  gravitatio¬ 
nal  fields.  As  any  force  can  be  defined  by  its  projections  on  a  set  of 
coordinate  axes,  a  force  field  can  be  described  by  the  equations: 

Fx  =  (3/»  2),  Fy  =  (®»  2),  =  <1)8  {x,  y,  z).  (55) 

But  in  the  most  general  case,  to  compute  the  work  done  by  such 
forces,  in  Eq.  (54)  it  is  necessary  to  go  over  to  one  variable  in  the 
integrand;  for  example,  one  must  know  the  dependencies  y  = 
=  fi  (x)  and  z  —  f  2  (x),  which  give  the  spatial  equation  of  the  curve 
that  is  the  path  of  particle  M.  Consequently,  in  the  most  general 
case  the  work  done  by  the  forces  constituting  a  force  field  depends 
on  the  type  of  path  of  the  point  of  application  of  the  relevant  force. 

However,  if  the  integrand  in  Eq.  (54),  which  represents  the  ele¬ 
mentary  work  done  by  force  JP’,  is  the  full  diSerential  of  a  function 
U  {x,  y,  z),  i.e.,  if 

dA  =  dU  {x,  y,  z),  or  Fx  dx  Fy  dy  F^  dz  —  dU  {x,  y,  z),  (56) 

the  work  can  6e  computed  without  knowing  the  path  of 

point  M. 

The  function  U  of  the  coordinates  x,  y,  z,  the  differential  of  which 
equals  the  elementary  work,  is  called  a  force  function.  A  force  field 
for  which  there  is  a  force  function  is  called  a  conservative  force  field, 
and  the  forces  acting  in  that  field  are  called  conservative  forces.  We 
shall  regard  a  force  function  as  a  unique  function  of  coordinates. 

Substituting  the  expression  for  dA  from  Eq.  (56)  into  Eq.  (54), 
we  obtain: 

(Mii 

\  dU{x,  y,  z)  =  U2  —  Ui,  (57) 

(Ml) 

where  —  U  {x^,  Pi,  Zj)  and  =  U  (i^,  y^,  Zj)  are  the  values 
of  the  force  functions  at  points  and  of  the  field,  respectively. 
Consequently,  the  work  done  by  a  conservative  force  acting  on  a 
moving  particle  equals  the  difference  between  the  values  of  the  force 
function  at  the  terminal  and  initial  points  of  the  displacement  and 
does  not  depend  on  the  particle’s  path.  In  a  displacement  along  a 
closed  path  —  U^,  and  the  work  done  by  a  conservative  force 
is  zero. 

The  basic  property  of  a  conservative  force  field  is  that  the  work 
done  by  its  forces  acting  on  a  moving  material  particle  depends  only 
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on  the  particle’s  initial  and  final  positions  and  does  not  depend  on 
its  path  followed  or  the  law  of  motion. 

When  the  work  done  by  a  force  depends  on  the  path  or  law  of  mo¬ 
tion  of  the  point  at  which  it  is  applied,  the  force  is  said  to  be  non¬ 
conservative,  or  dissipative.  Examples  are  friction  and  the  resistance 
of  a  medium. 

If  the  relationship  (56)  is  found  to  apply,  the  force  function  can 
he  determined  from  the  equation 

U  =  \  dA  +C,  ox  U  ^  I  {F^dx  +  Fydy  +  F^  dz)-^C,  (58) 

where  C  is  a  constant  having  any  value  [it  is  apparent  from  Eq.  (57) 
that  work  does  not  depend  on  C],  However,  it  is  conventionally 
assumed  that  at  some  point  O,  called  the  “zero  point”,  Uo  =  0,  and 
C  is  determined  on  that  basis. 

Examples  of  conservative  forces  examined  before  are  gravity, 
elastic  and  gravitational  forces  (§  113).  Let  us  show  that  for  the 
fields  of  these  forces  the  force  functions  really  do  exist  and  determine 
the  expressions  for  the  forces.  With  reference  to  Eqs.  (39),  (40),  and 
(41')  off  113,  as  the  integrals  from  which  they  were  obtained  include 
the  elementary  works  done  by  the  respective  forces,  we  have; 

(1)  For  gravity,  if  axis  z  is  directed  vertically  up,  dA  =  —P  dz, 
whence,  assuming  U  =  0  at  z  =  0  (the  zero  point  is  at  the  origin 
of  the  coordinate  system), 

U  =  —Pz.  (59) 

(2)  For  an  elastic  force  acting  along  axis  x,  dA  —  — cx  dx,  whence, 
assuming  U  =  0  at  x  =  0, 

J7=— i-cx2.  (59') 

(3) *  For  a  gravitational  force,  dU  =  kmd  ( *~ )  =  mglFd  (  y  )  *  whence, 
assuming  £7  =  0  at  infinity, 

£7  =  mgi?2l,  (59') 

where  r  =  -f  y*  -f-  z*. 

Introducing  these  values  of  U,  Eq.  (57)  yields  the  same  expressions 
for  the  work  done  by  the  respective  forces  as  Eqs.  (39),  (40)  and 
(41')  in  §  113. 

Let  us  show  that  knowing  the  force  function  one  can  determine 
the  force  acting  at  any  point  of  a  field.  From  Eq.  (56),  calculating 
the  difierential  with  respect  to  the  function  U  (x,  y,  z),  we  have: 

Fxdx  +  Fydy  +  Fzdz=^^dx-\-^dy-\-^dzy 
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whence,  equating  the  coefficients  of  dx,  dy,  dz  in  both  sides  of  the 
equations,  we  obtain: 


F*  = 


dU  p  _  dU 

dx  '  ^  dy  ' 


(60) 


Consequently,  in  a  conservative  force  field  the  projections  of  a 
force  equal  the  partial  derivatives  of  the  force  function  with  respect 
to  the  corresponding  coordinates.  Vector  F,  the  projections  of  which 
are  given  by  equations  of  the  form  (60),  is  called  the  gradient  of  the 
scalar  function  U  (x,  y,  z).  Thus,  F  =  grad  U. 

From  Eqs.  (60)  we  obtain: 

dFx  _  dW  _  dW 

dy  dy  dx  *  dx  dx  dy  '  ^ 


It  follows  that  if  for  a  given  field  there  exists  a  force  function,  the 
projections  of  the  force  satisfy  the  relationships: 


dy  dx  *  dz  dy  '  dx  dz  *  '  ' 

The  reverse  can  also  be  proved,  i.e.,  if  Eqs.  (61)  are  valid,  for  a 
field  it  has  a  force  function  U.  Consequently,  conditions  (61)  are 
the  necessary  and  sufficient  condi¬ 
tions  for  a  force  field  to  be  conser¬ 
vative. 

Thus,  if  a  force  field  is  given  by 
Eqs.  (55),  Eqs.  (61)  can  be  used 
to  determine  whether  it  is  conserva¬ 
tive  or  not.  If  the  field  is  conser¬ 
vative,  Eq.  (58)  yields  its  force  fun¬ 
ction,  and  Eq.  (51)  the  work  done 
by  the  forces.  Conversely,  if  the 
force  function  is  known,  Eqs.  (60) 
can  be  used  to  find  the  force  field 

Assuming  U  (x,  y,  z)  =  C,  where  C  is  a  constant,  we  have  an 
equation  of  a  spatial  surface  in  which  U  has  the  same  value  C  at  every 
point.  Such  surfaces  are  called  equipotential.  If,  as  assumed,  a  force 
function  is  a  unique  function  of  the  coordinates,  it  follows  that  equi¬ 
potential  surfaces  cannot  intersect,  and  only  one  equipotential 
surface  passes  through  any  point  of  the  field.  It  follows  from  Eq.  (57) 
that,  in  any  displacement  MiM^  along  an  equipotential  surface, 
Ui  =  =  C,  and  the  work  done  by  the  forces  is  zero.  But  as  the 

forces  are  not  zero  we  conclude  that  at  any  point  of  a  conservative 
force  field  the  force  is  normal  to  the  equipotential  surface  through 
that  point. 

In  Fig.  328  are  shown  two  equipotential  surfaces,  U  {x,  y,  z)  = 
—  Cl  and  U  (x,  y,  z)  =  Cg,  and  their  intersection  with  a  plane 
through  a  normal  .Bw.  If  the  force  is  in  the  direction  shown  in  the 
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drawing,  the  work  done  in  the  displacement  BB'  is  positive.  But,  by 
Eq.  (57),  that  work  equals  —  Cy.  Consequently,  C^,  i.e., 
the  forces  of  a  conservative  field  are  pointed  in  the  direction  of  the 
.increase  in  the  force  function.  Furthermore,  the  work  done  by  force 
Fi  in  the  displacement  BB'  and  by  in  the  displacement  DD'  is 
the  same,  as  in  both  cases  is  the  same.  But  as  DD'  <  BB' , 

apparently  F,  >■  F-i.  Consequently,  the  forces  of  a  conservative 
field  are  greater  where  the  equipotential  surfaces  are  more  dense. 
These  properties  make  it  possible  to  present  a  clear  picture  of  the 
distribution  of  forces  in  a  conservative  force  field  by  means  of  equi¬ 
potential  surfaces.  Furthermore,  as  Eq.  (57)  indicates,  the  work  done 
by  a  conservative  force  depends,  in  the  final  analysis,  only  on  the 
equipotential  surfaces  between  which  the  displacement  takes  place. 

Here  are  a  few  examples  of  what  has  been  said. 

(1)  For  a  homogeneous  field  of  gravity  (see  Fig.  254),  it  follows 
from  Eq.  (59)  that  U  —  const,  when  z  =  const.  Hence,  the  equipoten¬ 
tial  surfaces  are  horizontal  planes.  The  force  of  gravity  P  is  directed 
normal  to  them  in  the  direction  of  increasing  U  and  is  constant  at 
all  points  of  the  field. 

(2)  For  a  field  of  gravitational  forces,  according  to  Eq.  (59"), 
U  =  const,  when  r  =  const.  Hence,  the  equipotential  surfaces  are 
concentric  spheres  whose  centres  coincide  with  that  of  the  attracting 
centre.  The  force  at  every  point  of  a  gravitational  field  is  normal  to 
the  respective  sphere  in  the  direction  of  increasing  U  (or  decreas¬ 
ing  r),  i.e.,  pointed  towards  the  centre  of  the  sphere. 

In  the  case  of  a  system  of  material  particles  moving  in  a  conserva¬ 
tive  force  field,  it  is  possible  to  determine  the  force  function 
{Xk,  yti,  Zft)  for  every  point  with  coordinates  y^,  z?,,  thus 
enabling  the  computation  of  the  elementary  work  done  by  the  force 
acting  on  the  particle  concerned.  Hence  the  function  of  the  coordi¬ 
nates  of  all  particles  of  the  system 

^  (®1*  Vlf  •  •  •»  ^n»  Unt  ^n)  ~  S  (^fe»  Uht  ^k) 
is  the  force  function  of  the  mechanical  system. 

As  dU  =5=  2  dUk,  according  to  Eq.  (56),  which  is  valid  for  all 
points  of  the  system, 

dP  =  S  dA^,  (62) 

i.e.,  the  differential  of  the  force  function  of  a  system  equals  the  sum 
elementary  works  done  by  all  the  forces  acting  on  the  system. 

§  152.  Potential  Energy 

For  conservative  forces  we  can  introduce  the  concept  of  potential 
energy  as  a  measure  of  the  capacity  of  a  particle  for  doing  work  by 
virtue  of  its  position  in  the  force  field.  In  order  to  compare  different 


ch.  m 


Theorem  of  the  Change  in  Kinetic  Energy 


427 


“capacities  for  doing  work”,  we  must  agree  on  the  choice  of  a  zero 
point  O,  in  which  we  assume  the  capacity  to  do  work  to  be  zero 
{the  choice  of  the  zero  point,  as  of  any  initial  point  or  origin,  is 
arbitrary).  The  potential  energy  of  a  particle  in  any  configuration  M  is 
defined  as  the  scalar  quantity  V  equal  to  the  work  done  on  the  particle 
by  the  forces  of  a  field  in  the  passage  from  configuration  M  to  the  zero 
configuration: 

V  =  -4(mO)' 

It  follows  from  the  definition  that  potential  energy  is  dependent 
on  the  coordinates  of  the  particle  M,  i.e.,  V  =  V  {x,  y,  z). 

Assuming  that  the  zero  points  of  the  functions  V  (x,  y,  z)  and 
U  {x,  y,  z)  coincide,  we  have  Uq  —  0  and,  by  Eq.  (57),  Ai^o)  — 
=  Uo  —  U  =  — U,  where  U  is  the  force  function  at  point  M  of 
the  field;  whence, 

V  (x,  y,  z)  =  —U  (x,  y,  z), 

i.e.,  the  potential  energy  at  any  point  of  a  force  field  is  equal  to  the 
magnitude  of  the  force  function  at  that  point  taken  with  the  opposite 
sign. 

It  is  thus  apparent  that  in  investigating  the  properties  of  a  conser¬ 
vative  force  field  we  can  replace  the  force  function  with  potential 
energy.  In  particular,  in  computing  the  work  done  by  a  conservative 
force  we  can  use  instead  of  Eq.  (57)  the  formula 

A(MiM2)  —  ^i  —  ^2-  (63) 

Thus,  the  work  done  by  a  conservative  force  is  equal  to  the  diffe¬ 
rence  between  a  moving  particle’s  potential  energy  in  its  initial  and 
final  positions. 

The  expressions  for  the  potential  energy  of  the  conservative  forces 
examined  before  can  be  determined  from  Eqs.  (59)-(59''),  taking 
into  account  that  V  =  —U.  Thus,  for  gravity  V  =  Pz,  etc. 


§  153.  The  Law  of  Conservation  of  Mechanical  Energy 

Let  us  assume  that  all  the  external  and  internal  forces  acting  on 
a  system  are  conservative  forces.  Then,  for  any  particle  belonging 
to  the  system,  the  work  done  by  the  applied  forces  is 

•4fe  =  Tho”“I^in* 

and  for  all  the  external  and  internal  forces 

S  -  2  S  =  Fo- 

where  F  =  S  is  the  potential  energy  of  the  whole  system. 
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Substituting  this  expression  for  work  into  Eq.  (50),  we  obtain; 

Ti  -  To  =  Fo  -  Fi  or  +  Fj  =  T,  +  Fo  =  const. 

Thus,  in  the  motion  of  a  system  subjected  to  the  action  of  only 
conservative  forces,  the  sum  of  the  kinetic  and  potential  energies  of 
the  system  remains  constant  for  any  configuration.  This  is  the  law 
of  conservation  of  mechanical  energy,  which  is  a  particular  case  of  the 
general  physical  law  of  conservation  of  energy.  The  quantity  T  +  F 
is  called  the  total  mechanical  energy  of  the  system. 

If  the  acting  forces  include  dissipative  forces,  such  as  friction, 
the  total  mechanical  energy  of  the  system  will  decrease  during  its 

motion  due  to  transformation  into  other 
forms  of  energy,  e.g.,  thermal  energy. 

The  whole  meaning  of  the  foregoing  law 
becomes  apparent  when  it  is  considered 
in  connection  with  the  general  physical 
law  of  conservation  of  energy.  However, 
in  solving  purely  mechanical  problems, 
the  theorem  of  the  change  in  the  kinetic 
energy  of  a  system  can  always  be  immedi¬ 
ately  applied. 

Example.  Consider  a  pendulum  (Fig. 
329)  displaced  through  an  angle  (po 
from  the  vertical  and  released  from  rest. 
Then,  in  its  Initial  position,  Fo  ==  Pzo 
and  To  =  0,  where  P  is  the  weight  of  the 
pendulum  and  z  is  the  coordinate  of  its  centre  of  gravity.  Consequen¬ 
tly,  neglecting  all  resisting  forces  in  any  configuration  we  shall  have 
F  -f  r  =  Fo,  or 

Pz  +  jJA(i^=PZo. 

Thus,  the  centre  of  gravity  of  the  pendulum  cannot  be  higher 
than  position  Zq.  When  the  pendulum  swings  down,  its  potential 
energy  decreases  and  its  kinetic  energy  increases;  during  an  upward 
swing  the  potential  energy  increases  and  the  kinetic  energy  decreases. 

It  follows  from  the  previous  equation  that 

a^  =  j2{Zo—z). 

Thus,  the  instantaneous  angular  velocity  of  a  pendulum  depends 
only  on  the  position  occupied  by  its  centre  of  gravity  and  is  always 
the  same  for  any  given  configuration.  Such  relations  occur  only 
during  motion  under  the  action  of  conservative  forces.  Due  to  fric¬ 
tion  in  the  axis  and  the  resistance  of  the  air  (non-conservative  for¬ 
ces),  the  above  relationships  do  not  actually  hold;  the  total  mecha¬ 
nical  energy  of  a  pendulum  decreases  with  time,  and  its  vibrations 
are  damped. 


Chapter  28 

Applications  of  the  General  Theorems 

to  Rigid-Body  Dynamics 


§  154.  Rotation  of  a  Rigid  Body 

Let  us  consider  the  application  of  the  general  theorems  of  dyna¬ 
mics  to  some  problems  on  the  motion  of  absolutely  rigid  bodies.  Since 
the  investigation  of  translatory  motion  of  a  rigid  body  is  reduced 
to  particle  dynamics,  we  shall  begin  with  rotational  motion. 

Let  there  be  a  system  of  forces  P\,  FI,  .  .  .,  F5,  acting  on  a  rigid 
body  with  a  fixed  axis  of  rotation  z  (Fig.  330).  Also  acting  on  the 
body  are  the  reactions  and  Rb  of  the  bearings.  To  exclude  these 
immediately  unknown  forces  from  the  equations  of  motion,  we  make 
use  of  the  theorem  of  moments  with  respect  to  axis  z(§  144).  As  the 
moments  of  forces  R^  and  Rb  with  respect  to 
the  axis  are  zero,  we  have 


where 

We  shall  call  the  quantity  Ml  the  turning 
moment,  or  torque. 

Substituting  the  expr^sion  =  /^fi)  into 
the  foregoing  equation,  we  obtain: 

=  ov  =  (64)  Fig.  330 

Eq.  (64)  is  the  differential  equation  of  the  rotational  motion  of  a 
rigid  body.  It  follows  from  the  equation  that  the  product  of  the 
moment  of  inertia  of  a  body  with  respect  to  its  axis  of  rotation  and 
its  angular  acceleration  is  equal  to  the  turning  moment: 

=  (64') 

Equation  (64')  shows  that,  for  a  given  torque  Ml,  the  greater 
the  moment  of  inertia  of  a  body,  the  less  the  angular  velocity,  and 
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vice  versa.  Thus,  we  see  that  in  rotational  motion  the  moment  of 
inertia  of  a  body  actually  plays  the  same  role  as  mass  in  translational 
motion,  i.e.,  it  is  the  measure  of  a  body’s  inertia  in  rotational  motion 
(see  §  131).  Eq.  (64)  can  be  applied:  (1)  to  develop  the  equation  of 
rotation  of  a  body  tp  =  f  (t)  or  to  find  its  angular  velocity  w  if  the 
applied  torque  is  known,  (2)  to  determine  the  torque  Mt  if  the  law 
of  motion,  i.e.,  <p  =  /  (t),  is  known.  In  solving  the  first  problem 
it  should  be  borne  in  mind  that  in  the  general  case  Mt  may  be  a 

variable  dependent  on  t,  (p,  and  ce  =  (p. 

Instead  of  Eq.  (64),  rotational  motion  may  be  investigated  with 
the  help  of  the  theorem  of  the  change  in  kinetic  energy:  Tj  —  T#  = 
=  A‘,  where  T  and  A*  are  found  from  Eqs.  (43)  and  (47). 

Note  the  following  special  cases: 

(1)  If  Mt  —  0,  (0  —  const,  i.e.,  the  rotation  is  uniform; 

(2)  If  Mt  —  const.,  8  ==  const.,  i.e.,  the  rotation  is  uniformly 
variable. 

Eq.  (64)  is  analogous  in  form  to  the  differential  equation  of  recti¬ 
linear  motion  of  a  particle  (§  104);  therefore,  the  methods  of  inte¬ 
gration  are  also  analogous  (see  Problem  143). 

Eq.  (64)  is  most  conveniently  used  in  problem  solutions  when  a 
system  consists  only  of  a  single  rotating  body.  If  a  system  has,  besi¬ 
des  a  rotating  body,  other  moving  bodies  (as,  for  instance,  in  Pro¬ 
blems  133,  138,  and  others),  the  equation  of  motion  is  more  conve¬ 
niently  developed  with  the  help  of  the  general  theorems  or  the  me¬ 
thods  described  in  §§  168,  173  and  178. 

In  solving  problems  of  the  type  133  it  should  be  remembered  that 
acting  on  the  drum  is  not  the  force  Q  but  the  tension  in  the  string 
E,  which  is  not  equal  to  Q,  and  Eq.  (64)  takes  the  form /qS  =  Fr. 
To  solve  it,  F  must  be  found  additionally  from  the  equation  of 
motion  of  the  load  A ,  which  makes  the  computations  longer. 

Problem  142.  A  wheel  of  radius  R  and  mass  M  rotates  on  its  axis 
0  with  an  angular  velocity  ©o  (Fig.  331).  A  brake  shoe  is  applied  to 
the  wheel  at  some  instant  with  a  force  Q.  The  coefficient  of Jfriction 
of  the  shoe  on  the  wheel  is  /.  Neglecting  friction  in  the  axle  and  the 
mass  of  the  spokes,  determine  in  how  many  seconds  the  wheel  will 
stop. 

Solution.  Writing  Eq.  (64)  and  considering  the  moment  positive 
in  the  direction  of  the  rotation,  we  have: 

Jo^=-iQr,  (a) 

as  the  force  of  friction  F  =  fQ.  From  this,  integrating,  we  obtain 

/o©  =  —fQrt  -f-  Cl. 
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According  to  the  initial  conditions,  at  <  =  0  we  have  o)  =  ©o; 
consequently,  Cj  =  /oWo»  ^iid  finally 

w  =  ®o— (b) 

k\  t  —  <1,  when  the  wheel  stops,  ®  =  0.  Substituting  this  expres¬ 
sion  and  taking  into  account  that  for  the  rim  (a  ring)  Jq  —  Mr^, 
we  obtain; 

^  Jrm  Mrasu 
fQr  fQ  * 

If  we  want  to  determine  the  number  of  revolutions  of  the  wheel 
until  it  stops,  it  is  more  convenient  to  apply  the  theorem  of  the 
change  in  kinetic  energy  without  integrating  equation  (b)  again. 

Problem  143.  A  vertical  cylindrical  rotor  whose  moment  of  iner¬ 
tia  with  respect  to  its  axis  is  J ^  (Fig.  332)  is  made  to  revolve  by  an 


z 


Fig.  332 


applied  torque  Mf  Determine  how  the  angular  velocity  ©  of  the 
rotor  will  change  during  the  motion  if  ©o  =  0  and  the  moment 
of  the  resisting  force  of  the  air  is  proportional  to  ©,  i.e.,  il/jes  ==  H©. 

Solution.  The  differential  equation  (64)  of  the  rotation  of  the 
rotor  has  the  form  (assuming  the  moments  in  the  direction  of  rota¬ 
tion  to  be  positive) 


Separating  the  variables  and  assuming  =  re,  we  evaluate  the 

J  Z 

respective  definite  integrals  for  both  sides  of  the  equation;  we  obtain; 


5 


—  Hd(0 
Mt — M© 


dt. 


In 

Mt 


Mt  —  \k.(ii  _  ni 
Mt 


Hence, 


—  nt,  or 


432 


DYNAMICS  OF  A  SYSTEM  AND  A  BODY  [Part  4 


And  finally  we  obtain: 

The  angular  velocity  of  the  rotor  increases  with  time  and  tends 
towards  the  limiting  value  (Oum  =  — . 


§  155.  The  Compound  Pendulum 


Any  rigid  body  free  to  oscillate  about  a  fixed  horizontal  axis  under 
the  action  of  gravity  is  called  a  compound,  or  physical,  pendulum.  Let 
Fig.  333a  denote  a  cross  section  of  a  pendulum  normal  to  the  axis 

of  support  through  the  centre  of 
mass  C  of  the  pendulum,  and  let 
us  introduce  the  notation  P  for 
the  weight  of  the  pendulum,  a  for 
the  distance  OC  from  the  centre 
of  mass  to  the  axis  of  suspension, 
and  Jq  for  the  moment  of  inertia 
of  the  pendulum  with  respect  to 
the  axis  of  suspension.  We  specify 
the  position  of  the  pendulum  hy 
the  angle  (p  that  OC  makes  with 
the  vertical. 

To  develop  the  equation  of  mo¬ 
tion  of  the  pendulum,  we  shall  em¬ 
ploy  the  differential  equation  of  rotational  motion  (64).  In  our  case 
=  Mo  =  — Pa  sin  (p  (the  “minus”  being  taken  to  indicate  that 
the  direction  of  the  moment  is  opposite  to  the  positive  direction 
of  angle  (p),  and  Eq.  (64)  takes  the  form 

Jo^=  —  Pa  sin  (p. 


Dividing  through  hy  Jq  and  introducing  the  notation 


Pa 

Jo 


we  obtain  the  differential  equation  of  motion  of  the  pendulum  in  the 
form 


(i^cp 

'W 


IF’  sin  <p  =  0. 


This  differential  equation  cannot  be  integrated  with  respect  to 
ordinary  functions.  Considering  only  small  oscillations  and  assuming 
approximately  sin  (p  »  <p  (which  can  be  done  when  angle  (p  is  smal- 
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ler  than  one  radian),  we  have 


i2q) 


f  fc2(f  =  0. 


This  differential  equation  has  the  same  form  as  the  equation  of  free 
rectilinear  oscillations  of  a  particle  and,  by  analogy  with  Eq.  (63) 
of  §  123,  its  general  solution  has  the  form; 

q)  =  Cl  sin  kt  +  Cj  cos  kt. 

Assuming  that  at  the  initial  moment  f  =  0  the  pendulum  is 
deflected  through  a  small  angle  <p  =  <Po  and  released  with  no  initial 
velocity  (wj  =  0),  we  obtain  for  the  integration  constants  the  values 
Cl  =  0  and  —  (p^.  Then  the  law  of  motion  for  small  oscillations 
is,  given  the  stated  initial  conditions: 

(p  =  (Po  cos  kt. 

Consequently,  small  oscillations  of  a  compound  pendulum  are 
harmonic.  The  period  of  oscillation  is  given  by  the  formula  (sub¬ 
stituting  the  value  of  k): 

T compound  ^  .  (65) 

Thus,  for  small  oscillations,  the  period  does  not  depend  on  the 
initial  angle  of  deflection  q)o.  The  result  is  approximate,  for  inte¬ 
grating  the  diSerential  equation  of  oscillations  written  earlier,  and 
not  assuming  angle  q>  to  be  small  (i.e.,  not  assuming  sin  (p  a#  q)), 
we  see  that  Tcompound  depends  on  qjo- Approximately  the  dependency 
has  the  form 

^compound  «  2 j/-^  ( 1  -j-g- )  . 

It  follows,  for  example,  that  at  q)o  =  0.4  radian  (about  23°), 
Eq.  (65)  gives  the  period  of  oscillation  to  an  accuracy  of  1%. 

These  results  are  also  valid  in  the  case  of  the  so-called  simple 
pendulum,  i.e.,  a  weight  of  small  size  (which  can  be  assumed  a  mate¬ 
rial  particle)  suspended  by  an  inextensible  string  of  length  I  and 
negligible  mass  as  compared  with  the  mass  of  the  pendulum  (Fig.  3336). 
As  a  simple  pendulum  is,  by  definition,  a  system  consisting  of  one 
material  particle,  obviously 

Jo  =  mV^  =  ^l^,  a  =  OC  =  l. 

Substituting  these  values  into  Eq.  (65),  we  find  that  the  period 
of  small  oscillations  of  a  simple  pendulum  is  given  by  the  equation: 

7’slmple  =  2n|/  -i.  (65') 


434 


DYNAMICS  OF  A  SYSTEM  AND  A  BODY  [Part  4 


Comparing  Eqs.  (65)  and  (65'),  we  see  that  for  a  length 

1  Jog  Jq 
’  Pa  Ma 


(66) 


the  period  of  oscillation  of  a  simple  pendulum  is  equal  to  that  of 
an  equivalent  compound  pendulum. 

The  length  of  such  a  simple  pendulum  whose  period  of  oscilla¬ 
tion  is  equal  to  that  of  a  given  compound  pendulum  is  called  the 
equivalent  length  of  the  compound  pendulum.  The  point  K  which  lies 
at  a  distance  OK  =  l^  from  the  axis  of  support  is  called  the  centre 
of  oscillation,  or  the  centre  of  percussion,  of  the  coupound  pendulum 


Fig.  334 


(see  Fig.  333). 

Noting  that,  from  the  parallel  axis  theorem, 
Jo  =  Jc  Ma^,  we  can  transform  Eq.  (66)  to  the 
form 


;  _ „  _i  Jq 

'-m 


It  follows  from  this  that  OK  is  always  greater  than 
OC  =  a,  i.e.,  that  the  centre  of  percussion  of  a 
compound  pendulum  is  always  located  below  its 
centre  of  mass. 

We  see  from  Eq.  (66')  that  KC  —  JciMa.  There¬ 
fore,  if  the  axis  of  suspension  passes  through  point 
K,  the  equivalent  length  Zg  of  the  resulting  pendu¬ 
lum  will,  by  Eq.  (66'),  be 


■  — a  — 


Consequently,  points  K  and  O  are  interchangeable,  i.e.,  if  the  axis 
of  suspension  passes  through  K,  the  centre  of  percussion  will  be  at  O 
(as  Zj  =  h)>  the  period  of  oscillation  will  not  change.  This  pro¬ 
perty  is  employed  in  the  so-called  inverted  pendulum  which  is  used 
to  determine  the  acceleration  of  gravity. 

Determination  of  Moments  of  Inertia  by  Experiment.  One  of  the 
methods  of  determining  the  moment  of  inertia  of  bodies  by  experi¬ 
ment  is  based  on  the  application  of  Eq.  (65)  for  the  period  of  small 
oscillations. 

Let  it  be  required  to  determine  the  moment  of  inertia  with  respect 
to  an  axis  Oz  of  a  connecting  rod  of  weight  P  (Fig.  334).  For  this  the 
body  is  suspended  so  that  the  axis  Oz  is  horizontal,  and  the  period 
of  small  oscillations  T  is  determined  by  direct  observation.  Then 
the  distance  OC  =  a  is  found  by  the  method  of  weighing  (see  §  56, 
Fig.  131).  Substituting  the  obtained  values  into  Eq.  (65),  we  have: 


PaT^ 

4n2 
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If  it  is  required  to  determine  the  moment  of  inertia  of  a  body  with 
respect  to  an  axis  Ox  through  its  centre  of  gravity,  the  body  may  be 
suspended  by  two  strings  so  that  the  axis  Ox  is  horizontal  (Fig.  335), 
and  the  moment  of  inertia  Jab  is  determined  with  respect  to  axis 
.<45  (the  value  of  a  is  immediately  known).  Then  the  required  moment 
of  inertia  is  computed  by  the  parallel  axis  theorem: 


'  Ox 


—  AB  — 


£ 

g 


§  156.  Plane  Motion  of  a  Rigid  Body 


The  position  of  a  body  performing  plane  motion  is  specified  at 
any  instant  by  the  position  of  any  pole  and  the  angle  of  rotation  of 
the  body  about  that  pole  (§  77).  Dynamical  problems  are  much 
more  simple  solved  if  the  centre  of  mass  C  of  a  body  is  taken  as  the 


Fig.  335 


Fig.  336 


pole  (Fig.  336)  and  the  position  of  the  body  is  defined  by  coordinates 
Xc,  yct  and  angle  q)  (in  Fig.  336  the  body  is  depicted  as  intersected 
by  a  plane  parallel  to  the  plane  of  motion  and  passing  through 
point  C). 

Let  there  be  acting  on  the  body  a  coplanar  system  of  external  for¬ 
ces  F*,  F‘,  .  .  .,  Fn-  The  equation  of  motion  of  point  C  can  be  found 
from  the  theorem  of  the  motion  of  centre  of  mass: 

=  (67) 

and  the  rotation  about  C  is  given  by  Eq.  (64),  since  the  theorem  from 
which  it  was  derived  is  also  valid  for  the  motion  of  a  system  about 
the  centre  of  mass.  Finally,  after  projecting  both  sides  of  Eq.  (67) 
on  the  coordinate  axes,  we  obtain: 

Mwcx^HFIc,  Mwcy  =  ^Fiy,  /c8  =  S'«c(K),  (68) 

28* 
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or 

=  Jc^='E,'"c{FI).  (68') 

Eqs.  (68)  are  the  differential  equations  of  plane  motion  of  a  rigid 
body.  With  their  help  we  can  develop  the  equation  of  motion  of  a 
body  if  the  forces  are  given  or  we  can  determine  the  principal  vector 
and  principal  moment  of  the  acting  forces  if  the  law  of  motion  is 
hnown. 

For  the  case  of  constrained  motion,  when  the  path  of  the  centre 
of  mass  is  known,  the  equation  of  motion  of  point  C  is  more  conveni¬ 
ently  expressed  in  terms  of  the  projections  on  the  tangent  t  and 
principal  normal  n  to  the  path.  Then,  instead  of  the  equations  (68), 
we  obtain; 

=  =  (69) 

where  pc  is  the  radius  of  curvature  of  the  path  of  the  centre  of  mass. 

Note  that  in  constrained  motion  the  right  side  of  Eqs.  (68)  or 
(69)  will  additionally  include  the  unknown  reactions  of  the  con¬ 
straints.  They  will  have  to  be  determined  by  deriving  additional 
equations  describing  the  conditions  of  motion  imposed  on  the  body 
by  the  constraints  (see  Problem  144  and  others).  The  equations  of 
constrained  motion  will  often  be  more  conveniently  derived  with 
the  help  of  the  theorem  of  the  change  in  kinetic  energy,  which  can 
be  used  in  place  of  one  of  the  equations  (68)  or  (69). 

Problem  144.  A  uniform  circular  cylinder  rolls  down  an  inclined 
plane  without  slipping  (Fig.  337).  Neglecting  rolling  friction,  deter¬ 
mine  the  acceleration  of  the  centre  of  the  cylinder  and  the  limiting 
friction  of  impending  slip. 

Solution.  Let  us  introduce  the  following  notations:  a  for  the  angle 
of  inclination  of  the  surface,  P  for  the  weight  of  the  cylinder,  R  for 
its  radius,  and  F  for  the  limiting  friction  of  impending  slip;  let  us 
also  direct  axis  x  along  the  inclined  plane  and  axis  y  perpendicular 
to  it. 

As  the  centre  of  mass  of  the  cylinder  does  not  move  parallel  to 
axis  y,  Wcy  =  0,  and  by  the  first  of  Eqs.  (68),  the  sum  of  the  projec¬ 
tions  of  aU  the  forces  on  axis  y  is  also  zero.  Thus, 

N  =  P  cos  a. 

In  writing  the  last  two  of  the  equations  (68),  take  into  account  that 
=  wc-  Neglecting  rolling  friction  and  taking  the  direction  of 
rotation  of  the  cylinder  as  the  positive  direction  of  the  moment  of 
force,  we  find: 

Mwc  =  P  sin  a  —  F,  JqB  —  FR.  (a) 
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Equations  (a)  contain  three  unknown  quantities,  P 

(we  cannot  consider  F  =  fN  here,  because  this  is  valid  only  when 
the  point  of  contact  slides  on  the  surface;  when  there  is  no  sliding  it  is 
possible  for  F  ^fN;  see  §  37).  We  obtain  an  additional  relationship 
between  the  unknown  quantities  if  we  take  into  account  that  in 
pure  rolling  Vc  =  (oR,  whence,  differentiating,  we  obtain  Wq  —  ei?. 


Then,  remembering  that  for  a  uniform  cylinder  Jc=0.5MR^, 
the  second  of  equations  (a)  takes  the  form 

^Mwc  =  F.  (b) 

Substituting  this  expression  of  F  into  the  first  of  equations  (a),  we 
obtain: 

“'c  =  -3  g  sina.  (c) 

Now  from  (b)  we  find: 

F  =  -|-Psina.  (d) 

This  is  the  frictional  force  that  must  act  on  the  rolling  cylinder 
if  it  is  not  to  slip.  It  was  pointed  out  before  that  F  ^  fN.  Conse¬ 
quently,  pure  rolling  takes  place  when 

Psixia^fPcos a, 
or 

/  >  I"  tan  a. 

If  the  coefficient  of  friction  is  less  than  this,  force  F  cannot  attain 
the  value  given  by  equation  (d),  and  the  cylinder^  will  slip.  In  this 
case  Vc  and  «>  are  not  related  by  the  equality  Vc  =  (oR  (the  point 
of  contact  is  not  the  instantaneous  centre  of  zero  velocity),  but  now  F 
has  a  limiting  value,  i.e.,  F  =  fN  =  fP  cos  a,  and  equations  (a) 
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take  the  form 

4 

Mwc  =  P  (sin  a  — /cos  a);  MBH  =  jPR  cos  a, 

whence 

u-c  =  g(sina— /cosa);  e  =  -^cosa.  (e) 

In  this  case  the  centre  of  the  cylinder  moves  with  an  acceleration 
Wc,  while  the  cylinder  itself  rotates  with  an  angular  acceleration  e, 
the  values  of  which  are  determined  from  equations  (e). 

Problem  145.  Solve  the  previous  problem  taking  into  account 
the  resistance  to  rolling,  assuming  the  coefficient  of  rolling  friction 
to  be  k. 

Solution.  In  order  to  give  an  example  of  another  method  of  com¬ 
putation,  let  us  find  u>c  with  the  help  of  the  theorem  of  the  change 
in  kinetic  energy,  i.e.,  the  equatiop 

dT  =  dA\  (a) 

In  our  case  (see  Problem  134,  §  147), 

T  =  ^Mvh 

Only  the  force  P  and  the  resisting  moment  perform  any  work.  The 
work  done  by  force  F  is  zero  (see  §  148).  Then,  taking  into  account 
Eq.  (48),  we  obtain  (see  Fig.  337,  but  now  with  force  N  shifted  by 
the  value  k  in  the  direction  of  the  motion,  i.e.,  located  as  shown 
in  Fig.  99): 

dA^  =  P  sin  a»dsc  — ^N  dsc  =  P 

Substituting  the  determined  quantities  into  equations  (a)  and 
dividing  by  dt,  we  have: 

3  P  dvc  n  /  •  ^  \ 

T T ^  ~ -F ) -if  • 

The  last  multiplier  is  equal  to  Vc,  and  we  finally  obtain: 

u’c  =  -jS  (sina  — ^cosal . 

At  A:  =  0  this  formula  gives  the  result  of  the  previous  problem. 

The  frictional  force  can  now  be  found  from  the  equation  Mwc  = 
=  P  sin  a  —  F,  which  does  not  change  its  form. 

Problem  146.  A  uniform  cylinder  of  weight  P  and  radius  r  starts 
rolling  from  rest  without  slipping  from  a  point  on  a  cylindrical 
surface  of  radius  R  defined  by  angle  q)o  (Fig.  338).  Determine:  (1) 
the  pressure  of  the  cylinder  on  the  surface  for  any  angle  <p  and  (2) 
the  law  of  motion  of  the  cylinder  when  angle  q)o  is  small.  Neglect 
rolling  friction 


^  sin  a — ^  cos  a  J  dsc 
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Solution.  (1)  Acting  on  the  cylinder  in  any  position  is  force  J*, 
the  normal  reaction  N,  and  the  frictional  force  F,  without  which 
rolling  is  impossible.  The  path  of  the  centre  C  is  known:  a  circle  of 
radius  R  —  r.  To  determine  N  we  make  use  of  the  second  of  equa¬ 
tions  (69).  Directing  the  normal  Cn  inwards  to  the  path,  we  obtain: 

vf, 

M  —  N—P cos  (p.  (a) 

The  quantity  Vc  in  this  equation  can  be  found  from  the  theorem 
of  the  change  in  kinetic  energy  (compare  with  §  119): 

T-To  =  ^Al  (b) 

In  our  case  Tq  =  0  and  T  —  ^  Mvc  (see  Problem  134).  Only 
force  P  does  any  work,  consequently, 

S  ■4h  =  Ph=  P(R—r)  (cos(p  — coscpo), 
and  equation  (b)  takes  the  form 

^  Mvc  —  P  (R  —  r)  (cos  (p — cos  cpo) .  (c) 

Computing  from  here  Mvc  and  substituting  into  equation  (a), 
we  obtain  finally: 

p 

A  =  (7  cosq)— 4cos(po). 

If,  for  example,  (po  =  60°  and  <p  =  0°,  then  N  —  ^P. 

(2)  To  determine  the  law  of  motion  of  point  C,  differentiate  equa¬ 
tion  (c)  with  respect  to  time.  We  obtain: 


3  P 


dvc 


-^_-P(/?-r)sin(p-^ 

In  our  case  angle  q)  decreases  when  the  cylinder  moves,  and  <0. 
Then, 


Vc  =  (R  —  r) 


‘^9  I  _ 


dt 


=  -(R-r) 


i(p  _  dvc 


=  -{R-r) 


d\ 


dt  ’  dt  '  \  dfi  • 

Substituting  these  expressions  into  the  previous  equation,  we  obtain 
finally: 

(P(p  .  2  g 


dfi 


3  R-r 


sin  q)  =  0. 


If  angle  <po  is  small,  then,  as  cp  ^  <Po,  we  can  assume  that  sin  <p 
5  (p,  and  the  equation  takes  the  form 


k^  = 


2 

3 


g 

H  —  r’ 


where 
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Consequently  (see  §  123),  the  centre  of  the  cylinder  performs  simple 
harmonic  motion,  its  period  being 

Problem  147.  A  body  of  weight  P  (Fig.  339)  rests  at  J5  on  a  piezo¬ 
electric  sensor  of  an  instrument  for  measuring  pressure,  and  at  A 
it  is  attached  to  a  string  AD.  When  the  system  is  in  equilibrium,  AC 
is  horizontal  and  the  pressure  at  B  is  Qq.  Determine  the  moment  of 
inertia  Jq  of  the  body  with  respect  to  an  axis  through  the  centre  of 
mass  <7,  if  at  the  instant  when  the  string  is  severed  the  pressure 
at  B  becomes  The  distance  I  is  known. 

Solution.  (1)  In  th,e  equilibrium  position  Q^l  =  P  (I  —  o),  whence 


(2)  When  the  string  is  severed,  the  body  begins  plane  motion. 
Its  displacement  in  the  initial  time  increment  can  be  neglected. 

Then  Eqs.  (68),  which  are  valid  only  for 
this  initial  time  interval,  will  take  the 
form 

Mwcx  =  P  —  Qi,  u>cy  =  0,  Jce.  =  Qia. 

(a) 

As  Wcy  =  0,  point  C  starts  moving 
vertically  down  and  point  B  slides  ho¬ 
rizontally  (assuming  the  friction  in  the 
support  to  be  very  small).  Erecting  perpen¬ 
diculars  to  the  directions  of  these  displace¬ 
ments,  we  find  that  the  instantaneous  centre  of  zero  velocity  is  at 
point  K.  Consequently,  Vq  =  am.  Assuming  a  =  const,  for  the  ele¬ 
mentary  time  interval,  we  obtain,  after  differentiating,  Wq  =  ae. 
Then  the  first  of  equations  (a)  gives 


Fig.  339 


—  at  =  P-Qi. 

g 

Determining  e  from  here,  we  obtain  finally: 


/c  = 


gi°  __  P 

8  g 


Qi 

P-Qi 


a^. 


This  result  can  be  used  for  the  experimental  determination  of  mo¬ 
ment  of  inertia. 

Problem  148.  The  weight  of  an  automobile  together  with  its 
wheels  is  P,  the  weight  of  each  wheel  is  p,  and  their  radii  are  r 
(Fig.  340).  Acting  on  the  rear  (driving)  wheels  is  a  turning  moment 
Mt.  The  car  starts  from  rest  and  is  subjected  to  the  resistance  of  the 
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air,  which  is  proportional  to  the  square  of  the  translatory  velocity: 
R  =  |iy^.  The  frictional  moment  acting  on  the  axle  of  each  wheel 
is  Mir.  Neglecting  rolling  friction,  determine  (1)  the  maximum  velo¬ 
city  of  the  car  and  (2)  the  sliding  friction  acting  on  the  driving  and 
driven  wheels  during  motion. 

Solution.  (1)  To  determine  the  maximum  velocity,  write  the 
equation  of  motion  from  Eq.  (49): 

dT  =  ^dAi+^dAl  (a) 

The  kinetic  energy  of  the  car  is  equal  to  the  energy  of  the  body 
plus  the  energy  of  the  wheels.  Taking  into  account  that  P  is  the 


V 


weight  of  the  whole  car  and  Vq  =  ©r,  and  denoting  the  radius  of  gyra¬ 
tion  of  each  wheel  by  the  symbol  p,  we  obtain: 

T  =  -^-^vh+^  (4  W)  (P  +  4p-^)  vh. 

Of  all  the  external  forces,  only  the  resistance  of  the  air  does  work, 
as  we  have  neglected  rolling  resistance,  and  in  this  case  the  work 
done  by  the  frictional  forces  Fx  and  F^oi  the  wheels  on  the  road  is 
zero  (see  §  148).  Therefore, 

2  dAh  —  —R  dsc  =  —  [xi^c  dsc- 

The  work  done  by  the  internal  forces  (the  torque  and  the  friction 
in  the  axles)  is 

2  =  (Mt  -  4M,r)  dip  =  (Mt  -  AMtr)  . 

Substituting  all  these  expressions  into  equation  (a)  and  dividing 
through  by  dt,  we  obtain: 

4  (  -g-)  i;c -^  =  4  (^t  -  , 

from  which,  cancelling  out  Pc  =  ^  »  we  find: 

(^  +  4p-§-)  Wc-=-y{Mx  —  mtr  —  ^rvl). 


(b) 
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When  the  velocity  reaches  its  limiting  value,  the  acceleration  Wc 
becomes  zero.  Therefore,  yc™  can  be  found  from  the  equation 

Aft  —  iMfr—  V-rvc  =  0, 

whence 


lim 

Vc 


Mt—iMtr 


This  result  could  have  been  obtained  immediately  by  equating 
the  total  work  done  by  all  the  forces  to  zero.  The  purpose  of  the 
above  computations  was  to  show  how  to  develop  the  equation  of 
motion  (b). 

(2)  To  determine  the  frictional  forces  acting  on  each  wheel,  we 
deduce  the  equations  of  the  rotation  of  the  wheels  about  their  axes. 
For  the  driving  wheels,  taking  into  account  that  the  frictional  force 
Fi  acting  on  each  of  them  is  directed  forward  (see  §  136,  Fig.  301), 
we  obtain: 

2  X  p2e  =  Mt  —  2Mtt  —  2F,r . 


Since  in  rolling  Wc  —  er,  we  obtain  finally: 


Fi 


0.5Mt—Mu 

r 


p2  p 


u-c. 


(c) 


The  frictional  force  acting  on  each  of  the  driven  wheels  is  direc¬ 
ted  backwards.  Therefore,  for  the  driven  wheels  we  have 


whence 


fpH  =  F,r-Mtr, 


F2 


Mtr 

r 


£LZ 

r2  g 


Wc- 


(d) 


We  see  from  equation  (b)  that  when  the  velocity  increases  the 
acceleration  Wc  decreases,  and  tends  to  zero  when  Vc  -*■  yc™- 

Thus,  the  frictional  forces  acting  on  the  driving  wheels  increase 
somewhat  during  the  acceleration  and  reach  a  maximum  value  when 
the  motion  becomes  uniform  (wc  =0).  If  we  substitute  the  value  of 
Wc  from  equation  (b),  we  shall  readily  notice  that  the  last  member 
in  equation  (c)  is  much  smaller  than  the  first,  since  P  p.  There¬ 
fore,  for  all  cases  of  practical  interest  the  value  of  Fi  changes  only 
slightly. 

The  frictional  forces  acting  on  the  driven  wheels  will  be  greatest 
at  the  beginning  of  the  motion,  then  decreasing  till  they  reach  their 
smallest  value  Mti/r  when  the  motion  is  uniform  (wc  =  0). 

If  the  coefficient  of  friction  of  the  wheels  on  the  road  is  too  small 
for  the  frictional  force  to  reach  the  values  of  Fi  or  F^,  the  respective 
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wheels  will  slip.  As  Mt  is  much  larger  than  Affr,  the  driving  wheels 
are  primarily  in  danger  of  slipping. 

When  the  motor  is  switched  off,  all  the  wheels  become  driven, 
and  initially  they  will  all  be  subjected  to  the  frictional  force  F  = 
=  Mtrlr.  The  action  of  brake  shoes  is  equivalent  to  an  increaise 
in  Mtr  acting  on  the  axles,  and  consequently  in  the  frictional  force 
acting  on  each  wheel,  and  the  automobile  slows  down  quicker 
(see  §  136). 

§  157"\  Approximate  Theory  of  Gyroscopic  Action 

A  gyroscope  is  a  rigid  body  rotating  about  an  axis  whose  direction 
in  space  may  change  with  time.  In  future  we  shall  deal  only  with 
symmetrical  gyroscopes,  i.e.,  possessing  an  axis  of  material  sym¬ 
metry  about  which  it  rotates.  In  gyroscopic  instruments,  the  gyroscope 
is  usually  supported  in  a  system  of  con¬ 
centric  rings  or  gimbals  (Fig.  341)  in  such 
a  way  that,  no  matter  how  it  is  turned,  its 
centre  of  gravity  remains  motionless. 

Gyroscopes  used  in  engineering  have  a 
high  angular  velocity  Wi  of  spin  about  the 
axis  of  symmetry  (axis  of  spin).  This  ma¬ 
kes  it  possible  to  neglect  in  the  first  ap¬ 
proximation  the  additional  rotations  of  the 
gyroscope  due  to  the  motion  of  its  axis, 
and  to  develop  an  approximate  theory  of 
gyroscopic  action. 

In  §  143  it  was  established  that  when 
a  body  rotates  about  a  fixed  axis  Oz, 
which  is  the  body’s  axis  of  symmetry,  ve¬ 
ctor  Ko  is  directed  along  the  axis  of  spin 
and  is  computed  according  to  Eq.  (32). 

The  basic  assumption  in  the  elementary  the¬ 
ory  of  gyroscopic  action  is  that  even  if  the 
at  any  instant  the  principal  angular  momentum  vector  K©  of  a  gyros¬ 
cope  with  respect  to  its  fixed  point  remains  directed  along  the  axis 
of  spin  in  the  same  direction  as  vector  ©i  and  is  equal  to  Jidti". 

Ko  =  K^=  /,©!,  (70) 

where  is  the  moment  of  inertia  of  the  gyroscope  with  respect  to 
its  axis  of  symmetry.  The  faster  the  spin  of  the  gyroscope,  the  more 
valid  this  assumption.  Proceeding  from  this  assumption,  let  us 
establish  the  main  properties  of  the  gyroscope. 

(1)  Free  Gyroscope.  A  gyroscope  mounted  so  that  its  centre  of 
gravity  is  fixed  and  its  axis  can  turn  in  any  way  about  that  centre 


axis  does  move  slowly. 
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(see  Fig.  341)  is  called  a  free  gyroscope.  For  if,  neglecting  friction 
in  the  axles  of  the  gimbals,  we  have  ^moiPh  —  0*’  and  Ko  =  const., 
i.e.,  the  total  angular  momentum  is  constant  both  in  magnitude 
and  direction  (see  §  145).  But  as  vector  Kq  is  directed  continually 
along  the  axis  of  spin,  it  follows  that  the  axis  of  a  free  gsrroscope 
remains  constantly  aligned  in  space  with  respect  to  an  inertial  (stel¬ 
lar)  frame  of  reference.  This  is  one  of  the  important  properties  of 

gyroscopic  action  which  is  employed  in  all 
gyroscopic  instruments. 

By  virtue  of  this  property,  the  axis  of 
a  free  gyroscope  rotates  relative  to  the 
earth  in  the  opposite  direction  of  the  lat¬ 
ter’s  rotation.  A  free  gyroscope  can  thus 
be  used  to  prove  the  fact  of  the  earth’s 
^  rotation  round  its  axis.  Such  an  experiment 
was  first  carried  out  by  Foucault  in 
1852. 

(2)  Action  of  a  Force  Applied  to  the  Axis 
of  a  Gyroscope.  Let  a  force  F  whose  mo¬ 
ment  with  respect  to  the  centre  O  is  Mo  == 
=  Fh  start  acting  on  the  axis  of  a  rapidly  spinning  gyroscope 
(Fig.  342).  Then,  by  the  principle  of  moments  (§  144): 


dFo  d  (OB)  - , 


where  .B  is  a  point  on  the  axis  coincident  with  the  tip  of  vector 
Kq.  From  this,  taking  into  account  that  the  derivative  of  vector 
OB  with  respect  to  time  gives  the  velocity  Wb  of  point  B,  we  obtain: 

Vb  =  Mo.  (71) 


Eq.  (71)  indicates  that  the  velocity  of  the  tip  of  the  vector  of  the 
total  angular  momentum  of  a  body  with  respect  to  a  centre  0  is 
equal  in  magnitude  and  direction  to  the  principal  moment  of  the 
external  forces  with  respect  to  that  centre  (ResaVs  theorem). 

Thus,  point  B,  and  with  it  the  axis  of  the  gyroscope,  will  move 
in  the  direction  of  vector  Mo.  We  find,  therefore,  that  if  a  force  is 
made  to  act  on  the  axis  of  a  rapidly  spinning  gyroscope,  the  axis 
starts  moving  not  in  the  direction  of  the  acting  force  but  in  the 


*>  The  forces  F^^  include  the  force  of  gravity  and  the  reactions  of  the  bearings 
in  which  the  axles  are  mounted.  When  the  gyroscope  is  motionless,  the  equation 
^moiF^)  —  0  enters  as  one  of  the  equilibrium  conditions.  When  the  gyroscope 
spins  about  its  axis  of  symmetry,  the  reactions  have  the  same  value  as  at  rest 
(this  is  proved  in  §  169);  consequently,  the  forces  acting  on  a  spinning  gyroscope 
also  satisfy  the  equation 
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direction  of  the  vector  of  the  moment  of  the  force  with  respect  to 
the  fixed  point  O  of  the  g3rroscope,  i.e.,  perpendicular  to  the  force 
(how  the  direction  of  vector  Mq  is  determined  was  explained  in 
§  42). 

Note  that  if  the  gyroscope  were  made  to  spin  in  the  opposite  direc¬ 
tion  (see  Fig.  342),  vector  ©i  and  with  it  vector  Kq  applied  at  point  O 
would  be  directed  downward,  and  the  lower  end  of  the  gyroscope 
would  move  in  the  direction  of  Mo,  i-e.,  towards  us,  and  the  upper 
end  pointing  into  the  paper. 

Another  important  result  follows  from  Eq.  (71).  When  the  action 
of  the  force  ends,  Mq,  and  Vb  as  well,  vanish  and  the  gyroscope  axis 
stops.  Thus,  a  gyroscope  does  not  retain 
the  motion  imparted  to  it  by  the  force.  If 
the  force  is  of  short  duration  (an  impact), 
the  gyroscope  axis  will  practically  not 
change  its  orientation.  This  is  the  cause 
of  the  stability  of  the  axis  of  a  rapidly  spin¬ 
ning  gyroscope. 

(3)  Regular  Precession  of  a  Heavy  Gy¬ 
roscope.  Let  us  consider  a  gyroscope  whose 
fixed  point  O  is  not  coincident  with  its  cen¬ 
tre  of  gravity  C  (Fig.  343).  In  this  case 
continuously  acting  on  the  axis  of  spin  will 
be  a  force  P  which,  as  just  shown,  will  de¬ 
flect  the  axis  Oz  not  downwards  (not  in 
the  direction  of  angle  a  increasing)  but  in 
the  direction  of  »no(P),  i.e.,  normal  to  plane  Ozz^.  As  a  result,  the 
axis  of  spin  will  turn  about  the  vertical  axis  Oz^,  describing  a  coni¬ 
cal  surface.  This  motion  of  the  axis  of  a  gyroscope  is  called  preces¬ 
sion. 

Let  us  find  the  angular  velocity  of  the  precession.  From  Eq.  (71), 
we  should  have  Vb  —  Mq.  Introducing  the  notation  OC  =  a,  we 
find  that  in  this  case  Mq  =  Pa  sin  a.  On  the  other  hand,  Vb  = 
=  (o^-BD  —  (o^-OB  sin  a  =  (o^-Kq  sin  a,  or,  taking  into  account 
Eq.  (70)* 

Vb  =  sin  a. 


Consequently,  the  equation  Vb  =  M 
=  Pa  sin  a,  whence 

Pa 


/zWl 


o 


yields 


/j©!©*  sin  a  = 


(72) 


As  ©1  is  large,  the  angular  velocity  of  precession  is  small.  As  ©i 
decreases,  ©*  increases,  a  phenomenon  which  is  familiar  to  anyone 
who  has  ever  seen  a  spinning  top. 

The  earth’s  axis  also  performs  motion  of  precession,  due  to.  the 
fact  that  the  earth  is  not  an  ideal  sphere  and  also  to  the  inclination 
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of  its  axis,  thanks  to  which  the  resultant  of  the  attractive  forces 
of  the  sun  and  the  moon  does  not  pass  through  the  earth’s  centre 
of  mass,  producing  some  moments  with  respect  to  the  centre.  The 
rate  of  precession  of  the  earth’s  axis  (the  time  of  one  complete  revo¬ 
lution)  is  approximately  26  000  years. 

(4)  The  Gyroscopic  Effect.  Consider  a  rapidly  spinning  gyroscope 
supported  by  bearings  A  and  .4 '  in  a  gimbal  ring  which  in  turn  can 
rotate  with  an  angular  velocity  (Oj  (o*  <C  ®i)  about  axis  DD' 

(Fig.  344).  Since  under  such  condi¬ 
tions  the  gyroscope  axis  precesses,  point 
B  (the  tip  of  vector  JEo).  as  in  the  pre¬ 
vious  case,  will  have  an  angular  velo¬ 
city  Vb  =  /^(OiCOa  sin  a.  From  Eq.  (71) 
we  conclude  that  acting  on  the  axis  is 
a  moment  of  magnitude 

Mq  =  Vb  =  sin  a. 

This  moment  is,  evidently,  created 
by  forces  Q,  Q'  with  which  bearings 
A  and  A'  act  on  the  axis.  As  the  centre 
of  mass  of  the  gyroscope  is  fixed  it  fol¬ 
lows  from  the  theorem  of  the  motion 
Fig.  344  of  the  centre  of  mass  that  the  sum  of 

the  forces  is  zero;  thus,  these  forces 
form  a  couple  whose  moment  Mo  must  be  directed  the  same  as  the 
velocity  Vb,  i.e.,  upward  (out  of  the  paper  in  Fig.  344). 

But  then  the  axis  of  the  gyroscope  will  also  press  on  bearings  A 
and  A’  with  forces  AT,  N'  equal  in  magnitude  to  forces  Q',  but 
oppositely  directed. 

The  force  couple  (AT,  N’)  is  called  a  gyroscopic  couple,  and  its 
moment,  the  gyroscopic  moment.  Since  in  magnitude  Mgyr  =  Mq, 
then 

Mgyr  =  / 2©i©2  sin  a.  (73) 

We  deduce  from  this  Zhukovsky’s  Rule:  If  a  forced  precession  is 
imparted  to  a  rapidly  spinning  gyroscope,  a  couple  of  moment  Mgyr 
will  start  to  act  on  the  hearings  which  will  tend  to  move  the  axis  of  spin 
along  the  shortest  path  to  set  it  parallel  to  the  axis  of  precession,  so  that 
the  directions  of  vectors  Wj  and  ©a  would  coincide. 

Besides  bringing  forces  to  act  on  the  bearings,  the  gyroscopic 
effect  may  cause  the  body  to  which  the  bearings  are  attached  to  move 
too  if  the  motion  is  not  opposed  by  constraints. 

Consider  the  following  example.  If  the  rotor  of  a  ship’s  turbine 
rotates  with  an  angular  velocity  (Fig.  345)  and  the  ship  turns  with 
an  angular  velocity  ©2,  gyroscopic  forces  and  will  be  acting 
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on  bearings  A  and  B,  directed  as  shown  in  the  diagram*’.  If  AB  =  I 
and  the  moment  of  inertia  of  the  rotor  is  /j,  then,  by  Eq.  (73), 

Mgyr  =  Nl  =  1^(01(02  and  = 

These  forces  may  reach  a  value  of  several  tons  and  they  must  be 
taken  into  account  in  calculating  the  bearings.  Through  the  bear¬ 
ings  the  gyroscopic  forces  are  trans¬ 
mitted  to  the  hull,  and  if  the 
vessel  is  very  light  they  can  cause 
the  stern  or  bow  to  “dip”  during 
a  turn.  A  similar  phenomenon 
takes  place  when  a  propeller  air¬ 
craft  banks  in  a  horizontal  plane. 

The  gyroscopic  phenomena  dis¬ 
cussed  in  this  section  are  used  for 
gyroscopic  stabilisers,  navigation 
and  other  special  instruments. 

An  example  of  a  direct  action  Fig-  345 

gyroscopic  stabiliser  is  the  ship 

anti-rolling  gyroscope.  This  is  a  heavy  gyroscope  (Fig.  346a)  whose 
axis  of  spin  AA^  is  mounted  in  a  frame  the  axis  of  rotation  DDi  of 
which  is  attached  to  the  ship’s  hull.  When  the  ship  starts  to  roll 


Fig.  346 


and  a  moment  M  starts  to  act  on  it,  a  specially  controlled  motor 
begins  to  turn  the  frame  with  a  certain  angular  velocity  (02  (see 
diagram).  As  a  result,  a  gyroscopic  couple  (2V,  2V')  of  moment 
J tOiOa  is  brought  to  act  on  bearings  D  and  Di,  which  reduces  the 
roll.  When  the  moment  M  changes  its  direction,  the  motor  will  re¬ 
verse  the  rotation  of  the  frame  and  the  couple  {W,  W)  will  also 
change  its  sense. 

•>  Gyroscopic  forces  also  appear  in  the  bearings  due  to  rolling  and  pitching 
of  the  ship.  Their  directions,  of  course,  are  different. 
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Another  gyroscopic  stabiliser  (not  a  direct-action  one,  though) 
is  a  device  which  controls  the  motion  of  a  torpedo  in  the  horizontal 
plane  (Fig.  346&).  The  stabilising  element  is  a  free  gyroscope  (see 
Fig.  341),  whose  axis  is  coincident  with  the  axis  of  the  torpedo,  which 
is  directed  to  the  target  at  the  launching  moment.  If  the  torpedo 
departs  from  its  set  course  by  an  angle  a,  the  gyroscope  axis  will 
continue,  by  virtue  of  the  property  of  a  free  gyroscope,  to  point 
towards  the  target  and  will,  therefore,  turn  through  the  same  angle 
with  respect  to  the  axis  of  the  torpedo.  This  turn  actuates  a  governor 
which  controls  the  steering  mechanism.  The  rudder  will  turn  cor¬ 
respondingly  and  the  torpedo  will  return  to  its  course.  A  similar 
idea  is  incorporated  in  automatic  pilots,  which  sense  any  deflection 
of  an  aircraft  from  its  set  course  and  actuate  the  necessary  steering 
assemblies. 

To  other  gyroscopic  navigation  instruments  belong  the  gyro-com¬ 
pass,  the  gyro-horizon,  the  turn-indicator,  and  others.  They  are  of 
various  design,  but  all  of  them  are  based  on  the  properties  of  the 
gyroscope  discussed  here. 


§  158''^  Motion  of  a  Rigid  Body  About  a  Fixed  Point 
and  Motion  of  a  Free  Rigid  Body 

To  write  the  differential  equations  of  motion  of  a  body  that  has 
a  fixed  point  it  is  necessary  to  find  the  expressions  for  the  total 

angular  momentum  Kq  and  for  the  ki¬ 
netic  energy  T  of  the  body. 

(1)  Angular  Momentum  of  a  Body  Mo¬ 
ving  About  a  Fixed  Point.  Vector  Kq 
can  be  determined  by  obtaining  its  pro¬ 
jections  on  any  set  of  three  coordinate 
axes  Oxyz.  For  the  equations  to  take  the 
simplest  form,  direct  the  coordinate  axes, 
as  in  Fig.  347  below,  along  the  princi¬ 
pal  axes  of  inertia  of  the  body  through 
point  O  (§  133),  which  are  rigidly  con¬ 
nected  with  the  body. 

Commencing  the  computation  with 
A*,  by  analogy  with  Eq.  (43')  in  §  116 
§  43],  we  have 

rrix  (TOftWft)  =  nik  {VhVkz  —ZhVhy)- 
But  by  Euler’s  equations  [§  87,  Eqs.  (67')], 

Vky  =  (iizXh  —  ®3cZft,  Vxz  =  , 


lor  with  Eqs.  (52)  in 
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where  (o*,  (Oy,  are  the  projections  of  the  instantaneous  angular 
velocity  of  the  body  on  xyz  axes,  and  xjj,  1/^,  z*  are  the  coordinates 
of  the  body’s  points. 

Substitute  these  values  of  v^y  and  into  the  preceding  equation, 
noting  that  there  is  no  need  to  compute  the  members  with  the  pro¬ 
ducts  of  the  coordinates  as  xyz  axes  are  the  principle  axes  of  inertia, 
and  all  the  centrifugal  moments  of  inertia  with  respect  to  them  are 
zero,  i.e.,  ^^m^x^y^  =  =  0-  Consequently,  taking  the 

common  multiplier  ©*  outside  the  parentheses,  we  obtain: 

^*  =  S  w*  (niftVft)  =  [S  "ifc  iUk  +  4)1  ©*, 

where  the  quantity  in  brackets  is,  according  to  Eqs.  (3),  the  prin¬ 
cipal  moment  of  inertia  of  the  body  with  respect  to  axis  Ox.  With 
similar  expressions  for  Ky  and  Kz,  we  finally  obtain: 

Kx  —  J *Wk»  K.y  =  J y(Oy,  K-z  ~  J 

Eqs.  (74)  give  the  expressions  for  the  projections  of  vector  Kq 
on  the  body’s  principal  axes  of  inertia  through  O. 

It  can  readily  be  observed  that,  if  Oxyz  are  not  the  principal  axes, 
Eqs.  (74)  take  a  much  more  complex  form: 

Kx—JicfOx  J xy^y  J  Xz^zt  ) 

“  ^xy^x'^Jy^y  ^ yzP^z^  #  ) 

Kz  ^ xz^^hc  ““  ^ yz^y  T 2©2.  ^ 

(2)  Kinetic  Energy  of  a  Body  Moving  About  a  Fixed  Point.  As 
the  motion  of  a  body  having  a  fixed  point  is  compounded  of  a  series 
of  elementary  rotations  about  the  instantaneous  axes  of  rotation  OP 
through  that  point,  its  kinetic  energy  can  be  computed  according 
to  the  formula  T  =  0.5/opW^*  where  ©  is  the  instantaneous  angular 
velocity  of  the  body.  The  formula,  however,  is  inconvenient  as  axis 
OP  continuously  changes  its  orientation  and,  consequently,  the  value 
of  J  OP  changes  too.  Let  us  find  another  formula  for  computing  J, 
introducing  instead  of  ©  its  projections  on  the  principal  axes  of 
inertia  of  the  body  through  point  O  {Oxyz  in  Fig.  347  below).  By  defi¬ 
nition, 

7’  =  =  T  3 

From  Euler’s  equations  [Eqs.  (67')  in  §  87],  we  have: 

t^fca  =  ©yZft  ©zPht  Vhy~^z^h  ©3c2h,  V^z  —  ^xyh 

Substituting  these  values  into  the  expression  for  T,  and  taking 
into  account  that,  as  Oxyz  are  the  principal  axes  and  = 

=  =  ^myZuXji  —  0,  the  members  containing  the  product 

of  the  coordinates  can  be  discarded,  and  after  taking  the  common 
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multiplier  outside  the  parentheses  we  obtain: 

From  Eqs.  (3),  the  sums  in  the  right-hand  side  equals  the  respective 
axial  moments  of  inertia.  Consequently,  the  kinetic  energy  of  a 
body  moving  about  a  fixed  point  O  can  be  computed  according  to 
the  formula 

T= (75) 

where  o)*,  (Oj,,  ©z  are  the  projections  of  the  instantaneous  angular 
velocity  of  the  body  on  the  principal  axes  of  inertia  through  O. 

It  will  be  readily  observed  that  if  Oxyz  are  not  the  principal  axes 
of  inertia,  Eq.  (75)  takes  a  more  complex  form: 

T  =  -g-  "i“  *7 y0)y  *I 2©2  — ’  2.7 ~  2J^ zx^z^x)  • 

(75') 

(3)  The  Dynamic  Euler  Equations.  Let  a  system  of  given  forces 
Fj,  F|,  .  .  .,  FJ  be  acting  on  a  rigid  body  having  a  fixed  point  O 
(Fig.  347).  Also  acting  on  the  body  is  the  reaction  B©  of  the  con¬ 
straint  (not  shown  in  the  drawing).  To  exclude  this  unknown  force 
from  the  equations  of  moment  we  apply  the  principle  of  moments 
with  respect  to  the  centre  O  (§  144),  representing  it  in  the  form  (71), 
i.e.,  Resal’s  theorem.  Then,  as  Wo  (B)  =  0,  we  have: 

Vg  —  Mof 

where  Mo  =  S*^*o(Fft,)  and  Vg  is  the  velocity  of  point  B  at  the  tip 
of  vector  Kq  with  respect  to  an  inertial  frame  of  reference  Ox{y-i^. 

The  motion  can  also  be  investigated  with  respect  to  that  inertial 
frame,  but  to  obtain  the  equations  of  motion  in  the  simplest  form 
we  shall  project  the  last  equation  on  the  principal  axes  of  inertia  of 
the  body  through  point  O,  using  them  as  a  set  of  coordinate  axes 
Oxyz  rigidly  connected  with  the  body.  Then  the  expressions  for  the 
projections  of  vector  Kq  take  the  simple  form  given  by  Eqs.  (74), 
and  the  moments  of  inertia  /*,  Jy,  J z  entering  them  are  constants. 

To  compute  the  projections  of  the  absolute  velocity  Vg  on  the 
moving  axes,  let  us  represent  Vg  as  a  sum  of  the  relative  (with  res¬ 
pect  to  axes  Oxyz)  and  transport  velocities.  Then  Eq.  (71)  (Resal’s 
theorem)  takes  the  form 

(76) 

First  we  determine  the  equations  of  motion  for  the  projection  on 
axis  X.  From  Eq.  (76)  we  have: 

v]bx  +  v%x  =  Mx- 


(76') 
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The  projection  of  the  relative  velocity  on  the  moving  axes  is  com¬ 
puted  as  though  the  axes  were  fixed,  i.e.,  according  to  Eqs.  (15)  in 
§  64.  Then,  taking  into  account  that  the  x  coordinate  of  B  equals 
the  projection  of  vector  OB  or  Kq  on  axis  x,  we  have: 


„rel  _  d  (OB)x  _  dK^  _  r 
^Bx—  dt  ~  dt  ”•'*  dt  ’ 

since,  according  to  Eqs.  (74),  Kx  —  /*«*,  where  ©  is  the  instanta¬ 
neous  angular  velocity  of  the  body  and  =  const. 

Furthermore,  is  the  velocity  of  point  B,  which  coincides  at  the 
given  instant  with  the  tip  of  vector  Kq  and  is  rigidly  connected  with 
the  axes  Oxyz  (i.e.,  with  the  body).  Consequently,  by  Eq.  (67)  of 
§  87,  ®  X  OB  —  ®  X  Ko-  But  from  vector  algebra,  if 

e  —  a  X  ft,  then  Cx  =  aybi  —  a^by  [compare  equations  (49')  and 
(50)  in  §  42].  Consequently,  taking  into  account  Eqs.  (74),  we  have: 


-  (OyKz  —(OzKy  -  (J Z  —  J y)  (l)y(Oz- 

Substituting  the  values  for  vsi  and  vbx  into  the  left-hand  member 
of  Eq.  (76'),  we  obtain  /3c-^^-f(/j — Jy)  (OyOiz  —  Mx-  Similar 

expressions  are  obtained  for  the  projections  of  Eq.  (76)  on  the  y 
and  z  axes.  Finally,  we  obtain  the  following  differential  equations  of 
motion  of  a  rigid  body  about  a  fixed  point  in  terms  of  the  projections 
on  the  principal  axes  of  inertia  of  the  body  through  that  point: 


Jx-^  +  (Jz-J„)<i>y^z  =  M‘x, 

d(t)y 

J y  -j-  (./ X z)  O^z^ac  “  Myy 

Jz^  +  {Jv-Jx)<OxfOy  =  M‘z. 


(77) 


Equations  (77)  are  called  the  dynamic  Euler  equations.  If  a  body’s 
position  is  given  by  the  Euler  angles  q),  ij),  0  (§  86),  the  principal 
problem  of  dynamics  is:  knowing  M%,  My,  Ml,  determine  the  law 
of  motion  of  the  body,  i.e.,  q)  ==  q)  (t),  ijj  =  rl)  {t),  0  =  0  {t).  To  solve 
the  problem,  supplement  Eqs.  (77)  with  the  kinematic  Euler  equa¬ 
tions  [see  §  97,  Eqs.  (98)]  giving  the  relationship  between  ©»:*  ®j,,  ©* 
and  angles  qj,  ij),  0.  The  dynamic  and  kinematic  Euler  equations  con¬ 
stitute  a  set  of  six  nonlinear  differential  equations  of  the  first  order; 
integrating  them  is  a  complex  mathematical  problem.  In  §  157 
we  set  forth  the  approximate  theory  of  gyroscopic  motion.  Gyroscopic 
motion  is  precisely  described  by  equations  (77).  Various  approxima¬ 
te  mathematical  methods  are  usually  employed  in  integrating  these 
equations  to  solve  specific  problems. 
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One  of  Eqs.  (77)  can,  if  necessary,  be  replaced  by  the  theorem  of 
the  change  in  kinetic  energy.  Formula  (75), can  also  be  used  to  write 
equations  by  the  method  described  in  §  177  (see  Problem  176). 

(4)  Example.  For  a  simple  example  of  application  of  the  equa¬ 
tions  obtained  above  consider  the  motion  of  a  free  gyroscope  whose 
centre  of  gravity  is  fixed  and  on  which  no  other  force  but  gravity  is 
acting  (see  §  157,  item  (1)}.  In  that  case,  Mo—0,  and  the  prin¬ 
ciple  of  moments  (§  144)  yields 


dKo 

~ir 


=  0, 


or  Ko==  const. 


(a) 


Thus,  the  direction  of  vector  Kq  is  constant  in  an  inertial 
frame  of  reference.  Accordingly,  to  simplify  the  subsequent  com¬ 
putations,  direct  the  fixed  axis  0%  along 
vector  as  in  Fig.  348.  The  other  two 
axes,  not  shown  in  the  drawing,  can  be 
directed  arbitrarily.  Draw  the  moving  axes 
connected  with  the  gyroscope  so  that  axis 
Oz  is  along  the  gyroscope’s  axis  of  sym¬ 
metry.  Then  =  Jy  and,  as  in  our  case 
Ml  =  0,  the  last  of  Eqs.  (77)  yields 
d&Jdt  =  0,  whence 

Wj  =  const.  (b) 

It  follows,  therefore,  from  Eqs.  (74) 
that  Kz  =  JzViz  —  const.  But  at  the  same 
time,  as  can  be  seen  in  Fig.  348,  Kz  = 
Ko  cos  0,  where  0  =  /_zfiz  is  the  angle 
of  nutation  (see  Fig.  200).  As  by  equa¬ 
tion  (a)  Kq  ==  const.,  we  conclude  that  cos  0  =  const.,  or 

0  =  const.  =  00,  (c) 

where  0o  is  the  initial  value  of  the  angle  of  nutation. 

Now  multiply  both  sides  of  the  first  of  Eqs.  (77)  by  (o*  and  of  the 
second  by  and  add  the  respective  members  taking  into  account 
that  in  our  case  M%,  —  Ml  =  0  and  =  J,y.  We  thus  obtain: 

Whence,  integrating  and  dividing  both  sides  hy  a  constant  mul¬ 
tiplier,  we  obtain: 

-1-cd5  =  const. 

Substituting  for  (Oj;  and  (Oj,  their  values  from  the  kinematic  Euler 
equations  [§  97,  Eqs.  (98)1  and  taking  into  account  that  0  =  const. 
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and  0  =  0,  we  obtain: 

(0*  =  sin  0  sin  qp,  Mj,  =  ifi  sin  0  cos  (p, 

whence 

ft)*  +  sin^  0. 

But,  as  proved,  the  left-hand  member  of  the  equation  and  sin  0 
are  constant.  Consequently, 

ij)  =  const.  =  tpo  (d) 

Finally,  the  last  of  the  kinematic  Euler  equations  yields  = 
•  •  • 

=  qp  -f  i|)  cos  0.  Here,  as  we  found,  ©j,  ip,  and  cos  0  are  constants. 
Consequently, 

qp  =  const.  =  qpo  (e) 

Thus,  whatever  the  initial  conditions,  the  g^Toscope  revolves 

about  its  axis  of  symmetry  with  a  constant  angular  velocity  qpoJ 
the  axis  itself  rotates  about  the  fixed  axis  Oz^  with  a  constant  angu¬ 
lar  velocity  describing  a  conic  surface  with  a  constant  angle  20# 
at  the  apex  (see  Fig.  348).  Such  gyroscopic  motion  is  called  regular 
precession. 

(5)  Motion  of  a  Free  Rigid  Body.  We  know  that  the  motion  of  a 
free  rigid  body  is  compounded  of  a  translation  together  with  a  pole, 
assumed  in  solving  problems  of  dynamics  to  be  at  the  body’s  centre 
of  mass  C,  and  of  a  rotation  about  the  centre  of  mass  as  about  a  fixed 
point  (§  88).  If  external  forces  F\,  FI,  .  .  Fn  are  acting  on  a 
body,  the  motion  of  the  pole  C  is  described  by  the  theorem  of  the 
motion  of  the  centre  of  mass,  Mwc  =  where  M  is  the  mass  of 

the  body.  In  terms  of  the  projections  on  the  fixed  axes  Ox^y^Zi  this 
equation  yields 

(78) 

where  x^q,  y^c,  and  z^c  are  the  coordinates  of  the  centre  of  mass. 

But  for  motion  about  the  centre  of  mass  the  principle  of  moments 
expressed  by  Eq.  (40),  yields,  in  terms  of  the  projections  on  the 
principal  central  axes  of  inertia  of  the  body,  three  equations  coincid¬ 
ing  in  form  with  Eqs.  (77).  Thus,  the  set  of  differential  equations 
(77),  (78)  describes  the  motion  of  a  free  rigid  body  (artillery  projec¬ 
tile,  aircraft  missile,  etc.). 
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§  159.  The  Fundamental  Equation  of  the  Theory  of 

Impact 

In  the  motion  under  the  action  of  conventional  forces  treated 
hitherto,  the  velocities  of  the  points  of  a  body  change  continuously, 
i.e.,  to  any  infinitesimal  time  interval  there  corresponds  an  infinite¬ 
simal  velocity  increment.  For,  if  we  represent  the  linear  impulse  of 
any  force  Fji  in  a  time  interval  t  in  the  form  where  is 

the  average  value  of  this  force  in  the  time  interval  t,  the  theorem  of 
the  change  in  the  momentum  of  a  particle  acted  upon  by  forces  Fj, 
gives 

m  ( w,  —  »o)  =  S 

We  see  from  this  that  when  the  time  x  is  infinitesimal  (tends  to 
zero),  for  conventional  forces  the  velocity  increment  Av  =  —  Vo 

will  also  be  infinitesimal  (will  tend  to  zero). 

If,  however,  the  acting  forces  include  very  large  forces  (of  the 
order  l/x),  the  velocity  increment  in  the  small  time  interval  x  will 
become  a  finite  quantity. 

The  phenomenon  in  which  the  velocities  of  the  points  of  a  body  suffer 
a  finite  change  in  a  very  small  time  interval  x  is  called  impact.  We 
shall  call  the  forces  developed  during  impact  impulsive  forces,  or 
forces  of  impact  (denoted  Fimp)  and  the  very  small  time  interval  x 
during  which  collision  takes  place,  the  impact  time. 

As  forces  of  impact  are  very  large  and  change  within  considerable 
limits  in  the  impact  time,  the  theory  of  impact  considers  not  the 
forces  themselves  as  a  measure  of  the  interaction  of  colliding  bodies 
but  their  impulses.  The  impulse  of  a  force  of  impact 

X 

^Imp  =  ^  Fimp  dt  =  F imp'T 
0 

is  a  finite  quantity.  The  impulses  of  other  forces  in  the  time  interval 
X  will  be  very  small  and  for  all  practical  purposes  can  be  neglected. 
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Denoting  the  velocity  of  a  particle  at  the  beginning  of  impact — 
the  velocity  of  approach— by  the  symbol  -w,  and  the  velocity  at  the 
end  of  impact — the  velocity  of  separation — by  u,  Eq.  (75)  takes  the 
form  ** 

m{u  —  v)  —  S-Sk-  (79) 

This  equation  states  the  theorem  of  the  change  in  the  momentum 
of  a  particle  during  impact:  The  change  in  the  linear  momentum  of  a 
particle  during  impact  is  equal  to  the  sum  of  the  impulses  of  the  forces 
of  impact  acting  on  the  particle.  Eq.  (79)  is  the  fundamental  equation 
of  the  theory  of  impact  and  it  plays  the  same  role  in  the  theory  of 
impact  as  the  fundamental  law  of  djmamics/reMJ  =  F  does  in  studying 
motion  under  the  action  of  non-impulsive  forces. 

Finally,  the  displacement  of  a  particle  during  impact  is  equal  to 
a  very  small  quantity  which  in  practice  can  be  neglected. 

From  the  above  discussion  we  conclude: 

(1)  the  action  of  non-impulsive  forces  (the  force  of  gravity,  for 
example)  in  the  time  of  impact  can  be  neglected; 

(2)  the  displacement  of  the  points  of  a  body  in  the  time  of  impact 
can  be  neglected  and  the  body  regarded  as  motionless; 

(3)  the  change  in  the  velocities  of  the  points  of  a  body  during 
impact  is  defined  by  the  fundamental  equation  of  the  theory  of  im¬ 
pact  (76). 

§  160.  General  Theorems  of  the  Theory  of  Impact 

The  following  theorems  are  used  in  investigating  impact  in  a  system 
of  particles  or  bodies. 

(1)  The  Theorem  of  the  Change  in  the  Linear  Momentum  of  a 
System  in  Impact.  Eq.  (22)  obtained  §  139  has  the  same  form  in  the 
case  of  impact,  but  as  in  impact  the  impulses  of  ordinary  forces  are 
neglected,  only  the  impulses  of  the  forces  of  impact  remain  in  the 
right-hand  side  of  the  equation.  Ck»nsequently,  in  impact 

=  (80) 

i.e.,  the  change  in  the  momentum  of  a  system  during  impact  is  equal 
to  the  total  impulse  of  all  the  external  forces  of  impact  acting  on  the 
system. 

For  the  projections  on  any  coordinate  axis  x,  Eq.  (80)  gives: 

<?i*-C>e*  =  S5L.  ’  (80') 

If  the  geometrical  sum  of  the  impulses  of  the  external  forces 
of  impact  is  zero,  then,  as  can  be  seen  from  Eq.  (80),  ihe  linear  mo- 

♦)  We  shall  denote  the  impulse  of  a  force  of  impact  simply  by  S,  since  other 
Impulses  are  not  considered  in  the  theory  of  impact. 
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mentiim  of  the  system  will  not  change  during  impact.  Consequently, 
the  internal  impulses  cannot  change  the  linear  momentum  of  the 
system  as  a  whole. 

(2)  The  Theorem  of  the  Change  in  the  Total  Angular  Momentum 
of  a  System  (the  Principle  of  Moments)  During  Impact.  In  the  case 
of  impact  the  principle  of  moments  takes  a  somewhat  different  form 
than  that  obtained  in  §  144.  That  is  because  during  the  time  of  im¬ 
pact  the  points  of  a  body  undergo  no  displacement.  Consider  a  system 
of  n  material  particles.  Denote  the  resultant  impulse  of  all  the  exter¬ 
nal  forces  of  impact  acting  on  a  particle  of  mass  TOj,  by  the  symbol 
Sk,  and  the  resultant  impulse  of  all  the  internal  forces  of  impact 
acting  on  that  particle  by  the  symbol  8\.  Then,  from  Eq.  (79), 
wife  (Mft  —  Vh)  =  Sk  +  8k,  or 

nikUk  =  +  Sk  +  S\. 

The  vectors  in  this  equation  are  applied  to  a  particle  which  re¬ 
mains  motionless  during  the  impact.  Hence,  taking  the  moments 
of  all  the  vectors  with  respect  to  any  centre  0,  we  obtain  by  Varig- 
non’s  theorem,  which  is  valid  for  any  vector  quantities: 

mo  (TOftMft)  =  mo  {mkVk)  +  mo  (8k)  +  mo  (81)- 

Writing  such  equations  for  all  the  particles  of  a  system  and  add¬ 
ing  them,  we  obtain: 

2;  mo  (itikUk)  —  2  Wo  (riikVk)  =  2  w©  (8t)  -f  2  Wo  (8l)- 

The  summations  in  the  left  side  represent  the  total  angular  momen¬ 
tum  of  the  system  with  respect  to  O  at  the  end  and  the  beginning 
of  the  impact,  which  we  shall  denote  by  and  Kq,  respectively. 
From  the  property  of  internal  forces,  the  sum  of  the  moments  of 
the  internal  impulses  in  the  right  side  of  the  equation  is  zero.  Thus, 
we  finally  have: 

Kt-Ko  =  Iimo(8l),  (81) 

i.e.,  the  change  during  impact  of  the  total  angular  momentum  of  a  sys¬ 
tem  with  respect  to  any  centre  is  equal  to  the  sum  of  the  moment  a  of  all 
the  external  impulses  acting  on  the  system  taken  with  respect  to  the  same 
centre. 

For  the  projections  on  any  axis  x,  Eq.  (81)  gives 

K,^-K,»:=^m^(8i).  (81') 

It  follows  from  these  equations  that  if  the  sum  of  the  moments  of 
all  external  impulses  with  respect  to  any  centre  (or  axis)  is  zero, 
then  the  total  angular  momentum  of  the  system  with  respect  to  the 
centre  (or  axis)  will  not  change  during  the  impact.  Consequently, 
internal  impulses  cannot  change  the  total  angular  momentum  of 
a  system. 
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The  theorem  of  the  change  in  kinetic  energy  is  not  used  to  solve 
the  fundamental  problem  of  dynamics  in  the  theory  of  impact,  as 
all  the  particles  of  a  body  are  considered  motionless  during  impact, 
and  instead  of  the  forces  of  impact  their  impulses  are  considered. 
Therefore,  it  is  not  possible  to  calculate  directly  (from  the  force  and 
displacement)  the  work  done  by  impulsive  forces.  Later  on  we  shall 
consider  only  the  question  of  determining  the  loss  in  the  kinetic 
energy  of  bodies  during  impact  (§  164). 


§  161.  Coefficient  of  Restitution 

The  magnitude  of  the  impulse  when  two  bodies  collide  depends 
not  only  on  their  masses  and  velocities  before  impact,  but  also  on 
their  elastic  or  plastic  properties,  which  are  characterised  by  th& 
coefficient  of  restitution. 

Consider  a  sphere  falling  onto  a  fixed  horizontal  plate  (Fig.  349). 
There  are  two  stages  in  the  direct  impact  that  will  take  place  be¬ 
tween  them.  During  the  first  stage  the  velocities  of  the 
particles  of  the  sphere,  which  at  the  beginning  of  the 
impact  were  v  (assuming  the  sphere  to  be  in  transla¬ 
tional  motion)  drop  to  zero.  The  sphere  deforms  (assuming 
the  plate  to  be  rigid)  and  its  total  initial  kinetic  energy 

A 

yMv^  turns  into  the  internal  potential  energy  of  deforma¬ 
tion.  During  the  second  stage  of  the  impact  the  inter¬ 
nal  elastic  forces  of  the  sphere  work  to  restore  its  shape 
and  the  internal  potential  energy  turns  kito  the  ki¬ 
netic  energy  of  motion  of  the  particles  of  the  sphere.  Fig.  349 
At  the  end  of  the  impact  the  velocities  of  the  particles 

will  be  u  and  the  kinetic  energy  of  the  sphere  y  Mu^.  Actually,  howe¬ 
ver,  the  mechanical  energy  of  the  sphere  is  not  restored  completely,^ 
as  part  of  it  is  spent  on  giving  the  sphere  some  residual  deformation 
and  on  heating  it.  Therefore,  u  is  always  less  than  v. 

The  coefficient  of  restitution  k  for  direct  impact  of  a  body  against 
a  fixed  obstacle  is  equal  to  the  ratio  of  the  magnitudes  of  the  velocity 
of  separation  to  the  velocity  of  approach: 

(82) 

The  coefficient  of  restitution  for  difierent  bodies  is  determined 
experimentally.  Experiments  show  that  for  changes  of  the  velocity 
V  within  small  limits  the  value  of  k  depends  only  on  the  material 
of  the  colliding  bodies. 
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The  limiting  values  of  k  are  k  —  i  for  perfectly  elastic  impact 
in  which  the  mechanical  energy  of  a  body  is  completely  restored 
after  impact,  and  fe  =  0  for  perfectly  inelastic  impact  when  the  impact 
ends  with  the  end  of  the  period  of  deformation  and  the  mechanical 
energy  of  a  body  is  lost  completely  in  deformation 
and  heating. 

The  coefficient  of  restitution  is  determined  ex¬ 
perimentally  by  investigating  the  free  fall  of  a  sphere 
from  a  known  height  jEf  to  a  plate.  The  height  of  the 
rebound  h  is  then  measured  on  a  vertical  rule 
(Fig,  350).  From  Galileo’s  formula, 


A 

I 

I 

I 

I  -cl 

I 

♦A' 

Jll 


Fig.  350 


whence 


V  —  2gH  and  u  —  Y 


Coefficients  of  restitution  for  some  bodies  with  a  velocity  of  appro¬ 
ach  in  the  order  of  3  m/s  are  given  in  the  tabl^  below. 


Wood  on  wood  .  A;  =  1/2 

Steel  on  steel .  fe=5/9 

Ivory  on  ivory  .  Ac =8/9 

Glass  on  glass .  Ac =15/16 


§  162.  Impact  of  a  Body  Against  a  Fixed  Obstacle 

Consider  a  body  (sphere)  of  mass  M  hitting  a  fixed  plate  The  im¬ 
pulsive  force  acting  on  the  body  will  be  the  reaction  of  the  plate. 
Let  us  denote  by  8  the  impulse  of  this  force  during  the  impact.  If 
the  normal  to  the  surface  of  the  body  at  its  point  of  contact  with  the 
plate  passes  through  the  centre  of  mass  of  the  body  (for  a  sphere  this 
is  always  the  case)  the  impact  is  called  central  impact.  If  the  velocity 
of  approach  v  of  the  centre  of  mass  of  the  body  is  directed  along  the 
normal  n  to  the  plate,  the  impact  is  called  direct  impact;  otherwise 
it  is  oblique  impact. 

(i)  Direct  Impact.  Writing  Eq.  (80')  in  terms  of  the  projections 
on  the  normal  n  (see  Fig.  349),  and  taking  into  account  that  Qo  = 
=  Mv  and  —  Mu,  we  obtain: 

M  (w„  —  u„)  =  Sn. 

But  in  direct  impact  u„  =  u,  i;„  ==  — v,  and  iS„  =  S,  Consequen¬ 
tly, 

M  {u  Ar  v)  S. 

The  second  equation  necessary  to  solve  problems  is  given  by 
Eq.  (82):  u  =  kv. 
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Knowing  M,  v,  and  k,  we  can  obtain  from  these  equations  the 
unknown  quantities  u  and  S.  We  have: 

5  =  M  (fc  +  1)  y. 

We  see  that  the  greater  the  coefficient  of  restitution  k,  the  greater 
the  impulse  in  impact  is.  This  dependence  between  S  and  k  was 
pointed  out  in  §  161. 

In  order  to  determine  the  average  value  of  the  impulsive  force 
(the  reaction)  we  must  also  know  the  time  of  impact  t,  which  can 
be  found  experimentally. 

Example.  When  a  steel  sphere  of  weight  j?  =  1  kgf  falls  from  a 
heigth  H  =  3  m  on  a  steel  plate  (fc  =  5/9),  we  have  v  —  2gH  « 
«  7.7  m/s,  and  u  =  kv  m  4.3  m/s.  The  im¬ 
pulse  of  impact  will  be 

5  =  ^i;(l-j-A:):%jl.2  kgf-s. 

If  the  time  of  impact  t  =  0.0005  s,  the 
average  value  of  the  impulse  reaction  will  be 

/Vf,?,p  =  A  =  2400  kgf. 

(2)  Oblique  impact.  Let  the  velocity  of  ap-  Fig.  351 

proach  v  of  the  centre  of  mass  of  a  body  make 
an  angle  a  with  the  normal  to  a  plate,  and  the  velocity  of  sepa¬ 
ration  u  an  angle  P  (Fig.  351).  Then  Eq.  (80)  in  terms  of  the 
projections  on  the  tangent  t  and  the  normal  n  gives 

M  {Ux  —  Vx)  =0,  M  {Un  —  F„)  =  S. 

The  coefficient  of  restitution  in  this  case  is  equal  to  the  ratio  of 
the  magnitudes  of  |  m„  I  and  \Vn  |,  as  impact  acts  only  along  the 
normal  to  the  surface  (we  neglect  friction).  Then,  taking  the  signs 
into  account,  we  obtain  =  — kVn,  and  finally  we  have: 

Ux  =  Vx,  Un  ==  —kVn,  5  =  M  |  i;„  |  (1  -jr  /c). 

These  equations  enable  us  to  find  the  magnitude  and  direction  of 
the  velocity  of  separation  and  the  impulse  of  the  forces  of  impact 
if  the  quantities  M,  v,  a,  and  k  are  known.  In  particular,  noting 
that  Ft  =  1  Fn  1  tan  a  and  Mt  =  |  Wn  I  tan  p,  from  the  first  equation 
we  obtain  [  \  tan  P  =  1  f^  |  tan  a,  whence 

?,  _  I  “n  I  _  tan  « 
knl  tan  p 

Thus,  in  oblique  impact  the  coefficient  of  restitution  equals  the 
ratio  of  the  tangent  of  the  angle  of  approach  to  the  tangent  of  the 
angle  of  rebound.  As  k<.i,  a  <  P,  i.e.,  the  angle  of  rebound  is 
always  smaller  than  the  angle  of  approach. 
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§  163.  Direct  Central  Impact  of  Two  Bodies 
(Impact  of  Spheres) 


Impact  of  two  colliding  bodies  is  said  to  be  direct  and  central 
when  the  common  normal  to  the  surfaces  of  the  bodies  through  their 
point  of  contact  passes  through  their  centres  of  mass  and  when  the 
approach  velocities  of  the  centres  of  mass  are  directed  along  this 
common  normal.  An  example  of  direct  central  impact  is  the  collision 

of  two  homogeneous  halls  whose  cent¬ 
res  moved  collinearly  before  impact. 

Let  the  masses  of  the  colliding  bodies 
be  Ml  and  Mg,  their  approach  velocities 
be  Vi  and  and  their  velocities  of  se¬ 
paration  be  Ui  and  Ug-  Draw  through 
their  centres  of  mass  Ci  and  Cg  a  coordi¬ 
nate  axis  CiX,  always  directed  from  Cj 
to  Cg  (Fig.  352).  For  a  collision  to  take 
place,  we  must  have  yi3c>  v^x  (otherwise 
^  the  first  body  will  never  catch  up  with 
the  second);  furthermore  we  shall  have 
Uix  ^  Wgjc,  since  a  body  hitting  ano- 
Fig.  352  ther  body  can  never  overtake  it. 

Assuming  that  Mi,  Mg,  i;!*,  fg*, 
and  k  are  known,  let  us  find  Uix  and 
U2X‘  For  this  let  us  apply  the  theorem  of  the  change  in  linear 
momentum  to  the  colliding  bodies.  If  we  consider  them  as  a  single 
system,  the  forces  of  impact  will  be  internal,  and  2  =  0.  As  a 

result,  Eq.  (80')  gives  Qix  =  (?o*>  or 


MiWjjc-f- MgWg*  —  Mjnix't'Mgygje-  (83) 

The  second  equation  is  obtained  from  the  expression  for  the  coef¬ 
ficient  of  restitution.  When  two  bodies  collide,  the  impulses  of 
the  forces  of  impact  depend  only  on  the  relative  velocity  of  the 
bodies,  i.e.,  on  the  difference  Vix  —  Therefore,  for  two  colliding 
bodies,  taking  into  account  that  always  Vix  >  ^g*,  and  Uix  ^  Wg*, 
we  obtain; 

“lx  —  ^2x  _  “lx  —  “2x  (84) 

“lx  —  “2x  “lx  “2x  ’ 


or 


Mix — Mg*  =  —  *  (i;,* — Vix)  ■ 


(84') 


The  set  of  equations  (83),  (84)  makes  it  possible  to  solve  the  pro¬ 
blem.  The  impulse  of  the  forces  of  impact  can  he  found  by  writing 
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Eq.  (80')  for  one  of  the  bodies,  the  first,  for  instance.  Then 
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—  Vix)t  ‘S'zx —  IK-  (®5) 

Let  ns  consider  two  limiting  cases. 

(a)  Perfectly  inelastic  impact  (*  =  0).  In  this  case,  from  Eqs.  (84) 
and  (83)  we  find 

_  MjVtx+Mzvzx  /ORx 


Uix  —  U2X  ■ 


Mt+Mz 


After  impact  both  bodies  move  with  the  same  velocity.  The  impul¬ 
se  of  the  forces  of  impact  acting  on  the  bodies  is 

S2x=  —  Six  =  -  (Vix  —  Vzx) ■ 

(b)  Perfectly  elastic  impact  (fc  =  1).  In  this  case,  from  Eqs.  (83) 
and  (84)  we  obtain 

Uix  =  Vix  Mi  +  M^  {fix  —  Vzx),  I 

,  2Mi  ,  ,  f 

Uzx  —  Vzx  +  i^ix  ~  Vzx)  •  J 

The  impulse*  of  the  forces  of  impact  is 


:=  — Six  — 


2MiMz  ,  _ 

M,  +  M2  ‘^^k). 


We  see  that  for  perfectly  elastic  impact  the  impulse  is  double  the 
impulse  in  perfectly  inelastic  impact. 

In  the  special  case  when 

we  obtain  from  Eqs.  (87)  u^x  —  ^zxi  “2*  =  /  /  \ 

=  v^x-  Thus,  in  perfectly  elastic  impact,  \/  \ 


two  bodies  of  equal  mass  exchange  their  /  / 

velocities.  / 

Problem  149.  Two  balls  of  masses 
and  Afa  are  .suspended  as  shown  in 
Fig.  353.  The  first  ball  is  pulled  back 
through  an  angle  a  and  let  free  from  rest.  Pig^  353 

After  impact,  the  second  ball  swings  away 

through  an  angle  p.  Find  the  coefficient  of  restitution  for  the  balls. 

Solution.  The  conditions  of  the  problem  make  it  possible  to 
find  the  velocity  of  approach  Vi  of  the  centre  of  the  first  ball  and  the 
velocity  of  separation  u^  of  the  centre  of  the  second  ball.  From  the 
theorem  of  the  change  in  kinetic  energy  in  a  displacement  BqBi, 
we  find  that  for  the  first  ball 


M =  Pjfe  —  A/jg/  ( 1  —  cos  a). 
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where  I  is  the  distance  of  the  centre  of  the  ball  from  the  point  of  sus¬ 
pension.  Hence, 

Vi  —  2Yglsin~. 

Similarly,  we  find  that 

U2  =  2l/iisin-|-. 

Since  in  our  case  =  0,  Eqs.  (83)  and  (84)  give: 

M \U\x~\~  M M fVfXi  ^2x"“  ^1*  * 

Eliminating  and  noting  that  Vix  =  i^i  and  Uj*  =  Ug,  we  obtain: 

MiVi  (1  -f  fr)  =  (Ml  +  Mg)  Uj, 

and  finally  we  have: 

" - w^r, - ‘ - ..  1 - *• 


§  164.  Loss  of  Kinetic  Energy  in  Perfectly  Inelastic 

Impact. 

Carnot’s  Theorem 


It  follows  from  the  reasoning  in  §  161  that  in  inelastic  impact  the 
colliding  bodies  lose  kinetic  energy.  This  loss  is  greater  in  the  case 
of  perfectly  inelastic  impact.  Let  us  calculate  the  amount  of  kinetic 
energy  lost  by  a  system  of  two  bodies  in  perfectly  inelastic  impact. 

Considering  the  colliding  bodies  to  be  in  translational  motion  and 
denoting  their  common  velocity  after  impact  by  w,  we  obtain  for 
the  kinetic  energy  of  the  system  at  the  beginning  and  the  end  of 
impact: 

To  =  ±{M^vI^  +  M2vIJ,  Ti  =  \(,M,  +  M2)u%.  (88) 

The  kinetic  energy  lost  in  impact  will  he  —  Tj.  Let  us  write 
this  difference  in  the  form 


To  -  =  T’o  -  2rx  +  Ti.  (89) 

As,  from  Eq.  (86), 

(Ml  -f-  M 2)  u*  =  Mi^iK  4-  M  2^2X1 

then 

27’  1  —  (M  i-(-M2)M|  =  (MiyiK-j-M  2i^2x)  (90) 

Substituting  into  the  right  side  of  Eq.  (89)  the  expressions  for 
7*0  and  from  formulas  (88),  and  for  27’i  the  right  side  of  Eq.  (90), 
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we  obtain: 

I’d—  3^1  =  4"  ~  ^^iVixUx  — 

—  2Af  ^VzxUx  "i"  M  jiil  -}-  M  211%), 
or 

To  —  Ti  =  ^Mi  (y,*  —  Uxf Mi  (vzx  —  «»)*•  (91) 

The  difierences  (yj*  —  u^)  and  (ya*  —  Ux)  give  the  velocity  lost 
by  each  body  as  a  result  of  the  impact.  From  Eq.  (91)  follows  Car¬ 
not’s*)  theorem:  The  kinetic  energy  lost  by  a  system  of  bodies  in  a  per¬ 
fectly  inelastic  impact  is  equal  to  the  kinetic  energy  the  system  would 
have  had  if  its  bodies  moved  with  the  lost  velocities. 

If  an  impact  is  not  perfectly  inelastic  (k  =5^0),  we  can  similarly 
establish  that  the  kinetic  energy  lost  by  a  system  of  two  bodies  is 
given  by  the  equation 

To-Ti  =  4^1-  [-4  M,  (y,*  - u^x)^ -f-  4-  {V2x - «2*)"]  •  (91') 

Let  us  consider  the  special  case  of  collision  with  a  body  initially 
at  rest.  In  this  case  v^  =  0  and 

Then 

T, 

or 


Eq.  (92)  gives  the  energy  left  in  a  system  after  impact.  Let  us 
consider  two  interesting  extremes. 

(a)  The  mass  of  the  hitting  body  is  much  greater  than  the  mass 
of  the  hit  body  (ilfi^>  Mt).  In  this  case  we  may  consider  + 
Mi  Af  Ml,  and  Eq.  (92)  gives  Ti  «  Tq.  Thus,  even  if  impact 
is  perfectly  inelastic,  there  is  practically  no  loss  of  kinetic  energy 
and  the  system  moves  after  impact  with  practically  the  same  kinetic 
energy  it  had  at  the  beginning  of  the  impact. 

In  practice  this  is  of  importance,  for  example,  in  hammering 
nails,  driving  piles,  etc.  Clearly,  the  mass  of  the  hammer  should  be 
much  greater  than  the  mass  of  the  nail  (Fig.  354fl). 

*>  Lazare  Carnot  (1753-1823),  an  outstanding  French  mathematician  and 
a  prominent  public  figure  in  the  French  Revolution. 


T,  =  ±M,vt, 

—  2  {Mi-\-M2)u  —  2  MiJrM2  “Mi  +  Mjs  2  ’ 


> _  T 

\jr  *  0» 


TiM  .  _1_  ^  0 


464 


DYNAMICS  OF  A  SYSTEM  AND  A  BODY  {Part  4 


(b)  The  mass  of  hit  body  is  much  greater  than  the  mass  of  the 
hitting  body  Jf  i).  In  this  case  we  may  consider  » 

0,  and  Eq.  (92)  gives  »  0,  i.e.,  practically  all  the  kinetic 


energy  is  lost  on  deformation  and  at  the  end  of  impact  the  bodies 
may  be  considered  motionless. 

In  practice  this  is  of  importance  in  forging,  riveting,  etc.  In  these 
cases,  therefore,  the  combined  mass  of  forging  and  anvil  (or  rivet 
and  support)  should  be  much  greater  than  the  mass  of  the  hammer 
(Fig.  3546). 


§  165*^.  Impact  with  a  Rotating  Body 


Consider  a  body  rotating  about  an  axis  z  (Fig.  355).  Let  an  impact 
impulse  S  be  applied  at  any  instant  to  the  body.  Then,  from  Eq.  (81'), 
we  have: 

Ku—Ka^  =  m^{8), 

as  the  moments  with  respect  to  axis  z  of  the  impulse 
reactions  8a  and  /Sb  in  the  bearings  are  zero.  If  at 
the  beginning  of  impact  the  body  had  an  angular 
velocity  ©o,  and  at  the  end  of  impact  its  angular 
velocity  became  tox,  then  ==  /z(0o  and  = 
=  /z(0x,  and  we  obtain: 

Jz  ((Ox  —  (Do)  =  rriz  (8)  (93) 


Fig.  355 


or 


(Di  =  (Do- 


mz(S) 


(93') 


Eq.  (93)  gives  the  change  in  the  angular  velocity  of  a  body  due 
to  impact.  It  follows  from  the  equation  that  the  change  in  the  angular 
velocity  of  a  body  during  impact  is  equal  to  the  ratio  of  the  moment 
of  the  impulse  of  impact  to  the  moment  of  inertia  of  the  body,  both  mo¬ 
ments  taken  with  respect  to  the  axis  of  rotation. 
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Impulsive  Reactions.  Let  us  determine  the  impulsive  reactions 
of  bearings  A  and  B  in  Fig.  356  on  impact.  Draw  axes  Axyz  so  that 
the  body’s  centre  of  mass  C  lies  in  plane  Ayz  (Fig.  356ffl)  and  denote 
the  required  impulsive  reactions  in  terms  of  their  components  along 
the  axes.  Let  AB  —  b  and  the  distance  of  point  C  from  axis  Az 
be  a.  Write  equations  (80')  in  terms  of  the  projections  on  all  three 
axes  and  equations  (81')  in  terms  of  the  projections  on  Ax  and  Ay 
[the  equation  for  the  projection  on  Az  was  already  used  in  obtaining 
Eq.  (93)1.  As  during  the  time  of  impact  the  body  undergoes  no  dis¬ 
placement,  vectors  Vc  and  Uc  are  parallel  to  axis  Ax;  consequently, 


z  z 


Fig.  356 

Qax  =  —Mvc  =  — MflWfl,  Qix  =  —MaiOi,  and  =  0.  Us¬ 

ing  Eqs.  (34)  from  §  143  in  writing  equations  (81'),  we  obtain; 

—  Ma  (©j  —  (Oo)  =  Sj^x  -hSBx-{-Sx, 

0  =  S  All S  By S  0  =  SAfhSz, 

— /*z(®i  — ®o)=  —Sgyb  +  mxiS), 

—  Jyz(,Oii—(Oo)  —  SBj)+myi8). 

Equations  (94)  are  used  to  determine  the  unknown  impulsive  reac¬ 
tions  Sax^  ^Ay,  Saz^  Sbx,  Ssy  The  difference  —  ©o  is  found 
from  Eq.  (93). 

Centre  of  Impact.  Impulsive  reactions  in  impact  are  highly  unde¬ 
sirable,  as  they  result  in  the  increased  wear  and  tear,  if  not  destruc¬ 
tion,  of  structural  elements  (bearings,  shafts,  etc.).  Let  us  see  whether 
impact  with  a  body  mounted  on  a  shaft  is  possible  without  the  ap¬ 
pearance  of  impulsive  reactions  in  bearings  A  and  B.  For  this  let 
us  determine  the  conditions  that  satisfy  Eqs.  (94),  assuming  Sa  = 
=  8b  —  0.  In  that  case  the  second  and  third  of  Eqs.  (94)  take  the 
form  8y  =  0  and  =  0.  To  satisfy  those  equations  the  impulse  8 
must  be  directed  perpendicular  to  plane  Ayz,  i.e.,  under  the  condi- 
30—5562 
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tions  assumed,  to  the  plane  through  the  axis  of  rotation  and  centre 
of  mass.  Consider  the  direction  of  8  to  be  the  one  in  Fig.  3566.  As 
at  8a  =  /Sb  =  0  the  form  of  the  system  (94)  does  not  depend  on  the 
location  of  the  origin  of  the  coordinate  system  on  axis  Az,  to  sim¬ 
plify  the  subsequent  equations  draw  plane  Oxy  so  that  the  impulse  ,8 
lies  in  it  (Fig.  3566).  Then  Tre*  (8)  ==  niy  (8)  =  0,  and  the  last  two 
of  Eqs.  (94)  yield  J^z  =  Jyz  =  0.  This  means  (see  §  133)  that  plane 
Oxy,  in  which  the  impulse  8  lies,  must  pass  through  a  point  O  with 
respect  to  which  axis  z  is  the  body’s  principal  axis  of  inertia;  in 
particular,  as  shown  in  §  133,  conditions  —  Jyz  ~  ^  are  satis¬ 
fied  if  plane  Oxy  is  the  body’s  plane  of  symmetry. 

Referring,  finally,  to  the  first  of  Eqs.  (94),  as  8a  =  8b  =  0  and 
Sx  =  — S  (see  Fig.  3566),  it  takes  the  form  Ma  (wi  —  ©j)  =  S. 
Simultaneously,  as  in  our  case  (8)  =  Sh,i  Eq.  (93)  yields 
Jz  (©1  —  ©o)  =  Cancelling  out  the  difference,  we  obtain: 


Eq.  (95)  defines  the  distance  h  from  the  axis  at  which  the  impulse 
of  impact  must  be  applied. 

Thus,  in  order  to  prevent  the  generation  of  impulsive  reactions 
in  the  points  of  support  of  an  axis  z  fixed  in  a  body,  the  following 
conditions  are  necessary: 

(1)  the  impact  impulse  must  lie  in  a  plane  Oxy  perpendicular  to 
axis  z  through  a  point  O  of  the  body  with  respect  to  which  axis  z  is 
the  principal  axis  of  inertia  (in  particular,  Oxy  may  be  the  body’s 
plane  of  symmetry); 

(2)  the  impact  must  be  directed  perpendicular  to  the  plane  through 
the  axis  of  rotation  z  and  the  centre  of  mass  C  of  the  body; 

(3)  the  impulse  of  impact  must  be  applied  at  a  distance  h  — 
=  JJMa  from  the  axis  (on  the  same  side  of  the  axis  as  the  centre 
of  mass). 

The  point  K  through  which  the  impulse  will  pass  without  causing 
impulsive  reactions  in  the  points  of  support  of  the  axis  is  called  the 
centre  of  impact. 

Note  that,  from  Eq.  (95),  the  centre  of  impact  coincides  with  the 
centre  of  percussion  of  a  compound  pendulum.  Therefore,  as  was 
shown  in  §  155,  h>  a,  i.e.,  the  distance  from  the  axis  to  the  centre 
of  impact  is  greater  than  to  the  centre  of  mass.  If  the  axis  of  rota¬ 
tion  passes  through  the  centre  of  mass,  then  o  =  0  and  6  =  cxj.  In 
this  case  the  centre  of  impact  is  at  infinity,  and  any  impact  will  be 
transmitted  to  the  axis. 

Applications  of  the  above  results  are  illustrated  by  the  following 
examples. 

(1)  In  designing  a  pivoted  gunlock  hammer  (see  Problem  150) 
or  a  pendulum  impact-testing  machine  the  axis  of  rotation  should 
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be  so  chosen  that  the  point  of  impact  should  coincide  with  the  centre 
of  impact  with  respect  to  the  axis. 

(2)  In  working  with  a  hammer,  you  should  hold  the  handle  so  that 
the  hitting  end  would  be  the  centre  of  impact  with  respect  to  your 
hand.  Failure  to  do  this  results  in  a  chara¬ 
cteristic  “sting”. 

(3)  In  order  not  to  “sting”  your  hand  when 

you  hit  something  with  a  stick  (Fig.  357) 
the  blow  should  be  dealt  with  the  point 
which  is  the  centre  of  impact  with  respect 
to  your  hand.  If  we  consider  the  stick  to  Fig.  357 

be  a  homogeneous  rod  of  length  I  and  the 

axis  of  rotation  to  be  at  the  end  in  your  hand,  then  a  —  1/2, 
=  Mm,  and  h  =  JjMa  =  21/3. 

Thus,  in  the  case  shown  in  Fig.  357,  the  blow  should  be  dealt  with 
a  point  of  the  stick  two-thirds  of  the  total  distance  away  from  the 

hand,  or  one-third  of  the  distance  from 
the  opposite  end. 

Problem  150.  At  the  beginning  of 
impact  with  the  firing  pin  5  of  a  gun- 
lock,  a  pivoted  hammer  AD  (Fig.  358) 
has  an  angular  velocity  (o,,.  Determine 
the  acceleration  of  the  firing  pin  at 
the  end  of  impact  and  the  impulsive 
pressure  on  axis  A ,  if  the  masses  M 
and  m  of  the  hammer  and  firing  pin, 
the  moment  of  inertia  of  the  ham¬ 
mer  with  respect  to  axis  A,  and  the 
distances  a  and  b  are  all  known.  Point 
C  is  the  centre  of  mass  of  the  hammer. 
Solution.  Let  us  denote  the  impul- 
Fig.  358  ses  acting  on  the  hammer  and  the 

firing  pin  during  impact  by  81  and  S^. 
Then,  taking  into  account  that  Si  —  —  S  and  Vg  =  0,  we  obtain 

for  the  hammer  [by  Eq.  (93))  and  for  the  firing  pin  [by  Eq.  (80')1: 

(wi  —  Wo)  =  —Sb,  mug  =  S.  (a) 

The  moment  56  is  taken  with  a  minus  sign  because  it  is  directed 
opposite  to  the  rotation  of  the  hammer.  Moreover,  since  for  point  D 
of  the  hammer  Vg  =  (Hgb  and  Ug  =  Wib  (vg  is  the  velocity  of  ap¬ 
proach,  and  Ug  the  velocity  of  separation),  equation  (84),  which 
gives  the  coefficient  of  restitution  for  direct  impact,  gives 


or 


Ug  —  Ug  =  —k  (Vg  —  V g) , 

(1)16  —  Wb  =  — fc(i)o6. 
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Substituting  into  this  equation  the  expression  of  (Oi  and  S  from  equa¬ 
tion  (a),  we  obtain  the  velocity  of  the  firing  pin  at  the  end  of  impact: 


Ub 


lAb(i+k) 

^ A 


©0. 


To  determine  the  impulsive  reaction  Sa  of  the  axis  on  the  hammer, 
we  write  Eq.  (80)  in  terms  of  the  projections  on  the  axes  Ax  and  Ay. 
Taking  into  account  that 

Q,jx  =  Mvcx=  Mm^,  Qix  =  Mucx=MiSiia, 

we  obtain: 

Afa  (wj  —  (i)o)= — ‘S' iS’A!/  =  0.  (b) 


But  from  equations  (a) 

S  =  muB, 


mh 

(i)j  —  (Do - j —  Ub- 

•'A 


Substituting  these  values  into  equation  (b)  and  replacing  by 
its  expression,  we  obtain  finally: 


JA  —  Mab 


mb  (i k)  (Aq. 


We  see  from  this  that  ^  ^  *  i-o-»  "when  point  D  is  the  centre 

of  impact,  Sa  —  0.  When  Mab  <  /^,  we  have  Sax  >  0»  i-o-»  the 
impulsive  pressure  on  the  hammer  is  directed  to  the  left  and  the 
pressure  on  the  axis  to  the  right.  At  Mab  >  Ja,  the  pressure  on 
the  axis  is  directed  to  the  left. 


Chapter  30 
D’Alembert’s  Principle. 
Forces  Acting  on  the  Axis 
of  a  Rotating  Body 


§  166.  D’Alembert’s  Principle 

All  the  methods  of  solving  the  problems  of  dynamics  examined 
up  till  now  were  based  on  equations  derived  either  directly  from 
Newton’s  laws  or  from  the  general  theorems,  which  are  corollaries 
of  those  laws.  However,  the  equations  of  motion  or  equilibrium 
conditions  of  a  mechanical  system  can  also  be  obtained  on  the  basis 
of  other  general  propositions  called  the  principles  of  mechanics.  We 
shall  see  that  in  many  cases  application  of  those  principles  oBers 
better  methods  of  problem  solutions.  In  this  chapter  we  shall  exa¬ 
mine  one  of  the  general  principles  of  mechanics  known  as  D'Alembert's 
principle. 

Let  there  be  a  system  of  n  material  particles.  Selecting  any  partic¬ 
le  of  mass  nift,  assume  it  to  be  acted  upon  by  external  and  internal 
forces  JPl**  and  JF’®*  *’  (which  include  both  active  forces  and  the 
reactions  of  constraints),  which  impart  it  an  acceleration  with 
respect  to  an  inertial  reference  frame. 

Let  us  introduce  the  quantity 

(96) 

with  the  dimension  of  force.  The  vector  quantity  equal  in  magnitude 
to  the  product  of  the  particle’s  mass  and  acceleration  and  directed 
in  the  opposite  sense  of  the  acceleration  is  called  the  force  of  inertia 
of  that  particle  (sometimes  the  D'Alembert  inertia  force). 

Motion  of  a  particle,  we  then  find,  satisfies  the  following  D’Alem¬ 
bert’s  principle  for  a  material  particle:  //,  at  any  moment  of  time,  to 
the  elective  forces  JP”*  and  acting  on  the  particle  is  added  the 
inertia  force  Fh,  the  resultant  force  system  will  be  in  equilibrium,  i.e., 

_  =  (97) 

•’  In  this  chapter  we  introduce  the  notation  F*"**  (and  F®**)  for  internal 
and  external  forces  to  avoid  confusion  between  internal  forces  and  inertia 
forces,  for  which  the  notation  Fi  is  retained. 
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It  will  be  readily  observed  that  D’Alembert’s  principle  is  equi¬ 
valent  to  Newton’s  second  law,  and  vice  versa.  For  Newton’s  second 
law  gives  for  this  particle  mfeWh  =  J’l**  -V  Transferring  mhWk 
to  the  right-hand  side  of  the  equation,  and  taking  into  account  the 
notation  (96),  we  arrive  at  Eq.  (97).  Conversely,  by  transferring 
■P’fe  to  the  other  side  of  Eq.  (97),  and  taking  into  account  (96),  we 
obtain  the  formula  expressing  Newton’s  second  law. 

Reasoning  similarly  for  all  the  particles  of  the  system,  we  arrive 
at  the  following  result,  which  expresses  D’Alembert’s  principle 
for  a  system:  //,  at  any  moment  of  time,  to  the  effective  external  and 
internal  forces  acting  on  every  particle  of  a  system  are  added  the  respecti¬ 
ve  inertia  forces,  the  resultant  force  system  will  be  in  equilibrium,  and 
the  equations  of  statics  will  apply  to  it. 

Mathematically  D’Alembert’s  principle  is  expressed  by  a  set  of  n 
simultaneous  vector  equations  of  the  form  (97)  which,  apparently, 
are  equivalent  to  the  differential  equations  of  motion  of  a  system  (13) 
obtained  in  §  134.  Consequently,  like  Eqs.  (13),  D’Alembert’s 
principle  can  be  used  to  derive  all  the  general  theorems  of  dynamics. 

The  value  of  D’Alembert’s  principle  is  that,  when  directly  applied 
to  problems  of  dynamics,  the  equations  of  motion  of  a  system  can  be 
written  in  the  form  of  the  well-known  equations  of  equilibrium; 
this  makes  for  uniformity  in  the  approach  to  problem  solutions  and 
usually  greatly  simplifies  the  computations.  Furthermore,  when  used 
in  conjunction  with  the  principle  of  virtual  displacement,  which 
will  be  examined  in  the  following  chapter,  D’Alembert’s  principle 
yields  a  new  general  method  of  solution  of  problems  of  dynamics 
(§  173). 

In  applying  D’Alembert’s  principle  it  should  be  remembered 
that,  like  the  fundamental  law  of  dynamics,  it  refers  to  motion  con¬ 
sidered  with  respect  to  an  inertial  frame  of  reference.  That  means 
that  acting  on  the  particles  of  the  mechanical  system  whose  motion 
is  being  investigated  are  only  the  external  and  internal  forcesF  I** 

and  that  appear  as  a  consequence  of  the  interactions  of  the 
particles  of  the  system  among  themselves  and  with  bodies  not  belong¬ 
ing  to  the  system;  it  is  under  the  action  of  those  forces  that  the  parti¬ 
cles  of  the  system  are  moving  with  their  respective  accelerations 
Wk-  The  inertia  forces  mentioned  in  D’Alembert’s  principle  do  not 
act  on  the  moving  particles  [otherwise,  by  Eqs.  (97),  the  points  would 
be  at  rest  or  in  uniform  motion  in  which  case,  as  is  apparent  from 
Eq.  (96),  there  would  be  no  inertia  forces].  The  introduction  of 
inertia  forces  is  but  a  device  making  it  possible  to  examine  the  equa¬ 
tions  of  dynamics  by  the  simpler  methods  of  statics. 

In  §  120  we  investigated  inertia  forces  introduced  in  examining 
motion  in  noninertial  reference  frames',  the  meaning  there  was  diffe¬ 
rent,  namely,  their  addition  to  the  forces  of  interaction  of  a  moving 
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body  with  other  bodies  makes  it  possible  to  preserve  the  same  form 
for  the  equations  of  motion  with  respect  to  a  noninertial  reference 
frame  as  with  respect  to  an  inertial  one.  As  they  are  called  the  trans¬ 
port  and  Coriolis  forces  of  inertia,  this  precludes  any  confusion  with 
the  inertia  forces  of  D’Alembert’s  principle. 

We  know  from  statics  that  the  geometrical  sum  of  balanced  forces 
and  the  sum  of  their  moments  with  respect  to  any  centre  O  are  zero; 
we  know,  further,  from  the  principle  of  solidification  (§  3)  that  this 
holds  not  only  for  forces  acting  on  a  rigid  body  but  for  any  defor¬ 
mable  system.  Thus,  according  to  D’Alembert’s  principle,  we  must 
have: 


s  [mo  (Ft**) -h  Wo  mo  Wl^o.  J 

Let  us  introduce  the  following  notation: 

=  S  F’l.;  M i  =  S  mo  {F\).  (99) 

The  quantities  12*  and  are  respectively  the  principal  vector  of  the 
inertia  forces  and  their  principal  moment  with  respect  to  a  centre  O. 
Taking  into  account  that  the  sum  of  the  internal  forces  and  the  sum 
of  their  moments  are  each  zero  (§  129),  we  obtain: 

S  Ff ‘  -f  =  0;  S  mo  (Ff*)  +  itf-j,  -  0.  (100) 

The  use  of  Eqs.  (100),  which  follow  from  D’Alembert’s  principle, 
simplifies  the  process  of  problem  solution  because  the  equations  do 
not  contain  the  internal  forces.  Actually,  Eqs.  (100)  are  equivalent 
to  the  equations  expressing  the  theorems  of  the  change  in  the  momen¬ 
tum  and  the  total  angular  momentum  of  a  system,  differing  from 
them  only  in  form. 

Eqs.  (100)  are  especially  convenient  in  investigating  the  motion 
of  a  rigid  body  or  a  system  of  rigid  bodies.  For  the  complete  investi¬ 
gation  of  any  deformable  system  these  equations,  however,  are 
insufficient*'. 

For  the  projections  on  a  set  of  coordinate  axes,  Eqs.  (100)  give 
equations  analogous  to  the  corresponding  equations  of  statics  (see 
§§  24  and  49).  To  use  these  equations  for  solving  problems  we  must 
know  the  principal  vector  and  the  principal  moment  of  the  inertia 
forces. 


*>  This  follows  from  the  reasoning  in  §  3  when  the  principle  of  solidification 
was  examined.  See  also  the  remarks  on  the  general  theorems  of  dynamics  in 
in  §  134. 
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§  167.  The  Principal  Vector  and  the  Principal  Moment 
of  the  Inertia  Forces  of  a  Rigid  Body 

It  follows  from  Eqs.  (99)  (see  §  47)  that  a  system  of  inertia  forces 
applied  to  a  rigid  body  can  be  replaced  by  a  single  force  equal  to  K* 
and  applied  at  the  centre  O,  and  a  couple  of  moment  M  o-  The  princi¬ 
pal  vector  of  a  system,  it  will  be  recalled,  does  not  depend  on  the 
centre  of  reduction  and  can  be  computed  at  once.  As  Fk  —  —m^Wh, 
taking  into  account  Eq.  (15)  (§  135),  we  will  have;*’ 

==  —  —oMwc-  (101) 

Thus,  the  principal  vector  of  the  inertia  forces  of  a  moving  body  is 
equal  to  the  product  of  the  mass  of  the  body  and  the  acceleration  of  its 
centre  of  mass,  and  is  opposite  in  direction  to  the 
acceleration. 

If  we  resolve  the  acceleration  Wc  into  its 
tangential  and  normal  components,  then  ve¬ 
ctor  IP  will  resolve  into  components 

It\—  —oMtVcx  and  Bh=  —aMwcn-  (101') 

Let  us  determine  the  principal  moment  of 
the  inertia  forces  for  particular  types  of  mo  tion. 

(1)  Translational  Motion.  In  this  case  a  body 
has  no  rotation  about  its  centre  of  mass  C, 
from  which  we  conclude  that  '^mc  (F“*)  =  0,  and  Eq.  (100) 
gives  Me  —  0. 

Thus,  in  translational  motion,  the  inertia  forces  of  a  rigid  body  can 
be  reduced  to  a  single  resultant  R'  through  the  centre  of  mass  of  the 
body. 

(2)  Plane  Motion.  Let  a  body  have  a  plane  of  symmetry,  and  let 
it  be  moving  parallel  to  the  plane.  By  virtue  of  symmetry,  the  prin¬ 
cipal  vector  and  the  resultant  couple  of  inertia  forces  lie,  together 
with  the  centre  of  mass  C,  in  that  plane. 

Therefore,  placing  the  centre  of  reduction  in  point  C,  we  obtain 
from  Eq.  (100)  Mc=  —  S  (jPI^V  On  the  other  hand  (see  §  156), 
from  the  last  of  Eqs.  (68),  ^mc(F^'‘)  =  Jc^-  We  conclude  from 
this  that 

Mc=  -Jc&.  (102) 

Thus,  in  such  motion  a  system  of  inertia  forces  can  be  reduced  to  a 
resultant  force  [Eq.  (101)1  applied  at  the  centre  of  mass  C  (Fig.  359) 
and  a  couple  in  the  plane  of  symmetry  of  the  body  whose  moment  is 

•>  To  avoid  confusion  between  the  symbols  for  mass  and  moment,  in  this 
chapter  we  shall  denote  mass  by  the  symbol  oM  (see  footnote  on  p.  367) 
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given  by  Eq.  (102).  The  minus  sign  shows  that  the  moment  Me  is 
in  the  opposite  direction  of  the  angular  acceleration  of  the  body. 

(3)  Rotation  About  an  Axis  Through  the  Centre  of  Mass.  Let  a 
body  have  a  plane  of  symmetry,  and  let  the  axis  of  rotation  Cje 
be  normal  to  the  plane  through  the  centre  of  mass.  This  case  will 
thus  be  a  particular  case  of  the  previous  motion.  But  here  Wc  —  0, 
and  consequently,  =  0. 

Thus,  in  this  case  a  system  of  inertia  forces  can  be  reduced  to  a  couple 
in  the  plane  of  symmetry  of  the  body  of  moment 

M‘=  — /,e.  (102') 

In  applying  Eqs.  (101)  and  (102)  to  problem  solutions,  the  mag¬ 
nitudes  of  the  respective  quantities  are  computed  and  the  directions 
are  shown  in  a  diagram. 


§  168.  Solution  of  Problems 

D’Alembert’s  principle  supplies  a  uniform  method  for  developing 
the  equations  of  motion  of  any  constrained  system**.  It  provides 
simple,  graphic  solutions  of  problems  where  we  have  to  determine 
the  reactions  of  constraints  when  the  mo¬ 
tion  of  a  system  is  known.  In  these  solu¬ 
tions  all  the  immediately  unknown  internal 
forces  are  excluded  from  consideration, 

When  we  have  to  determine  the  reactions 
of  internal  constraints,  the  system  is  divi¬ 
ded  into  parts  so  that  the  required  forces 
would  be  external. 

D’Alembert’s  principle  is  also  conveni¬ 
ently  used  to  develop  the  differential  equa¬ 
tions  of  motion  and,  in  particular,  to  deter¬ 
mine  the  acceleration  of  moving  bodies. 

In  the  case  of  motion  of  a  single  con¬ 
strained  material  particle  application  of 
D’Alembert’s  principle  yields  equations 
similar  to  those  examined  in  §§  H8  and  119  (see  Problem  151). 

Problem  151.  Solve  Problem  112  (see  §  119)  using  D’Alembert’s 
principle. 

Solution.  Let  us  depict  the  load  in  the  position  for  which  the 
tension  in  the  string  has  to  be  found,  i.e.,  in  position  (Fig.  360). 
Acting  on  the  load  is  its  weight  P  and  the  reaction  of  the  string  T . 


**  D’Alembert’s  principle  is  especially  efiective  when  used  in  combination 
with  the  principle  of  virtual  work  (see  §  173). 
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To  these  forces  we  add  the  normal  and  tangential  components  of 
the  inertia  force,  Fh  apd  F\.  The  full  system  of  forces  will  be  in 
equilibrium  due  to  D’Alembert’s  principle.  Setting  the  projection 
of  the  sum  of  these  forces  on  normal  MiO  equal  to  zero,  we  obtain; 

r-p_Fi,=o. 

As  FI  =  mwn  =  mv\/l,  where  Vi  is  the  velocity  of  the  load  in  posi¬ 
tion  Ml, 

T=.p  +  F^n=P  +  -^- 

Thus,  we  have  come  to  the  same  result  as  in  Problem  112.  Using 
the  theorem  of  the  change  in  the  kinetic  energy,  we  can  find  Vi  in 
the  same  way  as  we  did  this  in  Problem  112. 

Setting  the  projection  of  the  sum  of  the  forces  on  the  tangent  equal 
to  zero,  we  obtain  Fx  —  0.  This  result  follows  from  the  fact  that  at 


point  Ml  the  derivative  dv/dt  equals  zero  since  the  velocity  there 
is  maximal. 

Problem  152.  Two  weights  Pi  and  Pj  are  connected  by  a  thread 
and  move  along  a  horizontal  plane  under  the  action  of  a  force  Q 
applied  to  the  first  weight  (Fig.  361o).  The  coefficient  of  friction  of 
the  weights  on  the  plane  is  /.  Determine  the  accelerations  of  the 
weights  and  the  tension  in  the  thread. 

Solution.  Denote  all  the  external  forces  acting  on  the  system  and 
add  to  them  the  inertia  forces  of  the  weights.  As  both  weights  are 
translated  with  the  same  acceleration  tv,  in  magnitude 

Fi  =  w  and  FI  —  w.. 

^  g  ^  g 

The  forces  are  directed  as  shown.  The  frictional  forces  are 

Fi=fPi,  F^=fP^. 

According  to  D’Alembert’s  principle,  the  force  system  must  be  in 
equilibrium.  Writing  the  equilibrium  equation  in  terms  of  the 
projections  on  axis  Ox,  we  find: 

Q-f(Pi+P,)-±  {Pi  +  P,)  w  =  0, 
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whence 

Evidently,  the  weights  will  move  if  /<  n  ?  d~  • 

^1+^2 

In  our  force  system  the  required  tension  in  the  thread  is  an  inter¬ 
nal  force.  To  determine  it  we  divide  the  system  and  apply  D’Alem¬ 
bert’s  principle  to  one  of  the  weights,  say  the  second  (Fig.  3616). 
Acting  on  it  is  force  Pj,  the  normal  reaction  JVa,  the  frictional  force 
Pj,  and  the  tension  T  in  the  thread.  Add  to  them  the  inertia  force 
F\  and  write  the  equilibrium  equation  in  terms  of  the  projections  on 
axis  Ox.  We  have; 

T-fPz-^w=^Q. 

‘  ^  g 

Substituting  the  earlier  found  value  of  w,  we  obtain  finally; 

>r  QP2 
P1+P2  ■ 

Note  that  the  tension  in  the  thread  does  not  depend  on  the  fric¬ 
tion  and,  given  the  same  total  weight  of  the  system,  decreases  with 
the  reduction  of  the  second  (rear)  weight.  That  is  why,  for  example, 
in  making  up  a  goods  train  it  is  better  to  place  the  heavier  vans  clo¬ 
ser  to  the  locomotive. 

Assigning  specific  values  to  the  quantities  of  this  problem,  let 
^  =  20  kgf.  Pi  —  40  kgf,  and  P^  =  10  kgf,  then  motion  is  possible 
when  /  <  0.4  and  the  tension  in  the  thread  is  4  kgf.  If  the  weights 
are  reversed,  the  tension  in  the  thread  will  be  16  kgf. 

Problem  153.  Solve  Problem  133  (§  146)  with  the  help  of  D’Alem¬ 
bert’s  principle  and  also  determine  the  tension  in  the  thread. 

Solution.  (1)  Considering  the  drum  and  the  load  as  a  single  system, 
we  add  to  the  bodies  of  the  system' inertia  forces  (Fig.  362).  Load  A 

is  in  translatory  motion,  and  for  it  i?‘  =  ^  wa  =  -~  re.  The  inertia 

forces  of  the  drum  can  be  reduced  to  a  couple  with  a  moment  Mo 

p 

equal  in  magnitude  to  JqE  =  and  directed  opposite  the  rota¬ 
tion  (see  §  167).  Writing  now  for  all  the  forces  the  equilibrium  condi¬ 
tions  in  the  form  (Fh)  =  0,  we  obtain; 

|Mj>|-l-i?V-<?r  =  0, 
or 

—  pH  +  —  rh  —  Qr  =  0, 

g  g 

Qgr 

PpZ-j-Qr^ 


from  which  we  find 
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(2)  Considering  now  load  A  separately  and  adding  to  the  active 
forces  Q  and  T  the  inertia  force  JK*,  we  obtain  from  the  equilibrium 
conditions  the  tension  in  the  thread 


T  =  Q-R'  =  Q( 


g  ) 


Problem  154.  Determine  the  forces  acting  on  a  uniformly  spinn¬ 
ing  flywheel  of  mass  of,  assuming  its  mass  to  be  distributed  along 
the  rim.  The  radius  of  the  flywheel  is  r  and  its  angular  velocity  is  co. 

Solution.  The  required  force  is  an  internal  one.  In  order  to  deter¬ 
mine  it,  cut  the  rim  into  two  and  apply  D’Alembert’s  principle  to 
one  portion  (Fig.  363).  We  denote  the  action  of  the  separated  half  by 
two  forces  F'  both  equal  in  magnitude  to  the  required  force  F.  For 


Fig.  362 


each  element  of  the  rim,  the  inertia  force  (a  centrifugal  force)  is  di¬ 
rected  along  the  radius.  These  concurrent  forces  intersecting  at  O 
have  a  resultant  equal  to  the  principal  vector  of  the  inertia  forces 
directed,  by  virtue  of  symmetry,  along  axis  Ox.  By  Eq.  (101),  = 

=  0.5eKwc  =  0.5a#a:c(i)®,  where,  a;c  is  the  coordinate  of  the  mass 
centre  of  the  semicircular  arc,  which  is  equal  to  2rln  (see  §  57). 
Therefore, 

n 

The  equilibrium  conditions  give  2F  =  and  finally 

p  aMm!^ 

^  2ji~' 

This  formula  can  be  used  to  determine  the  limiting  angular  velo¬ 
city  beyond  which  a  flywheel  made  of  a  specific  material  may  be 
torn  apart. 

Problem  155.  A  homogeneous  rod  AB  oi  length  I  and  weight  P 
is  hinged  at  A  to  a  vertical  shaft  rotating  with  an  angular  velocity  ca 
(Fig.  364).  Determine  the  tension  T  in  the  horizontal  thread  secur¬ 
ing  the  rod  at  an  angle  a  to  the  shaft. 
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Solution.  Applying  D’Alembert’s  principle,  we  add  to  the  exter¬ 
nal  forces  P,  r,  Xa,  and  acting  on  the  rod,  the  inertia  forces. 
For  each  element  of  the  rod  of  mass  Am  the  centrifugal  inertia  force 
is  Amait^x,  where  x  is  the  distance 
of  the  element  from  the  axis  of 
rotation  Ay.  The  resultant  of  these 
parallel  forces  distributed  accord¬ 
ing  to  a  linear  law  (see  §  28)  pas¬ 
ses  through  the  centre  of  gravity  of 
triangle  ABE,  i.e.,  at  a  distance 
h  =  2/31  cos  a  from  axis  Ax.  As 
this  resultant  is  equal  to  the 
principal  vector  of  the  inertia  for¬ 
ces*’,  by  Eq.  (101)  we  have: 

z=  (Jf  wc  =  o^a^xc  =  —  sin  a 

s  « 

(here  Xc  is  the  coordinate  of  the 
centre  of  gravity  of  the  rod). 

Writing  now  the  statics  equation  2^^  (^ft)  =  obtain: 

Tl  cosa  — —  sin  a  =  0. 

Substituting  the  values  of  i?'  and  h  into  this  equation,  we  obtain 
finally: 

T  —  P  a-|--^tanaj  . 

Alternate  Solution.  The  problem  can  be  solved  without  applying 
the  results  of  §  28  by  directly  computing  the  sum  of  the  moments  of 
the  inertia  forces  with  respect  to  centre  A  by  integration.  Draw  along 
rod  AB  an  axis  A|.  Acting  on  each  element  d|  of  the  rod,  whose  coor¬ 
dinate  is  I,  there  is  an  inertia  force  equal  to  (n^xdm.  Its  moment  with 
respect  to  A  is  — yaiHdm.  Then  the  equation  of  moments  gives 

i 

2  (P’ft)  =  Tlcos  a  — P -g-sina— I  vr^yxdm  —  O.  (a) 

0 

Expressing  all  the  quantities  under  the  integration  sign  in  terms  of 
i,  we  obtain: 

a:  =  |sina,  !/  =  |cosa,  = 

*>  We  know  from  statics  that  the  resultant  of  any  force  system,  if  there  is 
one,  is  equal  to  the  principal  vector  of  the  forces.  Therefore,  the  resultant  of 
the  inertia  forces,  when  there  is  one,  is  equal  to  it*,  though  in  non-translational 
motion  it  does  not  necessarily  pass  through  the  centre  of  mass,  as  is  the  case 
in  this  problem. 
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from  which  we  have 

I  i 

J  a^yx  dm  = (£)^  sin  a  cos  a  J  |*d|  =  -|--^fti)*sinacosa. 

0  0 

Substituting  this  expression  into  equation  (a),  We  obtain  for  T  the 
same  expression  as  in  the  first  solution. 

Problem  156.  A  homogeneous  rod  bent  at  a  right  angle  as  shown 
in  Fig.  365  rotates  in  a  horizontal  plane  about  its  end  A  with  an 
angular  velocity  ©  and  an  angular  acceleration  e.  The  respective 
distances  AB  =  a  and  BC  =  b;  the  mass  of  unit  length  of  the  rod 
is  Pi.  Determine  the  stresses  at  a  cross  section  of  the  rod  at  point  D 
at  a  distance  h  from  end  B. 

Solution.  The  required  forces  are  internal.  To  determine  them, 
cut  the  rod  in  two  and  examine  the  motion  of  section  DC,  the  length 

of  which  is  b  —  h.  The  action  of 
the  removed  portion  ABD  is  repla¬ 
ced  by  a  force  applied  at  the  cen¬ 
tre  D  of  the  cross  section,  which 
force  we  shall  represent  by  its  com¬ 
ponents  JP  and  Q,  and  a  couple 
with  a  moment  M^  (see  §  27, 
Fig.  72).  The  quantities/^,  Q,  and 
Md  will  specify  the  required  stres¬ 
ses  in  section  D  of  the  rod,  i.e., 
the  forces  with  which  portions 
ABD  and  DC  act  on  one  another. 
To  compute  these  quantities,  we  use  D’Alembert’s  principle. 

Resolve  the  inertia  forces  of  the  rod’s  particles  into  tangential 
and  normal  components  and  denote  their  principal  vectors  as  JSi 
and  B},,  respectively.  Then,  drawing  axes  Bxy  as  sl^own  in  the  draw¬ 
ing  and  writing  the  respective  equilibrium  equations  for  the  effec¬ 
tive  forces  and  the  inertia  forces,  we  have; 

—  /*  -f-  Bxx  +  Bm 


:  0,  ^  -f-  Bxy  -)-  B, 


ny  • 


O’l 

0,  J 


Ms,  +  M\3i  +  M'm  "  ' 
where  M\}\  is  the  sum  of  the  moments  of  the  tangential  inertia  forces 
with  respect  to  the  centre  D,  and  iWoz  is  the  sum  of  the  moments 
of  the  normal  forces. 

Now  compute  the  quantities  in  Eq.  (a).  For  element  K  of  length 
dr  at  a  distance  x  from  B  (BK  =  x)  the  tangential  and  normal 
components  of  the  inertia  forces  are,  in  magnitude,  dB\  =  er  dm 
and  dBl  —  ©V  dm,  where  r  ==  AK  and  dm  —  pi  dx.  Then,  taking 
into  account  that  r  cos  a  —  a,  and  r  sin  a  =  a:,  we  obtain: 


dB\x  (PiSr  dx)  cos  a  —  p«8a  dx,  dB 


xy- 


(p,er  dx)  sin  a  =  —  p,ea:  dx 
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Similarly,  we  find  that 

dR\ix  =  9i(i?‘xdx,  dRny  —  9i(iPadx. 
b  b 


Hence, 


R'xx  =  Pi^a  j  dx^piza(b  —  h),  R\y=  — p,e  j  xdx= 

h  h 

Rnx^^Ypid^ilP  —  h^),  Rhy  —  pi(xy^a{b  —  h). 

Now,  noting  that  the  moments  of  the  components  of  the  inertia 
forces  along  axis  Bx  with  respect  to  D  are  zero,  we  obtain  (see 
Fig.  365): 

b  b 

Mdi  =  —  j  (x—h)\dR\y\  —  —  Pie  j  {x—h)xdx  = 

h  h 

=  -jPiB{h^  +  2b^-3lPh), 
b  b 

Mj)2  =  [  {x—h)dR\y  =  p^(iP‘a^  (a:  — ft)  da:  =  -|- p,(D*a  (6  — fe)^. 


Substituting  all  the  computed  quantities  into  equation  (a),  we 
find  that  acting  at  section  Z)  are  a  tensile  force  P,  lateral  force  Q 
and  bending  moment  in  magnitude: 

P  =  Pi  (6  —  ft)  e  +  (ft*—  ft*)  , 

(>  =  Pi  [I(ft2-ft2)e-a(ft-ft)e)2], 

Md  =  Pi  [  -^  (2ft*  +  ft*  -  3ft2ft)  e  — i  a  (ft  -  ft)2  ©2 J  . 

The  quantity  p^  equals  the  ratio  of  the  mass  of  the  rod  to  its  length. 
For  decelerated  motion  in  the  same  direction  substitute  — e  instead 
of  e.  At  a  =  0  we  have  the  case  of  rod  BC  revolving  about  end  B. 


§  169'‘\  Dynamic  Reactions  on  the  Axis  of  a  Rotating 

Body. 

Dynamic  Balancing  of  Masses 

Consider  a  rigid  body  rotating  uniformly  with  an  angular  velocity 
©  about  an  axle  mounted  in  bearings  A  and  B  (Fig.  366).  Let  us 
find  the  dynamic  pressures  Xa,  Y^,  Z^,  Xb,  Y^  exerted  by  the 
bearings  on  the  axle,  i.e.  the  reactions  that  appear  when  the  body 
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rotates.  Let  a  set  of  given  forces  •  •  •,  Pn**  be  acting 

on  the  body,  and  denote  the  projections  of  their  principal  vector 
on  the  coordinate  axes  Axyz  rotating  together  with  the  body  by  the 


symbols 


ext 


next 
■“y  > 


R 


ext 


(rT  = 


ext 

hx 


etc.),  and  their  princi- 


(103) 


pal  moments  with  respect  to  the  axes  by  the  symbols 
Jlf (Af”'^  =  2  etc.).  As  the  body  is  rotating 

uniformly,  =  0.  To  determine  the  required  reactions,  apply 
D’Alembert’s  principle  and,  adding  the  respective  inertia  forces  to 
the  forces  acting  on  all  the  points  of  the  body,  write  Eqs.  (100)  in 

terms  of  the  projections  on  axes  Axyz. 
In  our  case  these  equations  (or  the  cor- 
„  Ip — ►?  responding  equations  of  §  49)  take  the 

.*^-**^1  ^  form  (denoting  AB  =  b): 

Xj,  +  Xs  +  Rf^  +  Ri  =  0, 

Ya+Ys+rT'+rI^o, 

Za  +  i?f*  +  /?l  =  0, 

-Ysb+M%'*  +  Ml  =  0, 

Xb6  +  M«‘  +  M‘=0. 

The  last  equation  MT^  +  M*  =  O  is 
an  identity  (as  e  =  O),  and  we  omit  it. 

The  principal  vector  of  the  inertia  for¬ 
ces  K*  =  —o/kwc-  At  ft)  =  const.,  the 
centre  of  mass  C  has  only  a  normal  acceleration  Wcn  = 
=  ft)*fec»  where  he  is  the  distance  of  point  C  from  the  axis  of  rota¬ 
tion.  Consequently,  vector  is  directed  along  OC*\  Computing 
the  projections  of  JK*  on  the  coordinate  axes  and  taking  into  account 
that  he  cos  a  =  Xe  and  he  sin  a  =  ye,  where  Xe  and  ye  are  the 
ceordinates  of  the  centre  of  mass,  we  obtain: 

=  aM<i?he  cos  a  —  oMis^Xe, 

By  =  oMfsF-he  sin  a  =  cMa^ye,  Rz  =  0. 


Fig.  366 


In  order  to  determine  M\^  and  M|,,  consider  any  particle  of  the 
body  of  mass  mu  located  at  a  distance  from  the  axle.  For  this 
particle,  at  co  =  const.,  the  inertia  force  has  only  a  centrifugal  com¬ 
ponent  F'\  —  mii(o^h.ii,  the  projections  of  which,  like  the  projections 
of  B‘,  are 

_  Fk,  =  Fiy  =  TOhft)2yft,  Fkz  =  0. 

*)  The  dashed  line  in  the  diagram  indicates  only  the  direction  bf  It*.  But 
if  we  reduce  the  inertia  forces  to  a  centre,  say  A ,  then  they  will  be  replaced  by 
a  force  12*  applied  at  A  and  a  couple  with  a  moment,  which  for  point  A  is  made 
op  of  and  Jf*- 
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Then  [see  §  43,  Eqs.  (52)1 

mx  (Fk)  =  —  my  (Fk)  =  FLzk  =  mkO^XkZk- 

Writing  similar  expressions  for  all  the  particles  of  the  system,  add¬ 
ing  them,  and  taking  the  common  multiplier  outside  of  the 
parentheses,  we  obtain: 

—  (S  ™fei/hZh)  ®^=  —Jyzfir,  M\={'2i  rHkXkZk)  ©2=/^,(o2,  (104) 

where  Jxz  and  Jy^  are  the  respective  products  of  inertia*'.  Substi¬ 
tuting  all  the  obtained  quantities  into  Eqs.  (103),  we  obtain: 

+  RT  -  Ya  +  1 

Zj,=  -Rt'\  Ysb^MT-Jyzisy^- 

Equations  (105)  specify  the  dynamic  reactions  acting  on  the  axle 
of  a  uniformly  rotating  rigid  body,  when  axis  Oz  is  taken  coinci¬ 
dent  with  the  axle. 

Let  us  call  static  reactions  those  values  of  the  reactions  that 
Eqs.  (105)  give  when  ®  =  0  (the  reactions  will  be  static  in  the  sense 
of  acting  on  axle  AB  at  rest  when  the  projections  of  the  applied  for¬ 
ces  on  axes  Axyz  are  constant).  As  Eqs.  (105)  show,  dynamic  reac¬ 
tions  can  in  general  be  substantially  greater  than  static,  and  this 
depends  not  only  on  the  value  of  ©  but  also  on  the  quantities  Xc, 
Hci  Jxzy  Jyzi  which  characterise  the  distribution  of  mass  with  respect 
to  the  axis  of  rotation  z. 

However,  it  is  apparent  from  Eqs.  (105)  that  if 

a:c  =  0,  yc  =  0,  (106) 

/«  =  0,  Jyz^O.  (107) 

the  rotation  does  not  affect  the  reactions  of  bearings  A  and  B. 

Equations  (106)  and  (107)  express  the  conditions  in  which  the 
dynamic  reactions  on  the  axle  of  a  rotating  body  are  equal  to  the 
static  reactions,  or  the  conditions  of  dynamic  balancing  of  the  masses 
of  the  body  in  its  rotation  about  axis  z. 

Conditions  (106)  signify  that  the  body’s  centre  of  mass  must  lie 
on  its  axis  of  rotation,  and  conditions  (107),  that  the  axis  of  rota¬ 
tion  should  be  the  principal  axis  of  inertia  of  the  body  with  respect 
to  the  origin  of  the  coordinate  system  A.  When  conditions  (106) 
and  (107)  are  satisfied  simultaneously,  axis  Az  is  the  principal  cen¬ 
tral  axis  of  inertia  of  the  body  (see  §  133).  Thus,  the  dynamic  reac¬ 
tions  on  the  axle  of  a  rotating  body  are  equal  to  the  static  reactions 
when  the  axis  of  rotation  is  one  of  the  body’s  principal  central  axes 
of  inertia.  The  conclusion  is  also  valid  for  the  case  of  a  body  in 
nonuniform  rotation. 

*'  See  §  133,  Eqs.  (10). 

31—5562 
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The  above  reasoning  also  suggests  the  physical  meaning  of  the 
quantities  Jxz  and  the  products  of  inertia  J^z  and  are  a  mea¬ 
sure  of  the  degree  of  dynamic  unbalance  of  the  body  rotating  about 
axis  z. 


The  dynamic  balancing  of  masses  is  an  important  engineering 
problem,  which,  we  have  seen,  involves  the  determination  of  the 
principal  central  axes  of  inertia  of  a  body.  In  §  133  it  was  shown 


that  every  body  has  at  least  three  mutually 
perpendicular  principal  central  axes  of  iner¬ 
tia. 

Let  us  prove  another  statement  which 
is  no  less  important  in  practice:  any  axis 
passing  trough  a  body  can  be  made  a  prin¬ 
cipal  central  axis  of  inertia  by  adding  two 
point  masses  to  the  body.  Let  us  have  a  body 
of  mass  qM.,  and  let  the  quantities  Xc,  yc> 


Fig.  367  J yi  known  and  not  equal  to 

zero.  Let  us  further  add  to  the  body  two 


masses  rrix  and  m^  at  points  whose  coordinates  are  Xj*  h. 
ij,  ^2,  Zj,  respectively.  Then,  from  Eqs.  (1)  and  (10),  it  follows  that 


qMxq  -|-  m^X\  -|- 10.2^2  —  xz  “H  nifX^z^  -I-  0x2^2^  — 

aMyc  +  -f  =  0.  'WiJ/iZi  +  m^z^2  =  0, 


(108) 


then  for  the  new  body  we  shall  have  x'c  =  y'c  =  J'xz  =  Jyz  =  0. 
i.e.,  axis  Oz  will  be  the  principal  central  axis  of  inertia.  The  problem 
is  solved  by  choosing  the  masses  m^  and  nij  and  their  positions  such 
that  Eqs.  (108)  will  be  satisfied.  Some  of  the  quantities,  of  course, 
must  be  specified  in  advance.  For  instance,  we  may  specify  the  values 
of  mi,  m2  and  Zi,  Zj  (but  such  that  Zi  =5^  Zj)  and  find  Xi,  y^,  X2, 
from  Eqs.  (108),  etc. 

This  method  is  widely  used  in  engineering  for  balancing  crank¬ 
shafts,  cranks,  coupling  rods,  etc.  Final  balancing  is  done  on  special 
balancing  machines. 

When  it  is  necessary  to  determine  the  pressures  acting  on  an 
axle,  the  ready  equations  (105)  are  usually  not  used,  and  D’Alem¬ 
bert’s  principle  is  applied  for  each  specific  case. 

Problem  157.  The  axis  of  rotation  of  a  disc  is  perpendicular  to 
the  plane  of  the  disc  (Fig.  367).  The  disc  weighs  P  and  its  angular 
velocity  is  ©  =  const.  Determine  the  dynamic  reactions  of  bear¬ 
ings  A  and  B  if  OA  =  OB  =  h  and  the  centre  of  mass  of  the  disc 
is  located  at  a  distance  OC  =  a  from  the  axis. 

Solution.  Draw  the  axes  Oxyz,  which  rotate  together  with  the 
body,  so  that  axis  y  passes  through  the  centre  of  mass  C.  As  plane 
Oxy  is  the  disc’s  plane  of  symmetry,  axis  z  is  the  principal  axis  of 
inertia  with  respect  to  O.  Hence,  Jxz  —  Jyz  —  0.  and  from  Eqs.  (104) 
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and  the  condition  that  ©  =  const,  it  follows  that  Mo  =  0.  Conse¬ 
quently,  the  inertia  forces  can  be  reduced  to  a  resultant  through  0 

along  OC  (axis  y).  In  magnitude  R'  =  Mwcn^^aa?'-  As  forces 

P  and  JS*  lie  in  plane  Oyz,  the  reactions  of  the  bearings  lie  in  that 
plane,  too,  i.e.,  they  have  components  Ya  and  at  point  A  and 
Yb  at  point  B.  Then,  applying  D’Alembert’s  principle  to  write  the 
equations  for  all  the  effective  and  inertia  forces  in  terms  of  the 
projections  on  axes  Oy  and  Oz,  and  the  equation  of  moments  with 
respect  to  A,  we  obtain; 


R'-Y. 


Ys  =  0, 


Y^2h 


P 

Pa  —  R'h  =  0. 

Solving  these  equations,  we  find: 

Pcus^  , 


=  0, 


2g 


2h 


P, 


Paai^ 


2g 


2h 


P,  Zj 


The  reactions  Ya  and  Yb  remain  continuous¬ 
ly  in  plane  Oyz,  which  rotates  together  with  Fig.  368 

the  body. 

Problem  158.  Two  equal  bars  of  length  21  and  mass  m  each  are 
welded  at  right  angles  to  a  vertical  shaft  AB  oi  length  6  at  a  dis¬ 
tance  h  from  each  other  (Fig.  368).  Determine  the  dynamic  pressures 
acting  on  the  shaft  rotating  with  a  constant  angular  velocity  ©  if 
the  force  of  gravity  is  negligible. 

Solution.  The  reaction  of  the  bearings  and  the  inertia  force  accord¬ 
ing  to  D’Alembert’s  principle  form  a  balanced  system.  The  centri¬ 
fugal  inertia  forces  in  each  rod  are  equal  in  magnitude; 

F\  =  F^2^ml(iy^, 

and  they  make  a  couple  which,  apparently,  is  balanced  by  the  couple 
-3Cb-  The  moments  of  these  couples  are  equal  in  magnitude. 
Consequently,  =  Fjfe,  whence 


■■Xb  = 


F\h 


mlh 


-©‘. 


The  couple  is  continuously  in  the  Axz  plane,  which  rotates  with 
the  body. 

Let  us  show  that  the  same  result  can  be  obtained  from  Eqs.  (105). 
In  our  case,  Xc  =  yc  =  0,  and  Jy^  =  0,  as  the  plane  Axz  is  the 
plane  of  symmetry.  The  quantity  J^z  —  J'xz  +  Jxz,  i.e.,  is  equal 
to  the  sum  of  the  products  of  inertia  of  each  bar.  For  the  lower  bar 
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all  Zft  =  a,  and  for  the  upper  one  all  Zft  =  a  +  ft.  Then  from  Eq.  (10), 

J'xz  =  (S  ®  =  mx'ca  =  —  mla,  Jxz  =  nixc  (fl  +  A)  =  ml  {a  +  h), 

whence  Jxz  =  mlh. 

Substituting  all  the  expressions  into  Eqs.  (105),  we  find: 

y^  =  1^3  =  0,  Xa=  -Xb  =  -^(o^. 

The  reason  for  the  “minus”  at  Xg  is  that  the  forces  in  Figs.  366 
and  368  are  of  opposite  sense. 

Problem  159.  The  crankshaft  of  a  one-cylinder  gas  engine  carries 
two  identical  fl3rwheels  A  and  B  of  radius  r  =  0.5  m  as  shown  in 

Fig.  369.  The  crank  arms  and 
crankpin  are  equivalent  to  a 
weight  of  p  =  21  kgf  at  a 
distance  ot  h  —  0.2  m  from 
the  axis.  If  a  =  0.6  m  and 
6  =  1.4  m,  what  correction 
weights  Pa  and  Pb  placed  on 
the  rims  of  the  flywheels  will 
balance  the  system? 

Solution.  Draw  a  set  of  co¬ 
ordinate  axes  rotating  with  the 
body,  such  that  the  crankpin 
would  lie  in  the  Oxz  plane.  This  plane,  then,  will  be  the  plane  of 
symmetry,  and,  consequently,  yc  =  0  and,  as  Oy  is  a  principal 
axis  with  respect  to  point  O,  Jy^  =  0.  Furthermore,  introducing 
the  notation  P  for  the  total  weight  of  the  system,  we  have: 

~  r  _ P  h„ 

*C —  p  »  ^  xz —  g 

The  latter  equality  follows  from  the  fact  that  the  product  of  inertia 
of  a  system  equals  the  sum  of  the  products  of  inertia  of  its  compo- 
nente,  and  the  products  of  inertia  J^z  of  the  flywheels  and  adjacent 
sections  of  the  crankshaft  are  zero  {Oz  is  the  axis  of  symmetry). 

The  coordinates  of  the  correction  weights,  from  Eqs.  (108),  are 
Va  —  Vb  =  0,  and  the  weights  themselves  must  satisfy  the  equa¬ 
tions  Pxc  +  PaXa  +  PbXb  =  0,  Jxz  +  -^XaZa+^XbZb==0. 

As  the  weights  are  to  be  placed  on  the  rims  of  the  flywheels,  Za  = 
=  0,  Zb  =  h,  and  Xa  =  Xb  =  — r  (the  equations  have  no  solutions 
when  the  sign  is  positive,  therefore,  the  weights  must  be  at  the  bot¬ 
tom).  Solving  the  equations,  we  find: 

/>a  =  -^^^^^P  =  4.8  kgf,  Pb  =  -^P  =  3.6  kgf. 

Adding  these-  weights  balances  the  system  and  makes  Oz  the  prin¬ 
cipal  central  axis  of  inertia  (but  not  the  axis  of  symmetry). 


Fig.  369 


Chapter  31 

The  Principle  of  Virtual  Displacements 
and  the  General  Equation 

of  Dynamics 


§  170.  Virtual  Displacements  of  a  System. 

Degrees  of  Freedom 

In  this  chapter  we  shall  examine  another  general  principle  of 
mechanics,  the  principle  of  virtual  displacements,  which  establishes 
the  equilibrium  conditions  for  any  mechanical  system  in  the  most 
general  form. 

In  examining  the  equilibrium  of  systems  of  bodies  by  the  methods 
of  so-called  geometrical  statics  (treated  in  Part  One)  one  has  to 
investigate  the  equilibrium  of  each  body  separately,  replacing  the 
constraints  with  immediately  unknown  reactions.  When  a  system 
consists  of  a  large  number  of  bodies,  the  method  becomes  unwieldy 
because  of  the  need  to  solve  a  large  number  of  equations  with  many 
unknown  quantities. 

Characteristic  of  the  method  based  on  the  principle  of  virtual 
work  is  that  the  action  of  constraints  is  taken  into  account  not  by 
introducing  the  reaction  forces  but  by  investigating  the  possible 
displacements  of  a  system  as  if  its  equilibrium  was  disturbed.  These 
displacements  are  known  in  mechanics  by  the  name  of  virtual  dis¬ 
placements. 

Virtual  displacements  of  the  particles  of  a  system  must  satisfy 
two  conditions:  (1)  they  must  be  infinitesimal,  since  if  a  displace¬ 
ment  is  finite,  the  system  will  occupy  a  new  configuration  in  which 
the  equilibrium  conditions  may  be  different;  (2)  they  must  be  con¬ 
sistent  with  the  constraints  of  the  system,  as  otherwise  we  should 
change  the  character  of  the  mechanical  system  under  consideration. 

For  instance,  in  the  crankshaft  mechanism  in  Fig.  370,  a  displace¬ 
ment  of  the  points  of  the  crank  OA  into  configuration  Ojlx  cannot  be 
considered  as  a  virtual  displacement,  as  the  equilibrium  conditions 
under  the  action  of  forces  P  and  Q  will  have  changed.  At  the  same 
time,  even  an  infinitesimal  displacement  of  point  B  of  the  connect¬ 
ing  rod  along  BD  would  not  be  a  virtual  displacement;  it  would  have 
been  possible  if  the  slides  at  B  were  replaced  by  a  rocker  (see 
Fig.  188,  where  C  is  a  rocker),  i.e.,  if  it  were  a  different  mechanism. 


486 


DYNAMICS  OF  A  SYSTEM  AND  A  BODY  {Part  4 


Thus,  we  shall  define  as  a  virtual  displacement  of  a  system  the  sum 
total  of  any  arbitrary  infinitesimal  displacement  of  the  particles  of  the 
system  consistent  with  all  the  constraints  acting  on  the  system  at  the 
given  instant.  We  shall  denote  the  virtual  displacement  of  any  point 
by  an  elementary  vector  6«  in  the  direction  of  the  displacement. 

In  the  most  general  case,  the  particles  and  bodies  of  a  system  may 
have  a  number  of  different  virtual  displacements  (not  considering 
6«  and  — 6s  as  being  different).  For  every  system,  however,  depend¬ 
ing  on  the  type  of  constraints,  we  can  specify  a  certain  number  of 


independent  virtual  displacements  such  that  any  other  virtual  dis¬ 
placement  will  be  obtained  as  their  geometrical  sum.  For  example, 
a  bead  lying  on  a  plane  (or  surface)  can  move  in  many  directions  on 
the  plane.  Nevertheless,  any  virtual  displacement  6s  may  be  produ¬ 
ced  as  the  sum  of  two  displacements  6si  and  dsj  along  two  mutually 
perpendicular  horizontal  axes  (6s  =  6si  -f  6S2). 

The  number  of  possible  mutually  independent  displacements  of  a 
system  is  called  the  number  of  degrees  of  freedom  of  that  system.  Thus, 
the  bead  mentioned  above  (regarded  as  a  particle)  has  two  degrees 
of  freedom.  A  crankshaft  mechanism,  evidently,  has  one  degree  of 
freedom.  A  free  particle  has  three  degrees  of  freedom  (three  inde¬ 
pendent  displacements  along  mutually  perpendicular  axes).  A  free 
rigid  body  has  six  degrees  of  freedom  (three  translational  displace¬ 
ments  along  orthogonal  axes  and  three  rotations  about  those  axes). 


§  171.  The  Principle  of  Virtual  Displacements 

By  virtual  work  is  meant  the  elementary  work  that  could  have  been 
done  by  a  force  acting  on  a  material  particle  in  a  displacement  coinciding 
with  die  particle's  virtual  displacement.  Let  us  denote  the  virtual 
work  done  by  an  active  force  JF®  by  the  symbol  6A®  (6A®  = 
=  F®6s  cos  a,  where  a  is  the  angle  between  the  direction  of  the 
force  and  the  displacement),  and  the  virtual  work  done  by  the  reac¬ 
tion  of  a  constraint  W  by  the  symbol  6^"^. 

In  §  149  we  introduced  the  important  concept  of  systems  with 
ideal  constraints.  It  follows  from  Eq.  (52)  in  §  149  that  the  const- 
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raints  imposed  on  a  system  are  ideal  if  the  sum  of  the  elementary 
works  done  by  the  reactions  of  those  constraints  in  any  virtual  dis¬ 
placement  of  the  system  is  zero,  i.e., 

(109) 

Examples  of  such  ideal  constraints  were  given  in  §  149. 

Consider  a  system  of  material  particles  in  equilibrium  under  the 
action  of  the  applied  forces  and  constraints,  assuming  all  the  con¬ 
straints  imposed  on  the  system  to  be  ideal.  Let  us  take  an  arbitrary 
particle  belonging  to  the  system  and  denote  the  resultant  of  all 
the  applied  active  forces  (both  external  and  internal)  by  the  symbol 
Fk,  and  the  resultant  of  all  the  reactions  of  the  constraints  (also 
external  and  internal)  by  the  symbol  Since  point  5},  is  in  equi¬ 
librium  together  with  the  system,  JP*  4-  =  0,  or  JTft  =  —Ft- 

Consequently,  in  any  virtual  displacement  of  point  .Bfe,  the  virtual 
works  6.4“  and  6Ak  done  by  the  forces  Fk  andN'k  are  equal  in  magni¬ 
tude  and  opposite  in  sense  and  therefore  vanish,  i.e.,  we  have 

6Al  4-  64h  =  0. 

Reasoning  in  the  same  way  we  obtain  similar  equations  for  all 
the  particles  of  a  system,  adding  which  we  obtain; 

But  if  the  constraints  imposed  on  the  system  are  ideal,  the  second 
summation,  by  Eq.  (109),  is  zero,  whence 

S  6^1  =  0,  (110) 

or 

S(F^6sftCosaft)  =  0.  (110') 

We  have  thus  proved  that  if  a  mechanical  system  with  ideal  con¬ 
straints  is  in  equilibrium,  the  active  forces  applied  to  it  satisfy  the 
condition  (110).  The  reverse  is  also  true,  i.e.,  if  the  active  forces 
satisfy  the  condition  (110),  the  system  is  in  equilibrium.  From  this 
follows  the  principle  of  virtual  displacements**:  The  necessary  and 
sufficient  conditions  for  the  equilibrium  of  a  system  subjected  to  ideal 
constraints  is  that  the  total  virtual  work  done  by  all  the  active  forces 
is  equal  to  zero  for  any  and  all  virtual  displacements  consistent  with 
the  constraints.  Mathematically  the  necessary  and  sufficient  condi- 


••  This  principle  was  formulated  very  like  the  present  definition  but  without 
proof,  by  the  celebrated  Swiss  mathematician  and  mechanic  John  Bernoulli 
(1667-1748).  In  general  form  the  principle  was  enunciated  and  proved  by  Lag- 
range  in  1788.  The  principle  was  generalised  for  the  case  of  unilateral  constraints 
(constraints  from  which  a  body  can  escape)  by  M.  V.  Ostrogradsky  in  his  works 
of  1838-1842. 
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tion  for  the  equilibrium  of  any  mechanical  system  is  expressed  by 
Eq.  (110),  which  is  also  called  the  equation  of  virtual  work. 

In  analytical  form  this  condition  can  be  expressed  as  follows 
(see  §  112): 

s  (FL6xft  +  Oi/h + =  0.  (Ill) 

In  Eq.  (Ill)  6xh,  bzfi  are  the  projections  of  the  virtual  displa¬ 
cements  of  point  Bfi  on  the  coordinate  axes.  They  are  equal  to 
the  infinitesimal  increments  to  the  position  coordinates  of  the  point 
in  its  displacement  and  are  computed  in  the  same  way  as  the  diffe¬ 
rentials  of  coordinates. 

The  principle  of  virtual  work  provides  in  general  form  the  equi¬ 
librium  conditions  of  any  mechanical  system,  whereas  the  methods 
of  geometrical  statics  require  the  consideration  of  the  equilibrium 
of  every  body  of  the  system  separately.  Furthermore,  application 
of  the  principle  of  virtual  work  requires  that  only  the  active  forces 
be  considered  and  this  makes  it  possible  to  ignore  all  the  unknown 
reactions  of  constraints  when  the  constraints  are  ideal. 


§  172.  Solution  of  Problems 

For  a  system  with  one  degree  of  freedom,  Eqs.  (110)  and  (111) 
immediately  give  the  equilibrium  conditions.  If  a  system  has  several 
degrees  of  freedom,  then  the  conditions  (110)  or  (111)  must  be  devel¬ 
oped  for  each  of  the  independent  displacements  of  the  system  separat¬ 
ely,  i.e.,  the  number  of  equilibrium  equations  is  equal  to  the  number 
of  degrees  of  freedom  of  a  system. 

In  problem  solutions  the  number  of  degrees  of  freedom  of  plane 
mechanisms  is  conveniently  determined  as  follows.  Imagine  a  me¬ 
chanism  to  be  moving.  If  by  stopping  a  translation  or  rotation  of 
any  unit  we  stop  the  whole  mechanism,  then  it  has  one  degree  of 
freedom.  If,  when  the  translation  or  rotation  of  any  unit  is  stopped, 
the  mechanism  continues  to  move,  and  if  it  can  be  stopped  by  ad¬ 
ditionally  preventing  the  displacement  of  some  other  part,  then  it 
has  two  degrees  of  freedom,  etc. 

For  solving  problems  by  the  geometrical  method  we  must:  (1)  depict 
all  the  active  forces  applied  to  the  system  under  consideration; 
(2)  impart  a  virtual  displacement  to  the  system  and  denote  by  vec¬ 
tors  the  elementary  displacements  of  the  points  of  application 
of  the  forces,  or  by  angles  dqph  the  elementary  rotations  of  the  bodies 
subjected  to  forces  (if  a  system  has  several  degrees  of  freedom,  it 
must  be  given  one  of  the  independent  displacements);  (3)  compute 
the  virtual  work  done  by  all  the  active  forces  in  the  given  displace- 
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ment  according  to  the  formulas 

=  or  6^|  =  mo(i?t)6(pfe  (112) 

and  Avrite  condition  (110);  (4)  establish  the  dependence  between  the 
quantities  bs^  and  6(ph  in  Eq.  (110)  and  express  all  of  them  in  terms 
of  one  quantity,  which  can  always  be  done  as  the  system  was  given 
an  independent  virtual  displacement. 

When  all  the  quantities  or  6(ph  in  Fig.  (110)  are  expressed  in 
terms  of  one  of  them,  we  obtain  an  equation  from  which  we  can 
find  the  required  quantity  or  relation. 

When  a  system  has  several  degrees  of  freedom,  the 
foregoing  procedure  must  be  repeated  for  each  inde¬ 
pendent  displacement. 

The  relation  between  the  quantities  6sft  and  6(pft  can  be 
found  either  (a)  from  purely  geometrical  considerations 
(problems  160  and  165)  or  (b)  kinematically,  i.e.,  first 
determine  the  relation  between  the  corresponding  linear 
velocity  and  angular  velocity  (Oft  which  the  system 
would  have  if  it  were  in  motion,  and  then  take  into  acco¬ 
unt  that  6sfe  =  dt  and  6(pft  =  (Oj,  dt  (Problems  161  and 
162  and  others). 

In  the  analytical  method  the  equilibrium  equation  is 
written  in  the  form  (111).  For  this  the  coordinate  axes 
are  taken  with  reference  to  a  body  which  remains  stati¬ 
onary  during  the  virtual  displacement  of  the  system. 

Then  the  projections  of  all  the  active  forces  on  these 
axes  and  the  position  coordinates  %,  j/^,  of  all  the  points  of  appli¬ 
cation  of  the  forces  must  be  computed,  the  coordinates  being  expres¬ 
sed  in  terms  of  any  one  parameter  (angle,  for  instance).  Then  the 
quantities  by^,  bz^  are  found  by  differentiating  the  coordinates 
Vht  Zft  with  respect  to  that  parameter. 

If  it  is  impossible  to  express  all  the  coordinates  xj,,  in  terms 

of  one  parameter  immediately,  several  parameters  should  be  intro¬ 
duced,  such  that  the  relation  between  them  can  later  be  established. 

In  conclusion,  note  that  conditions  (110)  and  (111)  can  be  applied 
when  there  are  frictional  forces,  if  they  are  included  among  the 
active  forces.  Similarly,  the  reactions  of  constraints  can  be  deter¬ 
mined  if  the  corresponding  constraints  are  removed  and  their 
reactions  are  included  among  the  active  forces. 

Problem  160.  Find  the  relation  between  forces  P  and  Q  in  the 
mechanism  shown  in  Fig.  371  if  it  is  in  equilibrium. 

Solution.  If  we  give  the  system  a  virtual  displacement,  the  dia¬ 
gonals  of  all  the  parallelograms  formed  by  the  rods  will  receive 
the  same  increment  6s.  We  have  ds^  =  6s,  and  bsg  =  38s.  Writing 
condition  (110),  we  obtain:  Pbsg  —  ^6s.4  =  0  or  (3P  —  Q)  bs  —  0, 
whence  Q  =  3P.  The  solution,  we  see,  is  very  simple. 
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Problem  161 .  A  beam  of  weight  Q  is  supported  on  two  cylindrical 
rollers  of  weight  P  each.  What  force  F  must  be  applied  to  the  beam 
to  maintain  equilibrium  on  a  plane  making  an  angle  a  with  the 
horizontal  if  there  is  no  slipping  between  either  the  rollers  and  the 
inclined  plane  or  the  rollers  and  the  beam  (Fig.  372)? 

Solution.  If  we  neglect  rolling  friction,  the  plane  will  be  an  ideal 
constraint  for  both  rollers.  If  a  virtual  displacement  is  given  to  the 
system,  we  obtain  from  condition  (110): 

Fbsg  —  Q  sin  aSSfl  —  2P  sin  a6sc  =  0, 

where  bsg  is  the  virtual  displacement  of  the  point  of  the  beam  coin¬ 
cident  with  point  B.  The  point  of  contact  K  is  the  instantaneous 
centre  of  zero  velocity  of  the  roller,  therefore  Vb  =  Suc  and  bsg  = 


Fig.  372  Fig.  373 


==  2bsc,  since  bsg  =  Vb  dt  and  6sc  =  dt.  Substituting  this  expres¬ 
sion  for  6sb  into  the  foregoing  equation,  we  obtain  finally: 

f  =  (^  -It  jP)  sin  a. 

Problem  162.  Find  the  relation  between  the  moment  M  of  the 
couple  acting  on  the  crankshaft  mechanism  in  Fig.  373  and  the 
pressure  P  on  the  piston  when  the  system  is  in  equilibrium.  The 
crank  is  of  length  OA  =  r  and  the  connecting  rod  is  of  length  AB  = 
=  1;  Z.  AOB  =  qp. 

Solution.  Equilibrium  conditions  (110)  give 

—  Af  6(p  -f  PbsB  =  0,  or  M&oa  =  Pvb, 


since  6q)  =  ©oa  dt  and  bss  =  Vb  dt.  The  solution  requires  that  the 
relation  be  found  between  Vb  and  ©qa-  This  kinematic  problem  was 
solved  in  Problem  71,  §  82.  Referring  to  the  result  obtained  there, 
we  find 


M  =  Pr  ( 1  -h  ^  )  sin  (p. 

\  ]/^i2 — r2sin2(p/ 


Problem  163.  For  the  reduction  gear  considered  in  Problem  91, 
§  95,  find  the  relation  between  the  torque  M^  applied  to  the  driving 
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shaft  A  and  the  resistance  moment  Ms  applied  to  the  driven  shaft  B 
when  both  shafts  are  rotating  uniformly. 

Solution.  The  relation  between  Ma  and  Mg  will  be  the  same 
in  uniform  rotation  as  in  equilibrium.  Therefore,  from  Eq.  (110) 
we  have; 

Ma^^a  —  =  0,  or  =  MgCiB, 

as  6(p^  =  (1)^  dt  and  6q)B  =  Wb  dt.  Hence,  referring  to  the  result 
obtained  in  Problem  91,  we  find: 

Ma-=  —  Mb  =  ^Mb  =  2.8Mb 

Problem  164.  Find  the  relation  between  forces  P  and  Q  acting 
on  the  jack  in  Fig.  374,  whose  parts  are  housed  in  the  box  K,  if  it 


Fig.  374  Fig.  375 


is  known  that  in  one  revolution  of  the  crank  handle  AB  —  I  the 
screw  D  moves  out  by  h. 

Solution.  From  Eq.  (110)  we  have: 

PZ6<p^b-<?6sd  =  0. 


Assuming  that  when  the  handle  is  rotated  uniformly  the  screw 
also  moves  up  uniformly,  we  have; 


89ab  _ 

2n  h  ’ 


or 


bSg. 


Substituting  this  expression  for  Sqp^B  into  the  foregoing 
we  obtain: 


equation. 


Note  that  this  simple  problem  cannot  be  solved  by  the  methods 
of  geometrical  statics  as  the  parts  of  the  mechanism  are  unknown. 

l^oblem  165.  Two  beams  are  hinged  together  at  C  and  loaded 
as  shown  in  Fig.  375a.  Neglecting  the  weight  of  the  beams,  deter¬ 
mine  the  pressure  on  support  B. 
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Solution.  Replace  the  support  at  R  by  a  force  Nb  which  is  equal 
in  magnitude  to  the  required  pressure  (Fig.  3756).  For  a  virtual 
displacement  of  the  system  Eq.  (110)  gives 

Nb^Sb  —  P6se  =  0. 


The  relation  between  6sb  and  8se  is  found  from  the  proportions 

&sb  6*c  fisf:  6*c 

~a  li  ’  b  ~  I2  ' 

whence 


and  consequently 


If  we  were  to  use  the  methods  of  geometrical  statics  we  should 
have  to  consider  the  equilibrium  of  each  beam  separately,  introduce 


the  reactions  of  the  other  supports,  and  then  eliminate  them  from 
the  obtained  set  of  equilibrium  equations. 

Problem  166.  The  epicyclic  gear  train  in  Fig.  376  (see  also  §  95) 
consists  of  a  gear  1  of  radius  rj,  an  arm  AB  mounted  on  axle  A 
independently  of  the  gear,  and  a  gear  2  of  radius  mounted  on  the 
arm  at  B  as  shown.  Acting  on  the  arm  is  a  torque  M,  and  acting 
on  the  gears  are  resistance  moments  M^  and  M^,  respectively.  Deter¬ 
mine  the  values  of  M^  and  M^  at  which  the  mechanism  is  in  equi¬ 
librium. 

Solution.  The  mechanism  has  two  degrees  of  freedom,  since  it  has 
two  possible  independent  displacements:  the  rotation  of  the  arm  AB 
when  gear  1  is  at  rest,  and  the  rotation  of  gear  1  when  the  arm  is 
at  rest.  First  consider  a  virtual  displacement  of  the  system  in  which 
gear  1  remains  at  rest  (Fig.  376a).  For  this  displacement  Eq.  (110) 
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gives 


■^6<Pab  —  =  0- 


But  when  gear  1  is  at  rest,  the  contact  point  of  the  gears  will  he  the 
instantaneous  centre  of  zero  velocity  of  gear  2,  and  consequently 
Vg  =  At  the  same  time  Vg  —  o)ab  (^i  +  '"a)*  Hence,  0^2  — 
=  Oab  Vi  +  rj),  or  Siparj  =  6(Pab  (^i  +  rj),  and  we  obtain: 


M 


2 


r2 

ri  +  ra 


M. 


Now  consider  a  virtual  displacement  in  which  the  arm  AB  remains 
at  rest  (Fig.  37Qb).  For  this  displacement  Eq.  (HO)  gives 


Mi6(pi  —  Mgdqjj  =  0. 

But  when  the  arm  is  at  rest, 


6(p2 (Ba _ri_ 

6q),  (0,  ra 


and  M.  =  —  M,. 

ra 


We  finally  obtain: 

Ml 


ri 

ri  +  ra 


M, 


M2 


ra 

ri  +  ra 


M. 


Problem  167.  Determine  the  relation  between  the  forces  and 
Q2  and  the  force  P3  when  the  press  in  Fig.  377  is  in  equilibrium 
(^1  =  Q2  ^  Q  aJ’id  P3  =  P)  if  angles  a  and  p  are  known.  Neglect 
the  weight  of  the  rods. 

Solution.  To  give  an  example  of  the  analytical  method  of  solution 
let  us  take  equilibrium  condition  (111).  Placing  the  origin  of  a  coor¬ 
dinate  system  in  the  fixed  point  A  and  drawing  axes  x  and  y  as 
shown,  we  obtain: 

Qix^XiA- Q2!fix2-\- Pzybyz  —  i),  (a) 


since  all  the  other  projections  of  the  forces  vanish. 

To  find  6x1,  6x2,  6^3,  compute  the  coordinates  x^,  Xj,  ys  of  the 
points  of  application  of  the  forces,  expressing  them  in  terms  of  the 
angles  a  and  p.  Denoting  the  lengths  of  the  rods  by  a  and  6,  we 
obtain: 


Xi  ■=  a  cos  a,  X2  =  o  cos  a  -4-  26  cos  p,  ^3  =  6  sin  p  4-  a  sin  a. 
Differentiating,  we  find: 

6x1  =  —  a  sin  a  6a,  6x2  =  —  (a  sin  a  6a  26  sin  p  6P), 

61/3  =  6  cos  p  6p  4-  a  cos  a  6a. 

Substituting  these  expressions  into  equation  (a)  and  taking  into 
account  that  ==  Q,  ^2*  =  — Qy  and  Pay  —  —Py  we  have: 

2Qb  sin  p  6p — P  (6  cos  p  6p  4-  a  cos  a  6a)  =  0.  (b) 
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To  find  the  relation  between  6a  and  6p  we  make  use  of  the  fact 
that  AB  —  const.  Therefore,  2  {a  cos  a  +  6  cos  P)  =  const.  Di¬ 
fferentiating  this  equation,  we  obtain: 

asina6a-f-6sinp6p  =  0  and  6a  =  —  gp. 

Substituting  the  expression  for  6a  into  equation  (b)  and  taking 
into  account  that  6p  ^  0,  we  have: 

"IQ  sin  p  —  P  (cos  p  —  cot  a  sin  P)  =  0, 

whence 

p  _ 

cot  P— cot  O  ■ 

At  an  angle  p  very  close  to  a  the  pressure  P  will  be  very  large. 


§  173.  The  General  Equation  of  Dynamics 

The  principle  of  virtual  displacements  gives  a  general  method 
for  solving  problems  of  statics.  On  the  other  hand,  D’Alembert’s 
principle  makes  it  possible  to  employ  the  methods  of  statics  in 
solving  dynamical  problems.  It  seems  obvious  that  by  combining 
these  principles  we  can  develop  a  general  method  for  the  solution 
of  problems  of  dynamics. 

Consider  a  system  of  material  particles  subjected  to  ideal  cons¬ 
traints.  If  we  add  to  all  the  particles  subjected  to  active  forces  Ft 
and  reaction  forcesZVft  the  corresponding  inertia  forces  JF’ft  =  — Tn^Wk, 
then  by  D’Alembert’s  principle  the  resulting  force  system  will  be 
in  equilibrium.  If  we  now  apply  the  principle  of  virtual  displace¬ 
ments,  we  obtain: 

S  +  S  SAft  -f-  2  6Ah  =  0. 

But  from  Eq.  (109)  the  last  sum  is  zero,  and  we  finally  obtain: 

S6A|.|-S6Ai  =  0.  (113) 

Equation  (113)  represents  the  general  equation  of  dynamics. 
It  states  the  following  principle  of  D’Alembert-Lagrange:  In  a  moving 
system  with  ideal  constraints  the  total  virtual  work  done  by  all  the 
active  forces  and  all  the  inertia  forces  in  any  virtual  displacement 
is  zero  at  any  instant. 

In  analytical  form  Eq.  (113)  gives 

S  {{Pic  +  /^’L)  6xfc  -f  (Fly  -1-  Fiy)  8y^  +  (FL  +  FL)  8z^]  =  0.  (114) 

Equations  (113)  and  (114)  make  it  possible  to  develop  the  equa¬ 
tions  of  motion  for  any  mechanical  system. 
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If  a  system  consists  of  a  number  of  rigid  bodies,  the  relevant 
equations  can  be  developed  if  to  the  active  forces  applied  to  each 
body  are  added  a  force  equal  to  the  principal  vector  of  the  inertia 
forces  applied  at  any  centre,  and 
a  couple  with  a  moment  equal 
to  the  principal  moment  of  the 
inertia  forces  with  respect  to  that 
centre.  Then  the  principle  of  vi¬ 
rtual  work  can  be  used. 

Problon  168.  A  pendulum  go¬ 
vernor  consists  of  two  balls 
and  A  2  of  weight  p  each  (Fig.  378) . 

The  slide  weighs  Q,  the  go¬ 
vernor  rotates  about  the  vertical 
axis  with  a  uniform  angular  ve¬ 
locity  (0.  Neglecting  the  weight 
of  the  rods,  determine  angle  a 
if  OAi  —  OA^  =  I  and  OB^  — 

=  OB^  =  B^C^  =  5,^2  =  a. 

Solution.  Adding  to  the  active 
forces l>i,i>2.  and  Osthe  centrifu-  Fig-  378 

gal  inertia  forces  JF*  and  F\  (the 

inertia  force  of  the  slide  will,  evidently,  be  zero),  we  write  the  gene¬ 
ral  equation  of  dynamics  in  the  form  (114).  Computing  the  projec¬ 
tions  of  all  the  forces  on  the  coordinate  axes,  we  have: 

pfiXi  -f  P26:c2— -h  F261/2  -f  Qzbx3  =  0.  (a) 

We  also  have: 


Qz  —  Qi  Pi  =  P2  =  Pt  F‘j  =  ^2  = sin  a. 

The  coordinates  of  the  points  of  application  of  the  forces  are 
Xi  =  —  I  cos  a,  1/2  =  —Pi  —  I  sin  a,  Xg  =  2a  cos  a. 

Difierentiating  these  expressions,  we  find: 

6a;j  =  6a;2= — fsina6a,  61/2= — 6yi  =  Zcosa6a,  8x3= — 2asina6cz. 
Substituting  all  these  expressions  into  equation  (a),  we  obtain: 


^  —  2pl  sin  a  -f-  2  ZW  sin  a  cos  a  —  2Qa  sin  a  j  6a  =  0, 

whence  we  finally  have: 

pl±Qa 


cos  a: 


pZ2o)2 


As  cos  a  ^  1,  the  balls  will  move  apart  when 
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Angle  a  increases  with  w  and  tends  to  90°  when  ©  oo . 
Problem  169.  In  the  hoist  mechanism  in  Fig.  379,  a  torque  M 
is  applied  to  gear  2  of  weight  and  radius  of  gyration  p,.  Deter¬ 
mine  the  acceleration  of  the  lifted  load 
A  of  weight  Q  neglecting  the  weight  of 
Xg  the  string  and  the  friction  in  the  axles. 
The  drum  on  which  the  string  winds  and 
the  gear  1  attached  rigidly  to  it  have 
a  total  weight  P^  and  a  radius  of  gyra¬ 
tion  pi.  The  radii  of  the  gears  are  r,  and  r^, 
and  of  the  drUm  r. 

Solution.  Depict  the  active  force  Q  and 
torque  M  (forces  and  P^  do  no  work) 
and  add  to  them  the  inertia  force  F\ 
of  the  load  and  the  couples  of  moments 
M[  and  Ml  to  which  the  inertia  forces 
of  the  rotating  bodies  are  reduced  (see 
§  167).  In  magnitude  these  quantities  are: 


Fig.  379 


Fa  =  ^Wa, 


|Mi|  =  -^p?e„  \Mi\^^ 


P|82. 


The  directions  of  all  the  vectors  are  shown  in  the  diagram.  Writing 
Eq.  (113)  for  a  virtual  displacement  of  the  system,  we  obtain; 

-  (^  +  Flo  6sa  -Mi6<pi  +  {M-Mi)  692  =  0. 

Expressing  all  the  displacements  in  terms  of  6(pi,  we  have; 

“2  _  D  -li 


6sa  = 


or  6<p2=-j^6(p,. 


691  ^2 

Finally  the  equation  of  motion  takes  the  form 

( 1  +  )  r -h p2e, -f--^ p|e2 M =  0. 

Now  express  the  quantities  and  terms  of  the  required  accelera¬ 
tion  Wa-  Taking  into  account  that  and  are  related  in  the  same 
way  as  and  ©j,  we  obtain; 

p  _ifA  -  p  ri  wa 

81-  —  .  82-  81-  ^  , 


and  finally  we  have: 


Wa 


11-M  —  rQ 


r  r  rj 


g- 


An  alternate  solution  of  this  problem  is  with  the  help  of  the 
theorem  of  the  change  in  kinetic  energy  (see  §  150). 
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Problem  170.  One  end  of  a  thread  is  wound  on  a  uniform  cylinder 
of  weight  Pi  (Fig.  380).  The  thread  passes  over  a  pulley  0,  and  its 
other  end  is  attached  to  a  load  A  of  weight  p^  which  slides  on  a 
horizontal  plane,  the  coefficient  of  friction  being  /.  Neglecting  the 
mass  of  the  pulley  and  the  string,  determine  the  acceleration  of  the 
load  and  of  the  centre  C  of  the  cylinder. 

Solution.  If  motion  starts  from  rest,  the  centre  of  the  cylinder  C 
will  move  vertically  and  the  system  has  two  degrees  of  freedom  (the 
rotation  of  the  cylinder  with  respect  to  the  thread  when  the  load 
is  at  rest  and  the  displacement  of  the  load  when  the  cylinder 
does  not  rotate). 

Add  to  the  acting  forces  Pi,  p^, 
and  Ffr  the  inertia  forces  of  the  cy¬ 
linder  reduced  to  a  principal  vector  JBj 
and  a  couple  with  a  moment  Afc  (see 
§  167),  and  the  inertia  force  Fa  of  the 
load.  In  magnitude 

R\=-^Wc,  \M\;\= 

=  /ce  =  -g-r2  ^c-y>A  ^ 

The  last  equality  follows  from  the  fact  that  if  point  C  of  the 
cylinder  has  a  velocity  Vc  and  point  B  (together  with  the  thread) 
a  velocity  Vb  =  Pa*  then  the  angular  velocity  of  the  cylinder  co  = 

=  — [see  §  81,  Eq.  (56)1,  and,  consequently,  e  =  ; 

furthermore,  for  a  cylinder  Jq  —  0.5mr*,  where  r  is  the  radius  of 
the  cylinder. 

Now  consider  a  virtual  displacement  6sa  of  the  system  in  which 
the  cylinder  does  not  rotate  and  is  translated  together  with  the 
load.  The  moment  Me  does  no  work  in  this  displacement,  and  from 
Eq.  (113)  we  obtain: 

(-F,.-Fk-M+Pi)6sA  =  0, 

whence,  as  Fj,  =  fp^,  we  find: 

^Wc  +  ^WA  =  Pi  —  fp2.  (a) 

Consider  the  other  independent  virtual  displacement  in  which 
the  load  A  remains  at  rest  while  the  cylinder  turns  about  point  B 
(which  in  this  displacement  is  the  instantaneous  centre  of  rotation) 
through  angle  6(p.  For  this  displacement,  Eq.  (113)  gives 

(pi  —  R\)  r6(p — Mc6q)  =  0. 


M 


32—5562 
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Substituting  the  expressions  for  i?}  and  Me,  we  obtain; 

3u;c  —  Wa  =  2g. 


(b) 


Solving  equations  (a)  and  (b)  simultaneously,  we  obtain  the 
required  accelerations: 


Pi  —  SfP2. 

Pl  +  3P2  ’ 


Wc  = 


Pl  +  (2  — /)P2 
Pl  +  3P2 


g- 


The  result  shows  that  the  motion  considered  is  possible  when 
/  ^  M  the  coefficient  of  friction  is  greater,  load  A  will  remain 

at  rest,  the  displacement  6s^  will  not  be  possible,  and  there  will 
be  no  equation  (a).  The  motion  of  the  centre  of  the  cylinder  will 
be  described  by  equation  (b)  if  in  the  latter  is  taken  to  be  zero. 
Consequently,  at  /  >•  load  A  will  be  at  rest  while  the  centre  C 

of  the  cylinder  will  fall  with  an  acceleration  Wq  =  2g/3. 

Note  that  for  systems  with  more  than  one  degree  of  freedom  the 
method  for  developing  equations  described  in  §  150  is  useless  and 
the  general  equation  of  dynamics  must  be  applied. 


Chapter  32* 
Equilibrium  Conditions 
and  Equations  of  Motion 
of  a  System  in  Generalised 

Coordinates 

§  174.  Generalised  Coordinates  and  Generalised 
Velocities 

The  number  of  coordinates  (parameters)  defining  the  configura¬ 
tion  of  a  mechanical  system  depends  on  the  number  of  particles 
(or  bodies)  comprising  the  system  and  on  the  number  and  type  of 
the  constraints  imposed  on  it.  We  shall  consider  only  systems  with 
geometrical  constraints,  i.e.,  constraints  that  restrict  only  the  con¬ 
figuration  of  the  particles  of  the  system  in  space,  but  not  their  veloci¬ 
ties.  The  number  of  degrees  of  freedom  of  a  system  is,  it  will  be 
recalled,  given  by  the  number  of  possible  mutually  independent 
displacements  of  the  ssrstem  (§  170).  Geometrical  constraints  identic¬ 
ally  reduce  both  the  number  of  independent  virtual  displacements 
of  a  system  and  the  number  of  mutually  independent  coordinates 
defining  its  configuration.  For  example,  if  a  point  with  coordinates 
l/ft)  is  connected  with  a  fixed  point  A  (x^,  y^,  z^)  by  a  rigid 
rod  of  length  I  (a  geometrical  constraint),  the  number  of  virtual 
displacements  of  the  system  is  reduced  by  one,  as  displacement  of 
the  particle  along  ABf,  becomes  impossible.  Simultaneously,  the 
particle’s  coordinates  will  all  the  time  satisfy  the  equation 
Ua  —  ^k)’‘  +  (Ua  —  VhY  +  (za  —  Zft)*  =  which  defines  the  con¬ 
straint  in  mathematical  terms;  consequently,  the  number  of  mu¬ 
tually  independent  coordinates  of  the  system  will  also  decrease  by 
one.  We  thus  find  that  the  number  of  independent  coordinates  de¬ 
fining  the  configuration  of  a  system  with  geometrical  constraints 
equals  the  number  of  degrees  of  freedom  of  that  system.  Any  para¬ 
meters  of  any  dimension  and  of  any  geometrical  (or  physical)  mean¬ 
ing  can  be  chosen  for  such  coordinates,  notably  sections  of  straight 
lines,  arcs,  angles,  areas,  etc. 

Independent  parameters  of  any  dimension,  the  number  of  which 
is  equal  to  the  number  of  degrees  of  freedom  and  which  uniquely 
define  a  system’s  configuration,  are  called  the  generalised  coordinates 
of  the  system.  We  shall  denote  generalised  coordinates  by  the  sym¬ 
bol  q.  As  a  free  particle  has  three  degrees  of  freedom,  a  system  com- 
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prising  n  material  particles  (whose  coordinates  must,  by  virtue  of 
the  geometrical  constraints  imposed  on  the  system,  satisfy  k  equa¬ 
tions  describing  those  constraints)  has  s  =  3n  —  k  degrees  of  free¬ 
dom,  and  its  configuration  is  given  by  s  generalised  coordinates 

92.  •  •  •»  9«-  (115) 

Conversely,  if  it  is  established  that  a  given  configuration  of  a 
system  is  uniquely  defined  by  any  s  mutually  independent  para¬ 
meters,  the  system  has  s  degrees  of  freedom. 

Insofar  as  generalised  coordinates  are  mutually  independent, 
the  elementary  increments  of  those  coordinates 

691.  592.  •  •  •»  59*  (116) 

are  also  mutually  independent.  And  each  of  the  quantities  in  (116) 
defines  a  corresponding  virtual  displacement  of  the  system,  which 
is  independent  of  all  other  such  displacements. 

The  same  as  in  any  transition  from  one  coordinate  system  to 
another,  the  Cartesian  coordinates  x^,  Ph,  Zk.  of  any  particle  of  a  given 


physical  system  can  be  expressed  in  terms  of  the  generalised  coordina¬ 
tes  by  equations  of  the  form  x^  =  x^  (q^,  q^,  .  .  .,  g*),  etc.  Con¬ 
sequently,  for  the  particle’s  radius  vector  r^,  defined  by  its  projec¬ 
tions,  i.e.,  the  coordinates  x^,  p^,  %  (rj,  =  x^i  ynj  +  Zkh),  we 
have*’: 

(91.  92.  •  •  •*  9«)"  (11^) 

Example  1.  It  is  apparent  that  the  plane  simple  pendulum  in 
Fig.  381  has  one  degree  of  freedom  (s  =  1);  consequently  its  configura¬ 
tion  is  determined  by  one  generalised  coordinate  q.  We  can  select 

this  coordinate  to  be  either  angle  cp  or  the  length  S  of  arc  AM  or  the 
area  a  of  sector  0AM,  always  indicating  the  positive  and  negative 

*>  To  simplify  the  equations  we  assume  that  the  constraints  do  not  alter 
with  time  (otherwise  rf^  would  also  depend  on  the  argument  t).  This  assumption 
does  not  affect  the  form  of  the  final  equations  (§  177),  and  they  are  also  valid 
for  constraints  that  change  with  time. 
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directions  for  each  of  these  coordinates.  It  would  be  wrong  to  take 
the  abscissa  x  of  point  M  as  the  generalised  coordinates  as  it  does  not 
give  the  position  of  M  uniquely  (for  any  given  value  x  the  pendulum 
may  be  deflected  either  to  the  right  or  to  the  left  of  the  vertical). 

If  yre  take  angle  q>  as  the  generalised  coordinate,  the  virtual  dis¬ 
placement  of  the  pendulum  can  be  obtained  by  giving  the  angle 
an  increment  6<p.  The  Cartesian  coordinates  x  and  y  of  point  M 
can  be  expressed  in  terms  of  9  in  the  form  a:  =  1  cos  (p,  p  =  I  sin  cp, 
where  I  =-OM.  Then,  by  Eq.  (117),  r  —t  ((p). 

Example  2.  It  is  apparent  that  the  plane  double  pendulum  in 
Fig.  382  has  two  degrees  of  freedoms,  and  we  can  choose  angles  <p 
and  ^  as  the  generalised  coordinates  (?i  =  q),  =  ij;);  the  angles 

are  mutually  independent,  as  angle  (p  can  be  altered  without  altering 
angle  ij),  and  vice  versa.  The  quantities  6q)  and  6t|j  give  the  mutually 
independent  virtual  displacements  of  the  system.  The  Cartesian 
coordinates  of  points  A  and  B  in  terms  of  the  generalised  coordinates 
are  given  by  equations  of  the  form  x^  —  cos  (p,  Xg  =  h  cos  <p  -f 
+  I2  cos  ((p  -f  If)*  etc.,  where  li  =  OA  and  =  AB.  Consequently, 
by  Eq.  (117),  =  r-A  (q>),  »*s  =  '»*b  (‘P.’*!’)- 

In  motion  the  generalised  coordinates  change  continuously  with 
time,  and  the  law  of  motion  is  given  by  the  equations: 

9i  =  fi  (0.  92  =  f2  (0.  •••.?*=/«  (t).  (118) 

Equations  (118)  are  the  kinematic  equations  of  motion  of  a  system 
in  generalised  coordinates. 

The  derivatives  of  the  generalised  coordinates  with  respect  to 
time  are  called  the  generalised  velocities  of  the  system.  We  shall 
denote  generalised  velocities  by  the  symbols 


9it  ?2»  •  •  •«  9s* 

where  =  -^ ,  etc.  The  dimension  of  generalised  velocity  depends 
on  the  dimension  of  the  corresponding  generalised  coordinate.  If  q  is 
a  linear  quantity,  q  is  linear  velocity;  if  q  is  an  angle,  q  is  angular 

velocity;  if  q  is  an  area,  q  is  sectoral  velocity,  etc.  Thus,  the  concept 
of  generalised  velocity  embraces  all  concepts  of  velocity  previously 
encountered  in  kinematics. 

§  175.  Generalised  Forces 

Consider  a  physical  system  of  n  material  particles  subject  to 
forces  Fi,  F^,  .  .  .,  F„.  Let  the  system  have  s  degrees  of  freedom 
and  its  configuration  be  given  by  the  generalised  coordinates  (115), 
and  let  us  impart  it  an  independent  virtual  displacement  such  that 
coordinate  q^  receives  an  increment  bq^  and  the  other  coordinates 


502 


DYNAMICS  OF  A  SYSTEM  AND  A  BODY  [Part  4 


remain  unchanged.  Then  each  of  the  radius  vectors  of  the  system’s 
particles  will  receive  an  elementary  increment  (8»*h)i  As  by 
Eq.  (117)  rfe  =  q^,  .  .  g,),  and  as  only  coordinate  q^  changes 

in  the  given  displacement  (the  others  remain  constant),  (6rh)i  is 
computed  as  a  partial  differential  and,  consequently, 

(6r,),=-^6g,.  (119) 

Now  let  us  compute  the  sum  of  the  elementary  works  done  by  all 
acting  forces  in  the  stated  displacement,  denoting  it  by  the  symbol 
Applying  Eq.  (36')  from  §  112  and  Eq.  (119),  we  obtaih: 

6A,  =  Ff  (firOi  +^’2-  (6»*2)i  +  . . .  +  •  (fir„)i  = 

... +F„-^8„. 

(The  dot  here  is  a  symbol  of  scalar  multiplication  of  two  vectors.) 
Taking  the  common  multiplier  bq^  outside  the  parentheses,  we 
finally  obtain: 

=  Q^bq^,  (120) 

where 

(12') 

By  analogy  with  the  equation  bA  =  F^bs,  which  gives  the  elemen¬ 
tary  work  done  by  force  F,  the  quantity  is  called  the  generalised 
force  corresponding  to  coordinate  gj. 

Imparting  to  the  system  another  independent  virtual  displace-- 
ment  in  which  only  coordinate  g^  changes,  we  obtain  the  following 
expression  for  the  elementary  work  done  by  all  active  forces  in  that 
displacement: 

6A*  =  <?26g„  (122) 

where 

(123) 

The  quantity  is  the  generalised  force  corresponding  to  coordina¬ 
te  g^,  etc. 

Apparently,  if  the  system  is  given  an  elementary  displacement 
in  which  all  its  generalised  coordinates  change  simultaneously,  the 
sum  of  the  elementary  works  done  by  the  applied  forces  in  that  dis¬ 
placement  will  be  given  by  the  equation 

S  bA^  =  Q,bqi  +  Q^bq^  +  ...  +  <?.6g..  (124) 

Equation  (124)  gives  the  total  elementary  work  done  by  all  forces 
acting  on  a  system  in  generalised  coordinates.  It  can  be  observed 

*>  The  symbol  indicates  that  the  elementary  increment  of  the  radiu® 

vector  »•>,  is  the  result  only  of  the  change  of  coordinate  ^  by  the  value  dgj. 
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from  the  equation  that  generalised  forces  are  quantities  equal  to  the 
coefhcients  before  the  increments  of  the  generalised  coordinates 
in  the  expression  for  the  total  elementary  work  done  by  the  forces 
acting  on  the  system. 

If  all  the  constraints  imposed  on  a  system  are  ideal,  the  work 
in  the  virtual  displacements  is  done  only  by  the  active  forces,  and 
the  quantities  Qi,  Q^,  .  .  Qs  represent  the  generalised  active  forces 
of  the  system. 

The  dimension  of  a  generalised  force  depends  on  the  respective 
generalised  coordinate.  As  the  product  Q8q,  and  consequently  Qq, 
has  the  dimension  of  work, 

=  (125) 

i.e.,  the  dimension  of  generalised  force  equ¬ 
als  the  dimension  of  work  divided  by  the  di¬ 
mension  of  the  corresponding  generalised 
coordinate.  Hence,  if  g  is  a  linear  quantity.  Fig.  383 

Q  has  the  dimension  of  ordinary  force  (kgf 

in  the  mkg(f)s  system);  if  g  is  an  angle  (a  nondimensional  quantity), 
Q  is  measured  in  kgf-m,  i.e.,  it  has  the  dimension  of  moment;  if  q 
is  volume  (e.g.,  the  position  of  a  piston  in  a  cylinder  can  be  defined 
in  terms  of  the  volume  of  the  space  back  of  the  piston),  Q  is  measured 
in  kgf/m*,  i.e.,  the  dimension  of  pressure,  etc.  We  thus  see  that,  by 
analogy  with  generalised  velocity,  the  concept  of  generalised  force 
includes  all  quantities  examined  before  as  measures  of  the  mechanical 
interactions  of  material  bodies  (force,  moment,  pressure). 

Generalised  forces  are  computed  with  the  help  of  equations  of  the 
form  (120)  and  (122)  used  to  compute  the  elementary  virtual  work 
(see  §  172).  First  it  is  necessary  to  establish  the  number  of  degrees 
of  freedom  of  the  system,  to  select  the  generalised  coordinates,  and 
to  depict  all  the  active  forces  applied  to  the  system,  as  well  as  the 
friction  forces  (if  they  do  work).  Then,  to  determine  ^i,  give  the 
system  a  virtual  displacement  in  which  only  coordinate  g^  changes, 
compute  from  Eqs.  (112)  the  sum  of  the  elementary  works  done  in 
that  displacement  by  all  acting  forces,  and  represent  the  obtained 
expression  in  the  form  (120).  The  factor  for  dg^  gives  the  required 
value  of  Qi.  Q^,  Qz,  •  •  etc.  are  computed  similarly. 

Example  1.  Compute  the  generalised  force  for  the  system  in 
Fig.  383,  where  load  A  of  weight  moves  along  a  smooth  inclined 
plane,  and  load  B  of  weight  moves  along  a  rough  horizontal 
surface  with  coefficient  of  friction  /.  The  loads  are  joined  by  a  thread 
passing  over  pulley  0\  the  masses  of  the  thread  and  pulley  can  be 
neglected.  Obviously,  the  system  has  one  degree  of  freedom  and  its 
configuration  is  given  by  the  coordinate  qi  —  x  (the  positive  direc¬ 
tion  of  X  is  indicated  by  an  arrow).  To  determine  give  the  system 
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a  virtual  displacement  6a:  and  compute  the  elementary  work  done 
in  that  displacement  by  forces  Pi  and  Ftr  (the  other  forces  do  no 
work).  As  Ftt  —  fN  =  fP^, 


Consequently, 


6A  =  (Pi  sin  a  —  fP^  bx. 
Qi  =  Pi  sin  a  —  fP^. 


Example  2.  Neglecting  friction,  determine  the  generalised  forces 
for  the  system  depicted  in  Fig.  384:  a  homogeneous  rod  AB  of 
length  I  and  weight  P  can  rotate  in  the  vertical  plane  about  a  pin 
at  A.  Sliding  on  the  rod  is  a  bead  M  of  weight 
p  and  a  spring  AM  whose  relaxed  length  is  a 
and  whose  stiffness  is  c. 

The  system  has,  obviously,  two  degrees  of  free¬ 
dom  (the  displacement  of  the  bead  along  the 
rod  and  rotation  of  the  rod  about  A  are  indepen¬ 
dent).  Take  angle  <p  and  the  distance  x  of  the 
bead  from  the  end  of  the  relaxed  spring  as 
the  generalised  coordinates;  the  positive  dire¬ 
ctions  of  the  coordinates  are  indicated  by  the 
arrows. 

First  give  the  system  a  virtual  displacement 
in  which  <p  receives  an  increment  6(p  (69  >  0) 
and  X  =  const.  In  this  displacement  work  is 
done  by  forces  P  and  p.  From  the  second  of  Eqs.  (112)  we  find: 


>3 


6Ai  =  ^  — P  sin<p  —  p  (a -fa:)  sin  (pj  6(p. 

(The  “minus”  because  the  moment  is  directed  opposite  to  6f .)  Con¬ 
sequently, 

Qi=  —  [p4-  +  P(a+^)]sin(p. 


Now  give  the  system  a  virtual  displacement  in  which  only  coordi¬ 
nate  X  changes,  receiving  an  increment  6a:  >•  0,  and  (p  =  const. 
In  this  displacement  work  is  done  by  the  force  of  gravity  p  and  the 
elastic  force  of  magnitude  F  =  cx.  Then, 


and 


6Aj  =  (p  cos  (p  —  ca:)  6a:, 
Qi  =  p  cos  q)  —  cx. 


As  Qi  =  (p,  the  generalised  force  Qi  has  the  dimension  of  moment, 
and  force  Q2  has  the  dimension  of  conventional  force. 

Conservative  Forces.  As  we  know,  if  all  the  forces  acting  on  a 
system  are  conservative,  there  exists  a  force  function  U,  dependent 
on  the  coordinates  x^,  y^,  of  the  particles  of  the  system,  such 
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that  the  sum  of  the  elementary  works  done  by  the  acting  forces  equals 
the  full  differential  of  the  function,  i.e.,  2  f§  151, 

Eq.  (62)1.  But  in  going  over  to  the  generalised  coordinates  q^,  q^,  .  . 
q,,  all  the  ij,,  Hh,  coordinates  can  be  expressed  in  terms  of 
the  generalised  coordinates,  whence  U  =  U  (gi,  g2,  .  .  .,  g,).  Con¬ 
sequently,  computing  6Z7  as  the  full  differential  with  respect  to  the 
function  U  (g^,  gj,  .  .  .,  g*),  we  obtain: 


2  6 A  =  ^  6g. -f  ^  6g2 -f  . . .  +  ^  6g. 


dU 


au 


dqi 


dqz 


3q, 


Comparing  this  expression  with  Eq.  (124),  we  conclude  that  in 
this  case 


O  — ^  O  O  — ^ 


or. 


since  the  potential  energy  V  = 

av  ^  av 


-t7. 


^1  = 


35i 


<?2  = 


352 


av 


sq» 


(126) 


(127) 


Consequently,  if  all  the  forces  acting  on  a  system  are  conservative, 
the  generalised  forces  equal  the  partial  derivatives  of  the  force 
function  (or  the  partial  derivatives  of  the  potential  energy  taken 
with  the  opposite  sign)  with  respect  to  the  corresponding  generalised 
coordinates. 

Example  3.  All  the  forces  acting  on  the  system  in  Fig.  384  are 
conservative.  Directing  the  coordinate  axis  Az  vertically  up  and 
taking  into  account  that  F  =  — U,  for  the  whole  system  we  obtain, 
by  Eqs  (59)  and  (59'): 

I  1 

F  =  — P  y  cos(p— p(a-l-a:)cosq3-f--g-ca:*, 


where  the  generalised  coordinates  q^  =  (p,  g*  =  x.  Then, 

—  [i>-|-f-p(a-l-ar)]  sinep,  ^  =  pcosq)— ca:, 

which  coincides  with  the  result  obtained  in  Example  2. 


§  176.  Equilibrium  Conditions  for  a  System 
in  Generalised  Coordinates 

According  to  the  principle  of  virtual  displacements,  the  necessary 
and  sufficient  condition  for  a  mechanical  system  to  be  in  equilibrium 
is  for  the  sum  of  the  elementary  works  done  by  all  the  active  forces 
(including  the  forces  of  friction,  if  they  do  work)  in  any  virtual 
displacement  of  the  system  to  be  zero,  i.e.,  2  =  0.  In  general- 
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ised  coordinates  this  condition,  by  Eq.  (124),  yields: 

+  ^2^92  +  •  .  .  +  ~  0.  (128) 

As  all  the  quantities  6gi,  .  .  . ,  6g,  are  mutually  independent, 
Eq.  (128)  can  be  satisfied  only  if  each  of  the  factors  for  6gi,  dq^,  •  . 

6gs  is  separately  zero,  i.e., 

^1  =  0,  ^2  =  0,  ...,  a=0.  (129) 

For,  if  one  of  these  quantities,  for  instance  ^i,  is  not  zero,  the 
system  can  be  imparted  a  virtual  displacement  in  which  6gi  ^0, 
while  6gj  =  8qa  =  .  .  .  =  6g,  =  0,  which  contradicts  the  condi¬ 
tion  (128). 

Thus,  for  a  mechanical  system  to  be  in  equilibrium  it  is  necessary 
nnd  sufficient  for  all  the  generalised  forces  corresponding  to  the 
generalised  coordinates  selected  for  the  system  to  be  zero.  The 
number  of  equilibrium  conditions  (129)  is,  we  see,  equal  to  the 
number  of  generalised  coordinates,  i.e.,  to  the  number  of  degrees 
of  freedom  of  the  system. 

Comparing  the  method  of  computing  generalised  forces  described 
in  §  175  with  the  principle  of  virtual  displacements  used  in  §  172, 
we  see  that  the  latter  essentially  involved  computations  of  the 
respective  generalised  forces,  which  were  then  equated  to  zero. 

Let  us  consider  two  more  examples. 

Example  1.  The  equilibrium  condition  for  the  system  in  Fig.  383 
is  Qi  =  0,  or  Pi  =  CSC  a.  Since  in  computing  it  was  assumed 
that  Ffr  =  fN  =  Fi,  the  condition  =  0  gives  the  highest  value 
of  Pi  at  which  load  A  does  not  descend,  i.e.,  it  defines  the  limiting 
equilibrium  position  (see  §  39).  The  system  will  also  be  in  equilib¬ 
rium  at  Pi  <  fPa  CSC  a. 

Example  2.  For  the  system  in  Fig.  384,  the  equilibrium  condi¬ 
tions  ^1=0  and  ^2  =  0  yield  the  obvious  result:  in  equilibrium 
qp  =  0,  X  =  pic  —  6gt. 

Conservative  Forces.  In  this  case  the  equilibrium  conditions  (129), 
taking  into  account  Eqs.  (126)  and  (127),  yield 


or 


dU 

dqi 


0, 


dU 

dqz 

dV 

dqa 


=  0,  ...,  -^  =  0,  (130) 

=  0,  ...,^=0.  (130*) 


It  follows  that  in  equilibrium  the  total  diSerential  of  the  func¬ 
tions  U  and  V  is  zero,  i.e.^ 

dU  (gi,  ga,  .  •  g,)  =  0  and  dV  (gi,  gj,  .  .  .,  g.)  =  0.  (131) 


Ch.  32]  Equations  of  Motion  in  Generalised  Coordinates 


507 


Thus,  a  S3rstem  acted  upon  by  conservative  forces  is  in  equilibrium 
in  those  configurations  in  which  the  force  function  or  potential 
energy  of  the  system  have  limiting  values  (in  particular,  minimum 
or  maximum). 


§  177.  Lagrange’s  Equations 

To  establish  the  equations  of  motion  for  a  mechanical  system 
with  geometrical  constraints  in  terms  of  generalised  coordinates, 
we  refer  to  the  general  equation  of  dynamics  (113),  which  yields: 

S6^fc  +  SS4  =  0.  (132) 

For  extension  to  general  cases,  we  shall  not  ,assume  all  the  cons¬ 
traints  of  the  system  to  be  ideal,  hence  the  first  summation  may 
include  work  done  by  active  forces  as  well  as,  for  example,  work  done 
by  friction  forces. 

Let  a  system  have  s  degrees  of  freedom  and  its  configuration  be 
given  by  the  generalised  coordinates  (115).  Then,  by  Eq.  (124), 

2  6-4h  =  Qi^i  4-  Qt^q%  +  •  •  •  +  ^  (133) 

Obviously,  as  in  the  case  of  the  forces  Fh  in  §  175.  tke  elementary 
work  done  by  the  inertia  forces  can  be  expressed  in  terms  of 
generalised  coordinates  yielding 

2  +  ^269-2  +  . . .  +  (133') 

where  .  .  .,  are  the  generalised  inertia  forces,  which  accord¬ 

ing  to  Eqs.  (121)  and  (123)  are: 

9'.  =  S  S . 01-  S (‘M) 

Substituting  the  quantities  (133)  and  (133')  into  Eq.  (132),  we 
find  that 

(C^i  +  C^i)  +  (^2  +  ^2)  692  +  •  •  •  +  {Qt  +  ^«)  S?*  =  0. 

As  6gi,  6gj,  .  .  bq,  are  mutually  independent,  the  obtained 
equation  can  be  satisfied  only  if  each  of  the  factors  of  69^,  .  .  ., 
69*  is  separately  zero  and,  reasoning  as  in  the  case  of  equations 
(129),  we  accordingly  must  have: 

=  Qz-^-Qi  —  O,  . . .,  =  0.  (135) 

These  equations  can  be  applied  directly  to  the  solution  of  pro¬ 
blems  of  dynamics.  However,  they  can  be  simplified  if  all  the  general¬ 
ised  inertia  forces  are  expressed  in  terms  of  the  system’s  kinetic 
energy.  First  transform  the  quantity  As  the  inertia  force  of  any 
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particle  of  the  system  F*  =  —m^Wh—  —niii  the  first  of 
Eqs.  (134)  yields 

<'3«) 

To  express  in  terms  of  the  kinetic  energy  of  the  system,  the 
right-hand  part  of  Eq,  (136)  must  be  transformed  so  as  to  include 
only  the  velocities  of  the  system’s  particles.  For  this,  first  note 
that 

dt  dqi  ~  dt  dqi  )  dt  \  j 

The  validity  of  Eq.  (137)  can  be  easily  verified  by  differentiating 
the  product  in  the  parentheses  on  the  right.  Also,  take  into  account 
that 

=  and  = 

where  Vk  is  the  velocity  of  a  particle  with  the  radius  vector  »•),  and 

gi  is  the  generalised  velocity  corresponding  to  coordinate  gi.  Then 
for  the  derivatives  with  respect  to  in  Eq.  (137)  the  following  two 
results  are  valid. 

(1)  The  operations  of  total  differentiation  with  respect  to  t  and 
partial  differentiation  with  respect  to  Qi  are  commutative  which 
yields: 

d  /  drh  \  ^  \ 

dt  )~  dqi  \  dt  )  ~  dqt  ’ 

(2)  The  partial  derivative  of  with  respect  to  is  the  limit  of 
the  ratio  of  the  partial  increment  (Arii)i  to  the  increment  when¬ 
ce,  in  accordance  with  the  known  L’ Hospital  rule*’: 


drft  _  drtt  _  dVk 

dgt  SQi 


(139) 


Using  equations  (138)  and  (139),  Eq.  (137)  can  be  represented  in 
the  form 


dVk  dVk  df  \  /  dVh  \  d  (  i  \  1 

dt  ’  dqi  ~  *  V  dqi  )-  dt  \  2  )  2  dqi 


*•  For,  denoting  for  brevity  the  partial  increment  of  by  the  symbol  Ara 
and  taking  into  account  that  the  derivative  of  a  difference  equals  the  difference 
between  the  derivatives,  we  have: 


dgi  A?i 


=  lim 


d  (Arft) 
dt 

“jTa — r“=  h™ 

d  (Agi) 
dt 
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Tlien,  remembering  that  mass  is  a  constant  quantity  and  the  sum 
of  derivatives  equals  the  derivative  of  a  sum,  expression  (136)  takes 
the  form 


where 


r  5  /  ) 

iJL.\ 

dT 

(Zj  2  dt  y 

^  dqi  ' 

dgi  ' 

is  the  kinetic  energy  of  the  system. 

Similar  expressions  are  obtained  for  all  the  other  generalised 
inertia  forces,  and  Eqs.  (135)  finally  yield 


d 

dT 

—  O. 

dt 

dqi 

—  Vt* 

dT 

—  O.. 

dt 

4  ' 

^92 

—  V2> 

dT 

—  O. 

dt 

4  ^ 

dq. 

Eqs.  (140)  are  the  differential  equations  of  motion  of  a  system  in 
generali^  coordinates,  or  Lagrange's  equations.  We  see  that  the 
number  of  equations  equals  the  number  of  d^ees  of  freedom  of  the 
system. 

Lagrange’s  equations  offer  a  uniform  and  fairly  simple  method 
of  solving  problems  of  dynamics.  An  important  advantage  is  that 
their  form  and  number  depend  neither  on  the  number  of  particles 
(or  bodies)  comprising  the  system,  nor  on  the  manner  in  which  they 
are  moving;  the  number  of  equations  depends  only  on  the  number 
of  degrees  of  freedom.  Furthermore,  in  the  case  of  ideal  constraints, 
the  right-hand  parts  of  Eqs.  (140)  include  only  generalised  active 
forces  and,  consequently,  the  unknown  reactions  of  the  constraints 
need  not  be  considered. 

The  principal  problem  of  dynamics  in  generalised  coordinates 
is  as  follows:  knowing  the  generalised  forces  Q^,  .  .  .,  Qg  and  the 
initial  conditions,  determine  the  law  of  motion  of  the  system  in  the 
form  (118),  i.e.,  determine  thie  generalised  coordinates  q^,  ?2*  •  •  •» 
as  functions  of  time.  As  the  kinetic  energy  T  depends  on  the  general¬ 
ised  velocities  gj,  differentiation  of  the  first  members  in  the  left- 

hand  parts  of  Eqs.  (140)  with  respect  to  t  yields  the  second  time- 

•  • 

derivatives  gi  of  the  required  coordinates.  Consequently,  Lagrange’s 
equations  are  ordinary  differential  equations  of  the  second  order 
with  respect  to  the  generalised  coordinates  g^,  q^,  .  .  .,  g*. 
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Conservative  Forces.  If  all  the  forces  acting  on  a  system  are  con¬ 
servative,  the  first  of  Eqs.  (140),  using  Eqs.  (127),  can  be  represented 
in  the  form 


dT 

L.iL- 

—  0  or  ^  1 

Q> 

1 

3 

dt  ' 

dgi  ^ 

^  ' 

dt  \ 

* 

dqi  J 

d(T-V)  Q 

aji 


The  last  equation  is  valid  because  potential  energy  depends  only 
on  the  coordinates  q^,  q^  .  .  q,  and  does  not  depend  on  the  general- 

ised  velocities:  dVIdqi  =  0. 

All  the  other  of  Eqs.  (140)  transform  similarly.  Let  us  introduce 
the  function 

L  =  T  -V.  (141) 


The  function  L  of  the  generalised  coordinates  and  generalised 
velocities  is  equal  to  the  difference  between  the  system’s  kinetic 
and  potential  energies;  it  is  called  Lagrange's  function  or  the  kinetic 
potential.  Then,  in  the  case  of  conservative  forces,  Lagrange’s  equa¬ 
tions  take  the  form 


—  1 

fdL\ 

dL 

-0 

dt 

dQi  ' 

dqi 

—  u. 

-^1 

dL 

-0 

dt 

592  ' 

—  u. 

J. 

riL). 

dL 

-0 

dt 

dq,  ‘ 

' 

It  follows  that  the  state  of  a  mechanical  ssrstem  subject  only  to 
conservative  forces  is  described  by  Lagrange’s  function  and  knowing 
it  one  can  write  the  differential  equations  of  motion  of  the  system. 

By  appropriate  generalisations  of  concepts,  functions  analogous 
to  Lagrange’s  can  be  used  to  describe  the  state  of  other  physical 
systems  (a  continuous  medium,  gravitational  or  electromagnetic 
field,  etc.).  That  is  why  Lagrange’s  equations  of  the  form  (142) 
play  an  important  part  in  a  number  of  fields  in  physics. 


§  178.  Solution  of  Problems 

Lagrang’s  equations  can  be  used  to  investigate  the  motion  of  any 
mechanical  system  with  geometrical  constraints,  regardless  of  the 
number  of  bodies  (or  particles),  of  how  the  bodies  are  moving,  or  of 
the  type  of  motion  (absolute  or  relative). 

To  write  Lagrange’s  equations  for  any  given  mechanical  system 
one  must:  (1)  determine  the  number  of  degrees  of. freedom  and  select 
the  generalised  coordinates  (§  174);  (2)  depict  the  system  in  an 
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arbitrary  configuration  and  draw  all  the  acting  forces  (for  a  system 
with  ideal  constraints,  only  the  active  forces);  (3)  compute  the 
generalised  forces  Qt  as  described  in  §  175  (to  prevent  mistakes 
in  the  signs,  each  virtual  displacement  of  the  S3retem  should  be 
such  that  the  increment  of  the  respective  coordinate  is  positive); 
(4)  compute  the  system’s  kinetic  energy  T  of  its  absolute  motion  and 
express  it  in  terms  of  the  generalised  coordinates  ji  and  the  generalised 

velocities  qt;  and  (5)  compute  the  respective  partial  derivatives  of 

T  with  respect  to  qt  and  qt  and  substitute  all  the  computed  quantities 
into  Eqs.  (140). 

Knowing  the  acting  forces  and  initial  conditions  and  int^ating 
the  obtained  equations,  we  can  find  the  law  of  motion  of  the  system 
in  the  form  (118).  If  the  law  of  motion  is  given,  the  equations  can  be 
used  to  determine  the  acting  forces. 

When  all  the  forces  acting  on  a  system  are  conservative,  Lagrange’s 
equations  can  be  written  in  the  form  (142).  Then,  instead  of  comput¬ 
ing  the  generalised  forces,  determine  the  potential  energy  of  the 
system,  expressing  it  in  terms  of  the  generalised  coordinates,  and, 
after  computing  the  kinetic  energy,  write  Lagrange’s  function  (141). 

To  emphasise  the  universal  character  of  Lagrange’s  function,  let 
us  use  it  in  several  problems  solved  before  by  other  methods. 

Problem  171.  Use  the  Lagrange  method  to  write  the  differential 
equation  of  the  oscillations  of  a  compound  pendulum  (§  155). 

Solution.  The  pendulum  has  one  degree  of  freedom,  and  its  con¬ 
figuration  is  determined  by  angle  <p  (see  Fig.  333).  Consequently, 
gi  =  qj.  Giving  angle  (p  a  positive  increment  6(p  we  find  that  work 
in  that  displacement  is  done  only  by  the  force  of  gravity  IP,  and 
=  ( — Pa  sin  <p)  6(p,  where  a  =  OC.  Hence,  Qi  =  — Pa  sin  (p. 

By  Eq.  (43),  the  kinetic  energy  of  the  pendulum  7*  =  /o®*,  or 

T  =  /o<P*  (remember  that  T  should  be  expressed  in  terms  of  the 


generalised  velocity,  and  ©  =  q)).  Lagrange’s  equation  takes  the 
form 


A. 

dt 


(a) 


As  T  does  not  depend  on  angle  q),  solving  the  equation  yields 

dT  T  *  j  \  r  ” 

^-0,  and 

Substituting  the  computed  quantities  into  equation  (a),  we  obtain: 


/^qj  =  — Pa  sin  q), 
i.e.,  the  same  result  as  in  §  155. 
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As  the  force  of  gravity  P  is  a  conservative  force,  Lagrange’s  equa¬ 
tion  can  be  written  in  the  form  (142).  Directing  axis  Oz  vertically 
•downward,  we  have  V  —  — Pz  =  —Pa  cos  qp,  and  by  Eq.  (141), 

L  =  y/o<P^  +  Pacos  <p, 

whence 

dL  r  •  dL  „  . 

— r^Potp.  ■^^—^“Sinq), 

9q) 


and  Eq.  (142)  also  yields  /©qp  Pa  sin  qp  =  0. 

Problem  172.  Use  Lagrange’s  equations  to  solve  Problem  141 
(§  150). 

Solution.  The  mechanism  has  one  degree  of  freedom  (see  Fig.  327), 
and)  its  configuration  is  given  by  the  coordinate  qp  (g^  =  qp).  Giving 

angle  qp  an  increment  6qp  we  find  that,  sub¬ 
stituting  6qp  for  dqp,  the  elementary  work 
done  in  that  displacement  has  the  same 
expression  as  that  of  dA*  in  Problem  141. 
Consequently, 


ITa 


lem  141).  Taking 


n  (J— r)2 

V'i=  — /2  <P- 


The  quantity  T  for  the  mechanism  was 
also  computed  [equation  (b)  in  Prob- 

into  account  that  ©or  =  qp,  we  have: 


P  =  -i^(2^  +  9P)ZV. 

whence 

Substituting  the  computed  quantities  into  Lagrange’s  equation, 
which  has  the  form  of  equation  (a)  in  Problem  171,  we  obtain: 


-^(2(?  +  9P)Z2q;=_c-<i^V 


or  qp  -f-  k\  =  0,  the  same  as  in  Problem  141. 

Note  that,  for  a  system  with  one  degree  of  freedom,  writing  the  dif¬ 
ferential  equation  of  motion  by  the  Lagrange  method  essentially  involves 
the  same  computations  as  when  applying  the  theorem  of  the  change  in 
kinetic  energy. 

Problem  173.  Determine  the  law  of  motion  of  a  bead  B  moving 
inside  a  tube  OA  rotating  uniformly  in  a  horizontal  plane  with 
an  angular  velocity  co  (Fig.  385).  At  the  initial  moment  the  bead  is 
at  distance  a  from  the  pin  0  and  its  velocity  along  the  tube  is  zero. 
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Solution.  This  simple  problem  offers  an  example  of  how  to  write 
the  equations  of  relative  motion  with  the  help  of  Lagrange’s  equa¬ 
tions  without  introducing  the  transport  or  Coriolis  inertia  forces. 
The  position  of  the  bead  in  its  relative  motion  along  the  tube  is 
given  by  the  single  coordinate  x.  Consequently,  the  motion  is  d^- 
cribed  by  the  single  Lagrange  equation 

d  !  dT  \  dT 


(  dT\ 


dx 


=Qi> 


(a) 


The  acting  forces  do  no  work  in  the  displacement  in  which  x  re¬ 
ceives  the  increment  6a;;  consequently,  6.4i  =  0  and  —  0. 

We  compute  the  kinetic  energy  of  the  bead  in  its  absolute  motion. 
Then  T  =  0.5  myl,  where  is  the  absolute  velocity  of  the  bead; 

in  vector  form,  Vb  —  t>rei  +  In  th®  present  case,  =  x, 
Vir  =  OB 'id  =  xo)  and  and  Wtr  are 

mutually  perpendicular.  Consequently, 


r  =  y  m  (i*  4-  ®^a;^)i 


whence 


dT 

dx 


■■  mx, 


dT 

dx 


■■  mid^x. 


Fig.  386 


Substituting  the  computed  values  into 
equation  (a)  and  cancelling  m,  we  obtain 
the  differential  equation  of  the  bead’s  relative  motion  in  the  form 


X — £o^a;  =  0. 


Integrating  and  determining  the  integration  constants  according 

to  the  initial  conditions  of  the  problem  (at  t  =  0  we  have  x  =  a 

• 

and  a:  =  0),  we  finally  obtain  the  law  of  motion  of  the  bead  along 
the  tube  x  —  a  (e“*  +  «”“‘)/2. 

Problem  174.  Solve  Problem  170  (§  173)  with  the  help  of  Lagrange’s 
equations. 

Solution.  It  was  established  that,  given  the  stated  conditions, 
the  system  has  two  degrees  of  freedom.  Let  the  generalised  coordina¬ 
tes  be  the  distance  x  of  load  A  from  some  point  D  on  the  plane 
(Fig.  386)  and  the  distance  y  of  the  centre  C  of  the  cylinder  from 
some  point  (a  knot)  E  on  the  thread  (g^  =  x,  =  y).  Lagrange’s 
equations  for  the  system  are: 


33—5562 
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Denote  the  respective  forces  in  the  drawing  and  compute  and  ^2- 
First  give  the  system  a  virtual  displacement  in  which  only  the 
X  coordinate  changes,  receiving  an  increment  8x  >  0,  and  y  =  const. 
In  this  displacement  work  is  done  hy  forces  Pi  and  Ffr  {Ftr  —  fp^), 
and  6.di  —  (jpi  —  /pj)  6®-  Then  give  the  system  a  virtual  displace¬ 
ment  in  which  only  the  y  coordinate  changes,  receiving  an  increment 
8y>0,  and  a:  =  const.;  in  this  displacement  8A2  =  Pi^y.  Con¬ 
sequently, 

Qi  =  {Pi  —  iPi)  and  (?2  =  Pi.  (b) 

Now  compute  the  kinetic  energy  T  of  the  system,  which  is  equal 
to  the  sum  of  the  energies  of  the  load  and  the  cylinder:  T  —  Tioad  + 
-f  Tcyi.  From  Eqs.  (42)  and  (44)  and  taking  into  account  that 

we  have: 

=  and  Tcyi  ==  y'y  y| -f (c) 


The  velocity  Vc  of  the  centre  of  the  cylinder  is  a  resultant  of  the 
relative  velocity  y  with  respect  to  the  thread,  and  the  transport 
velocity  x\  as  both  velocities  are  directed  vertically  down,  Vc  — 


*  *  1/ 

=  x  y.  Theangularvelocityof  the  cylinder  CO  =  —  (r  is  the  radius 

of  the  cylinder),  as  the  instantaneous  centre  of  rotation  of  the  cylinder 
in  the  relative  motion  is  at  point  B,  and  the  cylinder  does  not  rotate 
in  any  change  of  coordinate  x.  Taking  into  account  that  Jc  = 

=  Y  y  r*,  we  finally  obtain: 
whence 


4^-0. 


dT 


dx  ^  ^ 


Pi 


dT  n  Pi  /  •  ,  •  ,  1  •  \ 


(d) 


Substituting  the  quantities  (b)  and  (d)  into  Lagrange’s  equa¬ 
tion  (a),  we  obtain  the  differential  equations  of  motion  of  the  system; 

CPi  4-  Pi)  X  +  Piy  =  (Pi  —  fPi)  g,  2i’  -I-  3y  =  2g. 

Solving  these  equations,  we  obtain;] 


Pi— 3/p2 
Pi  -|-  3p2 


g  and  y 


2  (l-j-/)  Pi 
Pi  -h  3P2 


g- 


(e) 
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Hence,  Wc  —  x  y  (y  gives  only  the  relative  accelera¬ 

tion  of  the  centre  of  mass  of  the  cylinder);  these  results,  it  is  easy 
to  calculate,  coincide  with  those  obtained  in  Problem  170. 

Let  us  work  with  another  set  of  generalised  coordinates.  Let 
Qi  —  X,  as  before,  and  let  =  z,  where  z  is  the  distance  of  the 
centre  of  the  cylinder  from  a  fixed  point  O,  In  this  case,  giving  the 
system  a  displacement  in  which  x  receives  an  increment  fix  >•  0 
and  z  =  const,  (which  can  be  achieved  by  simultaneously  rotating 
the  cylinder),  we  obtain  fi^dj  =  — /pafix.  For  the  second  independent 
displacement  (fiz  >■  0,  x  =  const.),  6.42  =  Pifiz.  Thus,  now 

<?i  =  — /P2  =  Pi- 


As  in  the  present  case  Vc  =  z  and  to  =  — p—> 


whence 


dT 


and 


dT 

dz 


-|-[z  +  l(Ui)], 


and  the  derivatives  with  respect  to  x  and  z  are  zero.  Substituting 
the  obtained  values  into  Lagrange’s  equa¬ 
tions,  we  finally  obtain: 

PiZ  —  (2p2  -It  pi)  X  =  2fp^g  and 
3z  —  X  =  2g. 

Solving  these  equations,  we  obtain  Wa= 

=-  X  and  Wc  —  z.  We  see  that  at  q^  =  z 
the  value  of  Wc  is  obtained  immediately, 
and  in  this  respect  such  a  choice  of  coor¬ 
dinate  ^2  is  preferable.  On  the  other  hand, 
if  it  is  necessary  to  determine  the  relative 
acceleration  of  the  centre  C  or  the  angular  acceleration  e  of  the  cy¬ 
linder,  the  computations  are  simpler  with  the  choice  of  92.=  y- 

Thus,  a  successful  choice  of  generalised  coordinates  can  substan¬ 
tially  simplify  the  solution  of  a  problem. 

Problem  175.  A  homogeneous  cylinder  of  weight  P  rolls  without 
slipping  on  a  horizontal  plane.  Hinged  to  its  axle  at  is  a  homo¬ 
geneous  rod  BD  of  length  I  and  weight  p  (Fig.  387).  Write  the  dif¬ 
ferential  equations  of  motion  of  the  system  and  determine  the  law 
of  small  oscillations  if  at  the  initial  instant  the  rod  is  deflected  from 
the  equilibrium  position  through  a  small  angle  and  released  from  rest. 

Solution.  The  system  has,  apparently,  two  degrees  of  freedom. 
Selecting  as  the  generalised  coordinates  the  distance  x  of  the  centre 

33* 
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of  the  cylinder  from  its  initial  position  and  the  angle  qp  of  the  de¬ 
flection  of  the  rod  from  the  vertical  (gi  =  x,  =  <p),  Lagrange’s 
equations  for  the  ssrstem  will  be: 


d  (  dT  \  dT  ^ 

df  \  /  dx 

d  I  dT  \  dT  ^ 


(a) 


dt 


d(p 


First  compute  and  Giving  the  system  a  displacement  in 
which  X  receives  an  increment  6x  >-  0  (<p  =  const.),  we  find  that 
6.4 1  =  0.  For  the  other  independent  displacement,  in  which  q: 
receives  an  increment  6(p  >•  0  (x  =  const.),  we  find  that  6.42  = 
=  — 0.5Zp  sin  <p-6q).  Consequently. 


Qi  =  0,  Q2  —  — 0.51p  sin  qp. 

The  kinetic  energy  of  the  system  T  —  Tey\  Trod-  The  value 
of  Teyi  was  computed  in  Problem  134  (§  147).  Taking  into  account 
the  result  obtained  there  and  Eq.  (44),  we  have: 


cyl 


3  P  2 
=  -7 - yi, 

A  g  B 


Trod  =  yy4+-2l27‘P^ 


Here  Vg  =  x  and  Vc  =  »rei  +  »tr.  where  in  magnitude  yrei  = 
=  0.5Zqp  and  ^tr  ==  Consequently  (see  Fig.  387): 

= -^  (p* -j-  x^ Zqpx  cos  qp. 


,  Finally,  we  obtain  the  following  expression  for  the  system’s 
kinetic  energy: 

^  =  -^^  +  -^(^  +  ^2rq)Cosqp-+--jqp2)  , 

whence 


.i? 

dx 


3P+2p  ;  , 

2g  ®  + 


pi  • 

•^(pcosqp. 


xcos 


— -^Ixqpsin  qp. 


Substituting  these  quantities  into  the  determined  values  of 
and  Q2  in  Eqs.  (a) ,  after  cancelling  we  obtain  the  following  differen¬ 
tial  equations  of  motion  of  the  system: 


[(3P  -f  2p)  X  -f-  pl(p  cos  (p]  =  0, 

(x  cos  (P  +  -|-  +a:(p  sincp  =  —  gsin  qp. 


(b) 
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Now  let  us  determine  the  law  of  small  oscillations  of  the  system. 
We  assume  angle  qp  and  the  displacement  x  to  be  small  quantities 
of  the  same  order  of  magnitude,  i.e.,  qp  =  e/i  {t)  and  x  =  e/j  {t), 
where  e  is  a  small  quantity  and  /i  {t)  and  (t)  are  certain  functions 
with  respect  to  time  (limited  together  with  their  derivatives)  deter¬ 
mining  the  law  of  oscillations.  Obviously,  in  this  case  the  velocities 

qp  =  (t)  and  x  =  e/'  (t)  are  also  small  quantities  of  the  order 

of  e. 

To  write  the  differential  equations  of  small  oscillations  of  the 
system,  only  members  of  the  order  of  e  have  to  be  left  in  equa¬ 
tions  (b);  small  quantities  of  a  higher  order  can  be  neglected.  For 

that  in  the  component  pZqp  cos  qp  in  the  first  equation  assume  cos  qp  = 
=  1,  and  in  the  second  equation  assume  sin  qp  =  qp,  cos  qp  =  1, 

and  omit  the  member  x^>  sin  qp  as  having  the  order  e®.  As  a  result 
we  have: 

-^[{3P  +  2p)x  +  pl(f>]  =  0,  or  -^(a:-l--|lqp) -l-gqp  =  0, 

whence,  computing  the  derivatives,  we  obtain  the  following  dif¬ 
ferential  equations  of  small  oscillations  of  the  system: 

{3P 2p)  x  + pl(f  =  0  and  x -f -I- Zqp -f  gqp  =  0.  (c) 


where 


Ck)mputing  x  from  the  first  equation  and  substituting  its  value 
into  the  second,  we  obtain: 

qp  +  *®qp  =  0,  (d) 

.  .  3{3P+2p)g  ,  , 

(6P+P)l  ' 

Integrating  Eq.(d)  and  determining  the  integration  constants 
from  the  initial  conditions  of  the  problem  (at  f  =  0  we  have  qp  =  qpo 

and  qp  =  0),  we  obtain  finally: 

qp  =  qPo  cos  kt.  (f) 

Integrating  the  first  of  Eqs.  (c)  and  taking  into  account  that 
at  t  —  0,  X  =  0  and  a:  =  0,  qp  =  qpo,  qp  =  0,  we  have: 

(3P  -\-2p)x  pi  (qp  —  qpo)  =  0. 

Substituting  the  value  of  qp  from  Eq.  (f),  we  obtain: 

X  =  Yp+2^  fq)o  ( 1  —  cos  kl) .  (g) 

Eqs.  (f)  and  (g)  give  the  law  of  small  oscillations  of  the  system. 
The  frequency  k  is  given  by  Eq.  (e). 
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This  comparatively  simple  result  was  obtained  because  Qi  —  0. 
In  general,  however,  when  ^0  and  =5^0,  the  oscillations  of 
a  system  with  two  degrees  of  freedom  are  much  more  complex  and 
represent  the  resultant  of  oscillations  with  two  different  frequencies 
and 

Problem  176.  Write  Lagrange’s  equations  for  the  motion  of  a  sym¬ 
metrical  gyroscope. 

Solution.  A  gyroscope  has  three  degrees  of  freedom.  Selecting 
the  Euler  angles  qj,  ij),  0  (see  Fig.  235)  as  the  generalised  coordinates, 
Lagrange’s  equations  take  the  form: 


The  gyroscope’s  kinetic  energy  is  determined  from  Eq.  (75)  of 
§  158.  Assuming,  as  always,  axis  Oz  to  be  directed  along  the  gyro¬ 
scope’s  axis  of  symmetry,  we  have  =  Jy,  and 

jT  = -^  [./a  (W* Wy  )  "i- ]•  '  (b) 

To  express  T  in  terms  of  the  generalised  coordinates  we  apply 
Euler’s  kinematic  equations  [§  97,  Eqs.  (98)]: 

•  • 

(Ok  q?  sin  0  sin  (p  0  cos  (p, 

(Oj,  =  ip  sin  0  cos  (p — 0  sin  cp, 

(Oj  =  (p  -f  ij?  cos  0. 

From  these  equations  we  find 

(oj  -j-  (0^  =  iip2  sin^  0-1-02  and  (i)|  =  (cp  -]-  ip  cos  0)2. 

Substituting  the  obtained  values  into  Equation  (b),  we  obtain: 

T  —  sin2  0  -f  02)  -f-  ((p  -f  ^  cos  0)2). 

Then,  taking  into  account  that  /z  (<p  +  '>1’  cos  0)  =  / ^cOz*  we  have: 

— = /z  (<p-]- lip  cos  0)  = /z(Dz,  = 

9(p  ^ 

= /jtip  sin*  0 -f /zWz  cos  0,  ^==0; 

Sip  ^ 

—  =  J^,  -^  =  /Kip2sin0cos0— /z®z'f'sin0. 

ae  ^ 

To  compute  the  generalised  forces,  refer  to  Fig.  235.  If  coordinate  (p 
is  given  an  increment  6(p,  the  gyroscope  will  perform  an  elementary 
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rotation  about  axis  Oz.  The  elementary  work  done  in  such  a  rota¬ 
tion  is  6>li  =  MJbff,  where  Mz  is  the  principal  moment  of  all  the 
acting  forces  with  respect  to  axis  Oz.  (Consequently,  —  Mz- 
Similarly,  taking  into  account  that  in  any  change  of  angle  il?  the 
gyroscope  performs  a  rotation  about  axis  (?%,  and  in  any  change  of 
angle  0  about  the  line  of  nodes  OK,  we  obtain  that  ^,1,  =  and 
Qq  —  Mok- 

Substituting  all  the  computed  quantities  into  equations  (a),  we 
finally  obtain  the  following  differential  equations  of  gyroscopic  motion 
in  the  Lagrangean  form: 


d_ 

dt 


sin^  0  -f  Jzdiz  cos  0)  =  M 


sin  0  cos  0  +  sin  0  =  Mok, 

where 

•  • 

=  <P  +  cos  0. 

Unlike  Euler’s  equations  [§  158,  item  (3)1,  these  equations  define 
the  motion  only  of  a  symmetrical  body  for  which  =  Jy,  However, 
they  are  simpler  than  the  totality  of  Euler’s  dynamic  and  kinematic 
equations. 

In  the  special  case  when  acting  on  the  gyroscope  is  only  the  force 
of  gravity  JP  applied  at  a  point  C  on  axis  Oz  (see  Fig.  234;  point 
C  is  not  shown),  and  when  the  distance  OC  =  a  and  the  axis  Oz^ 
is  vertical,  we  have  M*  =  0,  Mzi  =  0,  and  Mqk  —  Po,  sin  0. 
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Acceleration,  219 

absolute,  240,  248 
angular,  194-5 
average,  165 
composition  of,  245  fi 
Coriolis,  247-8 
determination  of,  167-8 
instantaneous,  165 
linear,  197 
normal,  174  S 
of  free  fall,  274 
of  gravity,  274 
of  translation.  193 
of  transport,  240 
relative,  240 
supplementary,  247 
tangential  174  fi,  197 
total,  198 

Acceleration  diagram,  226 
Acceleration-time  graph,  181 
Acceleration  vector,  164-6 
Action  and  reaction,  law  of.  24,  274 
Amplitude  of  vibration,  180,  337 
Angular  momentum,  315,  397  fi 
law  of  conservation  of,  401 
total,  397 

Angular  velocity,  194,  208 
instantaneous,  233 
Angular  velocity  couple,  259 
Apoelion,  318 
Archimedes,  16 
Areas,  law  of,  318 
Aristotle,  16 
Ann,  moment,  53 
of  couple,  60 
Axiom  of  constraints,  28 
Axioms  of  statics,  22 
Axis  of  rotation,  instantaneous,  210 

Baer  law,  331 
Balancing,  dynamic,  482 
Bending  moment,  89 
Bernoulli,  John,  487  fn 
Binormal,  175,  319 
Body,  perfectly  rigid,  20 
constrained,  26 
free,  21 ,  26 


Carnot,  Lazare,  463  fn 
Centre  of  mass,  motion  of,  379 
Centrode,  fixed,  211 
moving,  211 
Chaplygin,  S.A.,  18 
Cheby^ev,  P.L.,  17 
Coefficient,  dynamic,  348 
of  static  friction,  107 
Constraints,  26 
axiom  of,  28 
external,  84 
force  of,  26 
geometrical,  499 
ideal,  416 
internal,  84 
reaction  of,  26-8,  322 
rough,  109 

Conti^ity,  angle  of,  175 
Coordinates,  generalised,  499 
Coriolis,  Gaspard  Gustave  de,  247  fn 
Coriolis  theorem,  246-7 
Couple,  angular  velocity,  259 
arm  of,  60 

composition  of,  64-5,  125  fi 
equilibrium  of,  126 
equivalent,  62  fi 
force,  60 
gyroscopic,  446 
moment  of,  60,  124-5 
plane  of  action  of,  60 
rotation,  259-60 


D’Alembert,  Jean,  17 
Decrement,  343 

logarithmic,  343 
Deflection,  static,  338 
Deformation,  19 
Displacement,  initial,  280 
virtual,  485 

Displacement-time  graph,  180 
Disturbing  force,  343 
frequency  of,  343 
Dynamics,  16,  271 
first  law  of,  273 
first  problem  of,  275-6 
fundamental  law  of,  273,  326 
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Dynamics  (continued) 

general  equation  of,  494 
principal  problem  of,  276 
second  law  of,  273 
second  problem  of,  276 
third  law  of,  274 


Energy,  kinetic,  295,  414 

mechanical,  conservation  of,  428 
potential,  426-7 
Equation,  Euler’s,  234,  450-1 
Lagrange’s,  509 
Meshchersky’s,  394 
of  equilibrium,  73  5 
of  tl^e  moments,  74 
Poisson’s,  236 
Equilibrium,  19 
absolute,  19 

conditions  of,  20,  40  fi,  45-6, 
73  fi,  96-7,  133 
equations  of,  73  ff 
indifierent,  145 
neutral,  145 

of  bodies  in  space,  134  fi 
of  concurrent  forces,  55-6 
of  constrained  body,  144 
of  couples,  126 
relative,  19,  326 
stability  of,  144 
stable,  144-5 
\mstable,  144-5 
Equivalent  force  systems,  22 
Euler,  Leonhard,  17 
Euler  equations,  234,  450-1 
Euler-D’Alembert  theorem,  232 


Fall,  acceleration  of,  274 
free,  331 

limiting  velocity  of,  289 
vertical,  331 

Field,  conservative  force,  423 
force,  423 

uniform  gravitational,  148 

Force,  15,  21,  37-8 
active,  26 
applied,  26 
central,  317 
circumferential,  66 
composition  of.  30  fi,  38-9 
concentrated,  22 
concurrent,  32.  41 
conservative,  423 
coplanar,  41 
Coriolis  inertia,  326 
D’Alembert  inertia,  469 
dissipative,  424 


Force  (continued) 
distributed,  22 
disturbing,  343 
elastic,  303-4 
equilibrant,  22 
external,  22,  366 
field  of,  423 
generalised,  502-3 
impulsive,  454 
internal,  22,  25,  88,  366 
independent  action,  law  of,  274 
inertia  of  transport,  326 
line  of  action  of,  21 
mass,  361 

moment  of,  53-4,  118  ’  ff ,  122-4 
of  constraint,  26 
of  ^avity,  148,  329 
of  impact,  454 
of  inertia,  469 
parallel,  (see  parallel  forces) 
periodic,  343 
projection  of,  36-7 
reaction,  395 
resultant,  24 
resolution  of,  32  ff,  59-60 
restoring,  335 
surface,  361 
unit  of,  21,  275 
work  done  by,  298 
Force  polygon,  31-2,  93 
Force  system,  21 
balanced,  22 
principal  vector  of,  31 
reduction  of,  129 
resultant  of,  22 
statically  determinate,  42 
statically  indeterminate,  43 
Force  triangle.  30 
Frame  of  reference,  156 
fixed,  273 
inertial,  273 
local,  364 
Free  body,  21,  26 
Free-body  diagram,  44 
Frequency  of  vibration,  337 
Free  vector,  125 
Friction, 

angle  of,  109 
belt,  114 
limiting,  107 

of  impending  motion,  107 
pivot,  116-7 
rolling,  116 
static,  107  fi 
Function, 

force,  423,  504 
Lagrange's,  510 

Funicular  polygon  (see  String  polygon) 
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Galileo,  17 
Gearing,  spur,  260 
Gear  ratio,  261 
Gear  train, 

common,  260 
differential,  261 
epicyclic,  261 
planetary,  261 
General  mechanics,  15 
General  motion,  236 
Gravitation,  law  of,  272,  fn 
Gravity,  acceleration  of,  274 
centre  of,  22  fn,  148  ff 
force  of,  22,  148,  329 
Gyration,  radius  of,  369 
G  yroscope,  443 
free,  443-4 

Gyroscopic  couple,  446 
Gyroscopic  effect,  446 

Harmonic  motion,  180 
simple,  180,  336 
Helical  line,  170 
Huygens,  Christian,  373  fn 
Huygens  theorem,  373 

Impact,  454  ff 
central,  458 
centre  of,  465-7 
direct,  458-9 
direct  central,  460-1 
force  of,  454 
oblique,  458-9 
perfectly  elastic,  458,  461 
perfectly  inelastic,  458,  461 
Impact  time,  454 
Impulse,  296 

elementary,  296 
linear,  296 

Impulsive  reactions,  465 
Inertia,  272 

centre  of,  368 
force  of,  469 
moment  of,  368-9,  373 
principal  central  axis  of,  375 
principal  moment  of,  375 
product  of,  374 
Inertia  law,  273 
Intensity,  89-90 
Interaction,  mechanical,  15 
International  System  of  Units,  275 

Joint,  99 

Kepler  law,  318 
Kinematics,  16,  156 
■  Euler  equations,  267 
principal  problem  of,  157 


Kinetic  energy,  295 
Kovalevskaya,  S.V.,  17 
Krylov,  A.N.,  18 


Lagrange,  Joseph,  17 
Lagrange  equations,  509 
Lagrange  function,  510 
Law,  inertia,  273 
Kepler’s,  318 

of  action  and  reaction,  24,  274 
of  areas,  318 

of  conservation  of  linear  momen¬ 
tum,  390 

of  conservation  of  mechanical 
energy,  428 

of  conservation  of  angular  momen 
turn,  401 

of  independent  action  of  forces, 
274 

Length,  equivalent,  434 
Line  of  action,  21 
Linear  momentum,  295.  388 
conservation  of,  390 
of  a  system,  387 
theorem  of,  297,  388-9 
Load,  dynamic,  36 
static,  36 

Lomonosov,  Mikhail,  17 
Lyapunov,  A.M.,  18 

Mass,  272,  274 
centre  of,  368 
of  a  system,  367 
variable,  393 
Material  point,  272 
Mathematical  Principles  of  Natural 
Miiiosoirfiy,  17 

Maxwell-Cremona  diagram,  104  ff 
Mechanical  energy,  conservation  of, 
428 

Mechanical  interaction,  15 
Mechanical  systems,  366 
Mechanics,  general,  15 
theoretical,  15 

Meshchersky,  I.V.,  18,  394  fn 
Meshchersky  equation,  394 
Metre,  1 57 

mkg(f)s  system  of  units,  275 
Moment,  bending,  89 
equations  of,  74 
gyroscopic,  446 
of  a  couple,  60,  124-5 
of  a  resultant,  54,  134 
of  inertia,  36i8-9,  373,  375 
of  momentum,  315 
principal,  69,  129 
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Moment  (continued) 

principle  of,  315-6,  399 
reaction,  403 
theorem  of,  401 
turning,  412,  429 
Moment  arm,  53 
Motion,  15,  157 
absolute,  240 
coasting,  40 
combined,  239,  257 
conservation  of,  381 
curvilinear,  158,  178,  179 
equations  of,  159,  279  ff,  378  ff 
general,  236 
eneral  laws  of,  15 
armonic,  180,  336 
inertial,  40 
law  of,  157 
of  centre  of  mass,  379 
plane,  201,  435  ff 
rectilinear,  158-9,  178-9 
relative,  239,  325 
resultant,  239-40,  257 
rotational,  193,  250 
screw,  131,  269 
translational,  191,  249 
transport,  240,  249-50 
under  no  forces,  40 
uniform,  178-9 
variable,  179 
Momentum,  295,  387 

angular,  315,  397  ff,  401 
linear.  295,  297,  387  ff 
moment  of,  315 

Newton.  Sir  Isaac,  17,  273 
Newton  laws,  17 
Normal,  principal,  175 
Number,  Tsiolkovsky’s,  396 
Nutation,  angle  of,  231 


Oscillation,  centre  of,  434 
Ostrogradsky,  M.V.,  17 


Parallel  axis  theorem,  373 
Parallel  forces,  133 
centre  of,  146  ff 
composition  of,  58-9 
resultant  of,  58-9,  146 
Parallelogram  law,  24 
Particle,  24 

relative  motion  of,  325 
Path,  158 

absolute,  240 
relative,  240 


Pendulum,  compound,  432 
physical,  432 
simple,  433 

Percussion,  centre  of,  434 
Perihelion,  318 
Period,  transient,  347 
vibration,  IM,  337 
Phase  of  vibration,  337 
Pitch,  170,  269 
Plane,  osculating,  165 
Platform,  Zhukovsky’s,  402 
Poinsot,  Louis,  61  fn 
Point ,  zero,  424 
Poisson  equations,  236 
Pole,  201 

Polygon,  string,  94 
vector,  32 
Polygon  law,  32 
Potential,  kinetic,  510 
Potential  energy,  426-7 
Power,  302 
Precession,  445 
angle  of,  231 
regular.  453 
Principal  normal,  175 
Principal  vector,  31,  69,  129 
Principia  Mathematica,  273 
Principle,  D’Alembert's,  469-70 
D’Alembert-Lagrange,  494 
of  mechanics,  469 
of  moments,  315-6,  399 
of  solidification,  25 
of  statics,  22 

Problem,  statically  determinate,  42 
statically  indeterminate,  43 
Product  of  inertia,  374 
Propulsion,  propeller,  390 
reaction,  390 

Radius  vector,  160 
Reaction, 

dynamic,  322,  481 
of  a  smooth  surface,  27 
static,  481 
Recoil,  390 

Reduction,  centre  of,  68 
Reference  system,  156 
Relativity,  principle  of,  326 
Repose,  angle  of.  109 
Resistance,  116 
Resonance,  345,  349 
Rest,  156 

relative,  326 

Restitution,  coefficient  of,  457 
Resultant,  moment  of,  54,  134 
of  a  force  system,  22 
Resultant  force,  24 
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Rigid  body,  20 
Rotation,  193  5 

angle  of,  193,  231 
axis  of,  193 

composition  of,  257  5,  264  fi,  268 
instantaneous  axis  of,  210,  232, 
258 

instantaneous  centre  of,  210 
uniform,  195 
variable,  196 
Rule,  Zhukovsky’s,  446 


Screw  axis,  269 

instantaneous,  270 
Second,  157 
SI,  275 

Sliding  vector,  23 
Smooth  surface,  27 
reaction  of,  27 
Spring  constant,  304 
Static  reactions,  481 
Statics,  15,  19 

axioms  of,  22 
Stiffness,  304 
Stress,  internal,  88 
String  polygon,  94 
Surface,  equipotential,  425 
smooth,  27 

System,  equations  of  motion  of,  378  ff 
mechanical,  366 
non-deformable.  415 
of  units,  275 
principal  vector  of,  31 


Theorem,  Carnot’s,  462-3 

change  in  kinetic  energy,  414 
composition  of  couples,  64-5 
Coriolis’ ,  246-7 
Huygens’,  378 
of  moments,  401 
of  motion  of  centre  of  mass,  379 
parallel  axis,  373 
Resal’s,  444 
Varignon’s,  54-5,  134 
Theoretical  mechanics,  15 
Thrust,  395 
Time,  157 

initial,  280 
unit  of,  157 
Time  interval,  157 
Torque,  412,  429 
reaction,  403 

Translation,  acceleration  of,  193 
instantaneous,  210 
velocity  of,  193 


Transport  acceleration,  240 
'X'rtiss  dd 

Tsiolkovsky,  K.E.,  18,  396  fn 
Tsiolkovsky  formula,  396 
Tsiolkovsky  number,  396 

Unitfs),  of  force,  21,  275 
systems  of,  275 

Varignon,  Pierre,  54  fn 
Varignon  theorem,  134 
Vector,  acceleration,  164-6 
displacement,  163 
free,  125 
radius,  160 
sliding,  23 
velocity,  163-4,  234 
Vector  polygon,  32 
Velocity,  absolute,  240 
angular,  194,  208,  259 
areal,  318 
average,  163 
circular,  357 
composition  of,  241-2 
determination  of,  167 
escape,  356 
generalised,  501 
initial,  280 

instantaneous,  164,  174 
instantaneous  angular,  233 
instantaneous  centre  of  zero, 
207-8 

parabolic,  356 
relative,  240 
transport,  240 
Velocity  axes,  174 
Velocity  diagram,  217 
Velocity-time  graph,  181 
Vibration,  amplitude  of.  180,  337 
angular  frequency  of,  337 
circular  frequency  of,  337 
damped,  342,  346 
forced,  344,  348 
free,  335 
frequency  of,  337 
natural,  345 
parametric,  402 
period  of,  180,  331,  339 
phase  of,  337 
steady-state,  348 
transient,  347 
undamped,  344 
Virtual  displacement,  485 
Virtual  work,  486 


Weight,  148  fn,  274 
Weightlessness,  360  ff 
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Work,  298,  411  ff 

done  by  a  force,  298 
elementary,  299 
virtual,  486 
Wrench,  131 
axis  of,  131 

Zero  acceleration,  instantaneous  cent¬ 
re  of,  227 


Zero  member,  101 
Zero  point,  424 

Zero  velocity,  instantaneous  centre  of, 
207-8 

Zhukovsky,  N.E.,  18 
Zhukovsky  platform,  402 
Zhukovsky  rule,  446 
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